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Abstract
The discovery of the Higgs boson announced by CERN on July 4th 2012
was expected by the particle physics community since a long time. Indi-
rect evidence that a Higgs boson must be present in the mass range of
100–200 GeV was provided by electroweak precision data collected at LEP
already ten years ago. Yet, the existence of a fundamental scalar in nature
poses a strong problem regarding the behaviour of the theory at high en-
ergy. The relative smallness of the Higgs mass compared to the scale at
which new physics must appear is known as the hierarchy problem. So far,
only two solutions to this problem can be formulated in terms of a local field
theory in 3 + 1 dimensions, namely supersymmetry and strong dynamics.
The second option and the phenomenological consequences thereof are con-
sidered in this thesis. In this case, the Higgs boson arises as a composite
state of new fermions confined by the strong interaction. Models with a
new, strongly-coupled sector are also the natural four-dimensional effective
description of theories based on extra-dimensions.
In this work, the requirements for building a realistic composite Higgs
model are studied. In the simplest models, the natural scale at which new
physics appears is close to the electroweak scale and should therefore be
testable at the LHC. Vector resonances, new fermions coupling mostly to
the top quark and anomalous Higgs couplings are the main signature of
these models. Alternatively, models in which the light resonances are ab-
sent or hidden and for which the Higgs couplings mimic the Standard Model
ones require the presence of larger symmetries. As a side effect, these mod-
els can contain additional massive, stable particles which are the equiva-
lent of baryons in quantum chromodynamics. These particles arise in the
low-energy effective description of the model as topological solitons, called
skyrmions. The skyrmion’s properties are studied first in a general frame-
work and then in specific realisations of composite Higgs models. Despite
being naturally very massive and weakly-interacting, which seems to indi-
cate potential dark matter candidates, the stable skyrmion states are often
electrically charged and incompatible with the early-universe cosmology.
i

Zusammenfassung
Die Entdeckung des Higgs-Teilchens, angeku¨ndigt vom CERN am 4. Juli
2012, wurde von der Teilchenphysik Gemeinschaft seit langer Zeit erwar-
tet. Durch Pra¨zisionsmessungen am LEP Experiment wurden schon vor
zehn Jahren indirekte Anzeichen fu¨r ein leichtes Higgs-Boson im Massen-
bereich 100–200 GeV gesammelt. Die Existenz eines fundamentalen Skalar-
Teilchens wirft jedoch ein Problem fu¨r das Verhalten der Theorie bei hoher
Energie auf. Die relative Kleinheit der Masse des Higgs-Teilchens im Ver-
gleich zum vorausssichtlichen Energiebereich neuer Physik ist bekannt als
das Hierarchieproblem. Bis jetzt wurden nur zwei Lo¨sungen des Problemes
als lokale Quantenfeldtheorien in 3 + 1 Dimensionen beschrieben, und zwar
die Supersymmetrie und Theorien mit einer starken Wechselwirkung. Letz-
tere Mo¨glichkeit und deren Auswirkungen fu¨r die Pha¨nomenologie der Teil-
chenphysik werden in dieser Arbeit betrachtet. In diesem Fall entsteht das
Higgs-Boson als gebundener Zustand aus neuen Fermionen, die von der star-
ken Wechselwirkung eingesperrt sind. Modelle mit neuen, stark wechselwir-
kendenden Teilchen sind u¨brigens die natu¨rliche effektive vierdimensionale
Beschreibung einer Theorie mit zusa¨tzlichen ra¨umlichen Dimensionen.
Die Voraussetzungen eines realistisches Modell des zusammengesetztes
Higgs-Teilchens werden untersucht. In den einfachsten Modellen ist der natu¨r-
liche Energiebereich der neuen Physik in der Na¨he der typischen Energie
der elektroschwachen Wechselwirkung, und sollte damit am LHC pru¨fbar
sein. Die experimentelle Besonderheiten solcher Modelle sind Vektorresonan-
zen, neue Fermionen mit erhebliche Wechselwirkungen mit dem Top-Quark
und ungewo¨hnliche Interaktionen des Higgs-Teilchens. Fu¨r Modelle in denen
leichte Resonanzen abwesend oder unsichtbar sind und in denen die Higgs-
Wechselwirkungen das Standardmodell nachahmen, werden weitere Sym-
metrien gefordert. Als Nebenwirkung enthalten solche Modelle zusa¨tzliche
massereiche, stabile Teilchen, die den Baryonen in der Quantenchromodyna-
mik entsprechen. Diese Teilchen treten in der effektiven niederenergetischen
Theorie als topologische Solitonen auf und werden Skyrmionen genannt. Die
Eigenschaften der Skyrmionen werden zuerst in einem allgemeinen Rahmen
beschrieben, dann in bestimmten Modellen eines zusammengesetztes Higgs-
Teilchens. Obwohl sie sehr massereich und schwach wechselwirkend sind,
und demzufolge mo¨gliche Kandidaten fu¨r die dunkle Materie, entstehen die
Skyrmionen meist als elektrisch geladene Teilchen, und sind deshalb unver-
tra¨glich mit der Kosmologie des Universums.
iii

Re´sume´
La de´couverte du boson the Higgs annonce´e au CERN le 4 juillet 2012 e´tait
attendue par la communaute´ de physique des particules. Des preuves indi-
rectes de l’existence d’un boson de Higgs dans le domaine de masse compris
entre 100 et 200 GeV ont e´te´ fournies par les mesures de pre´cision effectue´es
au LEP il y a dix ans de´ja`. Pourtant, la pre´sence d’un champ scalaire soule`ve
un proble`me concernant le comportement de la the´orie a` haute e´nergie. La
petitesse de la masse du boson de Higgs compare´e aux e´nergies auxquelles de
nouveaux phe´nome`ne physiques doivent apparaˆıtre est connue sous le nom
de proble`me de la hie´rarchie. Jusqu’a` maintenant, seulement deux solutions
a` ce proble`me ont pu eˆtre formule´es en termes de the´ories des champs locales
en 3 + 1 dimensions, a` savoir la supersymme´trie et les the´ories comportant
une interaction forte. La deuxie`me possibilite´ et les conse´quences qui en
de´coulent pour la phe´nome´nologie sont e´tudie´es dans cette the`se. Dans ce
cas, le boson de Higgs est une particule composite, faite de fermions confine´s
par une interaction forte. Les mode`les comprenant un secteur soumis a` une
interaction de ce type sont par ailleurs la description naturelle en quatre
dimensions de the´ories base´es sur des dimensions spatiales supple´mentaires.
Les conditions a` la construction d’un mode`le re´aliste de boson de Higgs
composite sont examine´es. Dans les mode`les les plus simples, l’e´nergie a`
laquelle de nouveaux phe´nome`nes physiques sont attendus est proche de
l’e´nergie typique des interactions e´le´ctrofaibles, et donc dans le domaine
testable par le LHC. La signature expe´rimentale de ces mode`les est faite de
re´sonances de boson vecteurs, de nouveaux fermions interagissant principa-
lement avec le quark top et d’interactions anormales du boson de Higgs. Les
mode`les dans lesquels les re´sonances le´ge`res sont absentes ou invisibles et ou`
les interactions du boson de Higgs imitent celles du Mode`le Standard sont
construits sur la base de plus grandes symme´tries. Un effet secondaire de
ces mode`les est la pre´sence de nouvelles particules massives et stables, qui
sont l’e´quivalent des baryons dans la the´orie de la chromodynamique quan-
tique. Ces particules apparaissent dans la description effective du mode`le
a` basse e´nergie en tant que solitons topologiques, de´nome´s skyrmions. Les
proprie´te´s des skyrmions sont e´tudie´es d’abord dans un cadre ge´ne´ral, puis
dans des mode`les spe´cifiques de boson de Higgs composite. Meˆme s’ils sont
naturellement massifs et interagissent faiblement, ce qui semble faire d’eux
des candidats a` la matie`re noire, les skyrmions stables sont ge´ne´ralement
charge´s e´le´ctriquements et donc incompatibles avec la cosmologie de l’uni-
vers primordial.
v
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1
Introduction
2012 will certainly remain as a key year in the history of particle physics.
After its prediction nearly fifty years ago, the Higgs boson, only missing
element of the Standard Model of particle physics, was discovered together
by the ATLAS and CMS experiments at CERN. This event marks certainly
the end of an era, but is above all the beginning of a new one. Extracting
all information about the way the Higgs boson couples to matter and to
gauge fields will probably take another couple of years. In the meantime,
the LHC will still be looking for new discoveries, possibly modifying the
present paradigm of particle physics.
As indicated in its title, the present PhD thesis is focused on the assump-
tion that the Higgs is a composite state instead of an elementary particle.
The approach chosen here is however not to study a particular model and
analyse its consequences for the phenomenology at collider experiments, but
rather to address the physical problems inherent to the Standard Model in an
effective way, trying to proceed as much as possible in a model-independent
way. The Standard Model is therefore introduced in chapter 2, not in its
usual definition as a renormalisable theory, but rather such that its short-
comings are made evident. As it stands, this Standard Model requires the
presence of a Higgs particle. More precisely, it is such a particle which uni-
tarises the scattering of gauge bosons and allows the model to be valid up to
arbitrarily high energies. The success of the Standard Model was made par-
ticularly evident after the collider experiments conducted in the last twenty
years, among which the LEP electron-positron collider at CERN, which pro-
vided very precise tests of the Standard Model accuracy in the electroweak
sector. More recently, the Tevatron proton-antiproton collider at Fermi-
lab permitted the discovery of the next-to-last fundamental particle in the
1
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model, the top quark, and confirmed our understanding of the strong interac-
tions via quantum chromodynamics (QCD). Finally, the LHC proton-proton
collider presently running at CERN is providing its first physics results, so
far in accordance with the Standard Model. The discovery of the Higgs
boson on the 4th of July of this year is without doubt the climax of particle
physics in the last four decades. Ironically, the date of the Higgs discovery
coincides with the submission of this PhD thesis, which was nevertheless
entirely written beforehand.
It is known however that the Standard Model is not the ultimate theory
of nature. Despite its great successes, a few elements indicate that new
physics must be present. One of those indicators comes from the observation
of neutrino oscillations, requiring them to have a mass, even the tiniest one.
Other arguments coming from cosmology show that the spectrum of particles
provided by the Standard Model cannot explain the fate of the universe as
currently understood. The energy scale at which new physics phenomena
should occur is unknown, but indirect evidence seem to indicate that it could
be as low as the TeV scale, a scale which the LHC will probing in the next few
years. The dream of all theoretical particle physicists is of course to complete
the Standard Model in order to correct its few inaccuracies, without spoiling
its impressive precision in verified processes. This task is however much more
difficult than expected naively. A very delicate problem arising in this quest
is known as the hierarchy problem, relating inevitably the last measured
parameter of the Standard Model, the Higgs boson mass, to the scale at
which the new physics should appear. Quantum corrections to the Higgs
boson mass are indeed very sensitive to new physics, so that the two scales
should be identical from naturalness arguments. The direct measurements
of the Higgs boson mass obtained by LHC experiments show that the Higgs
is as light as 125 GeV, while no new physics is observed around this scale.
Unless an extraordinary cancellation of quantum phenomena happens, the
hierarchy between the new physics scale and the Higgs boson mass should
be explained by new symmetry arguments.
There are two natural solutions to the hierarchy problem. The first is
supersymmetry, relating bosons and fermions through a fundamental sym-
metry of space-time, and offering a simple reason why a fundamental scalar
particle can be light. The second possibility is strong dynamics, in which
naturally light scalar degrees of freedom can arise as Goldstone bosons from
the spontaneous breaking of a symmetry. Note that both possibilities are
actually advocated by the modern development of string theory and quan-
tum gravitation, which requires on the one hand supersymmetry as a funda-
mental ingredient, and on the other hand extra-dimensions, whose dynamics
correspond in an effective four-dimensional description to a strongly-coupled
quantum field theory. As indicated above, only the second of these two pos-
sibilities is going to be considered in this thesis. The longitudinal polari-
sations of massive gauge bosons in the Standard Model are hence assumed
2
to be Goldstone bosons arising from some new, strongly-interacting sector.
It will be shown in chapter 3 that in addition to the latter, the presence of
a light Higgs boson is favoured by indirect precision measurements in the
electroweak sector. One of the reason to leave supersymmetry apart is that
it has been studied extensively in the last 20 years, as were the technicolor
models of a strong but Higgsless electroweak symmetry breaking. On the
contrary, recent developments in the physics of extra-dimensions and in the
field of strongly-coupled theories have open a door towards a new category
of models in which a Higgs boson is present, although not elementary, and
which can be grouped under the appellation of composite Higgs models.
After reviewing in chapters 2 and 3 the theory arguments outlined above
and leading to the discovery of composite Higgs models, a few specific aspects
of theses models are discussed in detail. In the framework of the minimal
model satisfying all theoretical requirements, a study of the agreement with
precision data from LEP and with direct experimental constraints from the
LHC is performed in section 3.3, together with an analysis of the Higgs
boson production, alone and in pairs. The results presented there are taken
from the original research projects of the author, published in refs. [1, 2].
After the usual, perturbative approach to composite Higgs models, the
second part of this thesis, presented in chapter 4, makes use of nonperturba-
tive techniques to gain information about the low-energy spectrum of these
models. The Skyrme model is first introduced, in which topological solitons
represent the baryons in an effective description of QCD. The methodol-
ogy leading to the construction of the so-called skyrmions is reviewed in
detail. In a second step, modifications of the Skyrme model are discussed,
following the research work of ref. [3]. The model is finally used to study
the presence in composite Higgs models of massive, stable skyrmions, which
like the Higgs boson are singlets under the strongly-interacting force. An
important issue related to the electric charge of skyrmions is presented in
section 4.4, following ref. [4], and a complete example is eventually provided
in section 4.5, including the discussion of the consequences of skyrmions for
cosmology. This last part is taken from the research paper [5]. The nu-
merical methods used in the nonperturbative approach are presented in an
appendix.
3

2
The Standard Model and
the Need to Go Beyond
All fundamental laws of nature can be described within the framework of
quantum field theory, with the notable exception of gravity. We are going
to describe first in this work the theory used to unify the electromagnetic
the weak and the strong interaction, known as the Standard Model [6, 7,
8]. We will however follow an effective approach rather than a historical
one. Most of the material presented in this chapter is inspired by standard
textbooks [9, 10,11,12,13,14], lectures [15,16] and reviews [17,18,19,20].
2.1 The Standard Model:
gauge symmetries and fermion content
A quantum field theory can defined by an action, written as an integral over
space of a Lagrangian density. It is useful nevertheless to take a different
approach, in which the theory is constructed from symmetry principles, and
where the Lagrangian density takes then the most general form respecting
this principles. In the following, we are going to define the Standard Model
completely, first presenting its gauge symmetry and the resulting non-trivial
vacuum structure, then adding fermions to the theory, which have to trans-
form under given representations of the gauge group.
2.1.1 Gauge symmetries, instantons and θ-vacuum
We introduce first the strong, weak and electromagnetic “forces” in the
Standard Model as gauge fields. The Lagrangian is constructed so as to
5
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preserve the fundamental local symmetries of the group
SU(3)C × SU(2)W × U(1)Y . (2.1)
The gauge bosons corresponding to the SU(3)C gauge group are the glu-
ons Gaµ (a = 1, . . . , 8), and the index C refers to the usual denomination of
colour gauge group. The study of processes involving the gluon field is hence
denoted quantum chromodynamics (QCD). The gauge groups SU(2)W and
U(1)Y are usually considered together (for reason to be clear in the next
section), and form the branch of the Standard Model called the electroweak
physics.1 The electroweak gauge bosons are W iµ (i = 1, 2, 3) and Bµ. More
precisely, SU(2)W is the weak force, while U(1)Y does not have a conven-
tional name, but is associated with hypercharge, to appear below.
The Lagrangian for the gauge fields takes then the form2
Lgauge = −14G
a
µνG
µν a − 1
4
W iµνW
µν i − 1
4
BµνB
µν . (2.2)
The field strength tensors are given by
Gaµν = ∂µG
a
ν − ∂νGaµ + gS fabc Gbµ Gcν , (2.3)
W iµν = ∂µW
i
ν − ∂νW iµ + g εijk W jµ W kν , (2.4)
Bµν = ∂µBν − ∂νBµ, (2.5)
where fabc and εijk are the structure constants of SU(3) and SU(2) respec-
tively, and gS , g are the gauge coupling associated with each of the two gauge
groups. In addition, we will denote by g′ the gauge coupling associated to
the U(1)Y gauge group (appearing only once we introduce fermions in the
theory). Under a SU(3)C gauge transformation, the gluon field transforms
as
Gµ ≡ Gaµ
λa
2
→ UGµU † + i
gS
U∂µU
†, U(x) ∈ SU(3) (2.6)
where λa are the Gell-Mann matrices, i.e. 12λ
a are generators of SU(3) nor-
malised in the usual way. The field strength tensor transforms then in the
adjoint representation as
Gµν ≡ Gaµν
λa
2
→ UGµνU †, (2.7)
so that the Lagrangian (2.2) is invariant under any gauge transformation.
Similar transformation rules apply to the SU(2)W and U(1)Y gauge group.
1The notation SU(2)L is often used instead of SU(2)W . Our convention is chosen so
as to avoid any confusion when discussing multiple copies of the Standard Model gauge
group, as will be the case in chapter 3.
2The summation over repeated indices is always understood, unless stated otherwise.
Lorentz indices, denoted by greek letters, are raised and lowered by the use of the metric:
Bµ = gµνBν .
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In a gauge theory, there is in general the possibility to write an extra
gauge-invariant term in the Lagrangian, in addition to the kinetic terms of
eq. (2.2). Let us first consider a SU(N) Yang-Mills theory in general [21],
and the results will generalise to the Standard Model afterwards. In terms
of a field strength tensor F aµν = ∂µA
a
ν−∂νAaµ+gfabcAbµAcν , the most general
gauge-invariant Lagrangian is
LYM = −14F
a
µνF
µν a +
θ g2
32pi2
F aµνF˜
µν a, (2.8)
where θ is an arbitrary coefficient and the dual of the field strength tensor
is defined using the totally antisymmetric tensor ε as
F˜µν a =
1
2
εµνρσF aρσ, (2.9)
The second term in (2.8) is usually called θ-term, and obviously violates par-
ity and time-reversing symmetries since they involve three spatial derivatives
and one time derivative, thus incidentally violating CP-symmetry as well.
However, the θ-term does not contribute to the equations of motion and has
therefore no physical meaning in the classical version of the theory. This
is a consequence of the fact that it can be written as a total divergence,
F aµνF˜
µν a = ∂µKµ with3
Kµ = 2 εµνρσ
(
Aaν∂ρA
a
σ +
g
3
fabcAaνA
b
ρA
c
σ
)
. (2.10)
The latter is nothing but the Chern-Simons three-form ω3(A) (up to a factor
of 2), satisfying in the language of differential forms dω3(A) = F ∧ F . The
θ-term is therefore a surface term and is absent of the classical equations
of motion. Moreover, when considering field configurations of finite energy,
the field strength tensor F aµν has to go to zero faster than r
−2 at the bound-
aries of space-time, which is naively reproduced by a gauge field decreasing
faster than r−1. The θ-term contribution to the action is then given by
Kµ evaluated over the space-time boundaries, where it is vanishing follow-
ing the naive convergence argument. There exist nevertheless, in SU(N)
Yang-Mills theories, pure gauge configurations which are equivalent to the
vacuum, i.e. satisfying Fµν = 0, but for which the gauge field Aµ decreases
only as r−1 at infinity. Such a configuration can for example be realised as
Aµ = − i
g
U †∂µU, with U =
r2 − d2
r2 + d2
1N + 2i
r d
r2 + d2
xˆi σ
i, (2.11)
with r2 = x2i , xˆi = xi/r, d is an arbitrary length and σ
i represents any
embedding of the Pauli matrices into an N ×N matrix. This configuration
3In the derivation of the equality, one has to use the fact that the term proportional
to g2S vanishes in F
a
µν
eFµν a, due to the Jacobi identity fabcfade − fabefadc − fabdface = 0
valid in the adjoint representation of any Lie group.
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satisfies
∫
d3xK0 = 32pi2/g2, so that a field interpolating adiabatically be-
tween Aµ = 0 at t → −∞ and the configuration of eq. (2.11) at t → +∞
satisfies ∫
d4xF aµνF˜
µν a =
∫
d3xK0
∣∣∣∣t→+∞
t→−∞
=
32pi2
g2
(2.12)
Such a field configuration exists and is called an instanton [22, 23]. The
physical meaning of the instanton can be understood by looking at the
topological number associated with a SU(N) gauge field,
n =
g2
32pi2
∫
d4xF aµνF˜
µν a ∈ Z. (2.13)
This quantity is topological in the sense that it is left invariant by any in-
finitesimal transformation, but can nevertheless take a discrete set of values,
normalised here to be the set of integers. The existence of such a topological
quantity implies that the space of possible field configurations is split into
an infinite number of homotopy classes, such that field configurations be-
longing to different classes cannot be continuously deformed into each other.
As can be seen from the equations above, an instanton is a field configura-
tion with n = 1, i.e. interpolating between a given vacuum at t→ −∞ and
another topologically inequivalent vacuum at t→ +∞. The probability for
a tunnelling effect between two nearby vacua to occur is then related semi-
classically to the energy associated with an instanton configuration, and is
found to be
exp
(
−8pi
2
g2
)
. (2.14)
The peculiar scaling of the coupling constant g is a typical signature of a
non-perturbative effect. For weakly coupled theories, instanton effects are
very much suppressed, while their importance in strongly-coupled theories
is not well understood yet.
The presence of distinct homotopy classes in the theory implies that the
true vacuum is not trivial, but is a linear combination of different states |m〉,
each denoting the state of minimal energy within the class of configurations
of topological charge m. When considering the vacuum expectation value of
a given operator O, the path integral can be split into different homotopy
sectors, and one gets
〈Ω|O|Ω〉 =
∫
DAO ei
R
d4xLYM =
∑
min,mout
eiθ(mout−min)〈mout|O|min〉,
(2.15)
where the phase on the right-hand side arises from the integration of the
θ-term. The equality is then satisfied if the true vacuum is precisely the
linear combination
|Ω〉 =
∑
m
e−iθm|m〉. (2.16)
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SU(3)c SU(2)W U(1)Y
qL = (uL, dL) 3 2 16
uR 3 1 23
dR 3 1 −13
lL = (νL, eL) 1 2 -12
eR 1 1 −1
Table 2.1: The charge of fermions under the gauge groups in the Standard
Model. The notations 1, 2 and 3 correspond respectively to a singlet, dou-
blet or triplet under the gauge group. The number describing the U(1)Y
transformation is the hypercharge.
In general, under a topologically non-trivial gauge transformation U taking
one vacuum to another as U|m〉 = |m + 1〉, the vacuum |Ω〉 is then invari-
ant up to a phase as U|Ω〉 = eiθ|Ω〉. Adding a θ-term to the Yang-Mills
Lagrangian is thus equivalent to specifying what is the true vacuum of the
theory. The special case θ = 0 corresponds to a particular choice of vacuum,
but there is no reason to favour it over any non-zero value of θ as long as no
symmetry principle is enforcing it. In the Standard Model, one can write
down such a term for each gauge group, complementing the Lagrangian (2.2)
with
Lgauge ⊃ θ3 g
2
S
32pi2
GaµνG˜
µν a +
θ2 g
2
32pi2
W iµνW˜
µν i +
θ1 g
′2
32pi2
BµνB˜
µν . (2.17)
2.1.2 Fermions and anomalies
In addition to being a gauge theory, the Standard Model is a chiral theory,
in the sense that the left-handed and right-handed chiralities of fermions are
treated independently. An equivalent formulation of this statement is that
the fermions in the Standard Model areWeyl fermions. The fermion content
of the Standard Model is summarised in Table 2.1. The fermions qL, uR and
bR charged under the colour gauge group are called quarks. They transform
as triplets, and come therefore in three different colours. The remaining
fermions lL and eR are called leptons. They do not couple to gluons.
A Lagrangian for the fermions can be written down in a gauge invariant
way by defining a covariant derivative, given for example for qL as
DµqL = ∂µqL − i gS Gaµ
λa
2
qL − i gW iµ
σi
2
qL − i g′Bµ
(
1
6
)
qL. (2.18)
The form of the covariant derivative for the other fermions can be derived
from Table 2.1: singlets do not couple to the gauge fields, and the hyper-
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charge in brackets above has to be replaced by the appropriate value. The
gauge-invariant kinetic terms for the fermions takes then the form
Lfermions = i qL σµDµ qL + i uR σµDµ uR + i dR σµDµ dR
+i lL σµDµ lL + i eR σµDµ eR, (2.19)
where σµ =
(
1, σi
)
, σµ =
(
1,−σi), and for Weyl fermions f = f †. Note
that fermions denoted with an index L differ from the ones denoted by an
index R by the way they are contracted. The presence of a σµ of σµ matrix
defines the helicity of a fermion. A pair of Weyl fermions with opposite
helicities can be combined into a Dirac fermion as
i fL σ
µ∂µ fL + i fR σ
µ∂µ fR = i f γµ∂µ f (2.20)
where the Dirac fermion f and γµ matrices are defined as
f =
 fL
fR
 , f = f †γ0 and γµ =
 0 σµ
σµ 0
 . (2.21)
Dirac fermions can acquire a mass in the form
L ⊃ mf ff = mf
(
fLfR + fRfL
)
. (2.22)
A crucial property of the Standard model is that there are no pairs of left-
handed and right-handed fermions sharing the same quantum numbers, so
that no Dirac fermions can be built, and subsequently no Dirac mass term
is allowed. In addition, Majorana mass terms are forbidden as well by
the U(1)Y gauge symmetry. At this stage, all Standard Model fermions
have to be massless. We will see in the next section how they can finally
get a mass after spontaneous breaking of the gauge symmetries. Another
consequence of treating separately fermions with opposite helicity is that
the theory breaks the parity symmetry ~x → −~x, and is therefore a chiral
theory. Conversely, the time-reversing symmetry is preserved.
The Standard Model Lagrangian as described so far possesses in addition
to the gauge symmetries a certain number of global symmetries. Noether’s
theorem relates each of these symmetries to a conserved current. Symmetries
transforming the fermions as
fL,R → eiα T fL,R (2.23)
are of particular interest. Here T represents a generator acting on one of
the spaces SU(3)C , SU(2)W or U(1)Y , and the fL,R are any fermions of the
model. The Noether current associated with a transformation of this kind
can be written as
Jµ =
∑
fL
fL σ
µ T fL +
∑
fR
fR σ
µ T fR. (2.24)
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While these current are automatically conserved at the classical level since
their divergence is related to the field equation, their conservation is not
guaranteed in the quantum theory. In the case where a symmetry of the
Lagrangian is broken in the real world, one speaks of an anomaly. In the
Standard Model, anomalies are induced by triangle diagrams of the form of
fig. 2.1. The divergence of the current is then proportional to the external
gauge fields as [24,25]
∂µJ
µ = ±Nf
(
g2S
16pi2
Tr
[
T
λa
2
λb
2
]
GaµνG˜
µν b
+
g2
16pi2
Tr
[
T
σi
2
σj
2
]
W iµνW˜
µν j (2.25)
+
g′2
16pi2
Tr [T ]Y 2BµνB˜µν
)
,
where Nf denotes the number of fermions running in the loop, and the sign
should be taken positive for left-handed fermions and negative for right-
handed ones. As an example, let us consider the U(1) symmetry rotating the
left-handed quark doublet by a phase, and the associated Noether current:
qL → eiαqL, JµqL = qL σµ qL. (2.26)
The anomaly in this case becomes
∂µJ
µ
qL
= 6
(
g2S
32pi2
GaµνG˜
µν a +
g2
32pi2
W iµνW˜
µν i +
g′2
16pi2
(
1
6
)2
BµνB˜
µν
)
(2.27)
As a consequence, the phase rotation of qL generates in the Lagrangian a
new term
L → L+ α∂µJµqL , (2.28)
which brings a new contribution to the θ-terms (2.17), shifting in this case
θ3 → θ3 + 6α, θ2 → θ2 + 2α, θ1 → θ1 + 13α. (2.29)
A phase rotation can be associated with each of the Standard Model fields,
and all of them are anomalous. Among the five U(1) currents, only two
independent linear combination can be built for which the anomalies cancel.
The remaining three can be used to remove each of the three θ-terms, hence
implying that all θ-vacua are equivalent. On the other hand, the anomaly-
free linear combinations can be expressed as
JµB−L =
1
3
(
JµqL + J
µ
uR
+ JµdR
)
−
(
JµlL + J
µ
eR
)
, (2.30)
JµY =
1
6
JµqL +
2
3
JµuR −
1
3
JµdR −
1
2
JµlL − JµeR . (2.31)
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(a) (b)
Figure 2.1: Chiral anomaly induced by loop diagrams. The blob symbolises
the current (2.24) and fermions in the loops can be any quark or gluon
coupling to this current.
The second of these currents is exactly the current associated with the hy-
percharge gauge symmetry U(1)Y . Similarly, a study of the anomalies as-
sociated with the SU(2)W and SU(3)C gauge symmetries show that both
vanish, as it is compulsory in a gauge theory in order to preserve the Ward
identities.
Note finally that the fermion content given in Table 2.1 comes in three
copies, called generations. This means for example that there are three
quarks doublets q(1)L = (uL, dL), q
(2)
L = (cL, sL), q
(3)
L = (tL, bL), which do not
differ from each other as long as they remain massless, and similarly for the
remaining fermions. Therefore, the global symmetry of the fermion sector is
enhanced from [U(1)]5 to the rotations among the three families of fermions
independently for each of the five species, which can be written as
[
U(3)
]5 = U(3)q × U(3)u × U(3)d × U(3)l × U(3)e. (2.32)
2.2 Spontaneous symmetry breaking
The theory described so far contains only massless states, in the gauge sector
since gauge bosons are by definition massless, and in the fermion sector since
no mass term preserving gauge-invariance can be written. There is a way of
introducing masses for gauge fields without explicitly breaking the gauge in-
variance of the Lagrangian, known as spontaneous symmetry breaking. This
mechanism is achieved by the introduction of one or more scalar fields, ac-
quiring a vacuum expectation value different from zero due to a potential
imposed by hand at the Lagrangian level, or generated via radiative correc-
tions [26]. Although the Standard Model was constructed historically upon
introducing a fundamental scalar field, preserving the renormalisability of
the theory, we forget this requirement for now and address the question of
mass generation in an effective approach.
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2.2.1 The non-linear σ-model parametrisation
Of the four electroweak gauge bosons W iµ (i = 1, 2, 3) and Bµ introduced
above, only one massless state must be present in the model, the photon.
The other three must therefore acquire a longitudinal component, arising
from a scalar field after spontaneous symmetry breaking. The minimal
content of the scalar sector consists therefore of three scalar fields χi(x)
(i = 1, 2, 3), whose kinetic term takes the form
1
2
∂µχ
i∂µχi. (2.33)
In order to become the longitudinal polarisation of the W± and Z0 bosons,
the fields χi must be charged under the electroweak gauge group. A straight-
forward choice would be to promote the space-time derivative to a covariant
derivative
Dµχ
i = ∂µχi − igW kµ
(
T k3×3
)ij
χj , (2.34)
where T k3×3 is a generator of SO(3) ∼= SU(2). In this case the fields χi trans-
form linearly under gauge transformations as a triplet of SU(2)W . Note that
no U(1)Y term is allowed, so that the fields χi must have zero hypercharge.
This choice is thus unsatisfying: Whatever vacuum expectation value 〈χi〉
is imposed, the field Bµ remains massless, and there is no breaking of the
gauge group from SU(2)W × U(1)Y down to U(1)em 6= U(1)Y .
A better choice is to use a non-linear parametrisation of the scalar fields,
defining a 2× 2 matrix
Σ(x) = exp
[
iχiσi/v
]
= 12 + i
χi
v
σi + . . . , (2.35)
where v is a dimensionful constant. The SU(2)W ×U(1)Y covariant deriva-
tive is chosen to act on Σ(x) as
DµΣ = ∂µΣ+ igW iµ
σi
2
Σ− ig′BµΣσ
3
2
, (2.36)
and a gauge-invariant Lagrangian can be written in the form
Lχ = v
2
4
Tr
(
DµΣ†DµΣ
)
. (2.37)
The term with two space-time derivatives is equivalent to the kinetic term
(2.33) at lowest order in v, and yield additional interaction terms between
the χi fields suppressed by powers of 1/v2. The minimum of the energy
is attained for any static configuration ∂µχi = 0, and the vacuum state
can always be chosen to correspond to 〈χi〉 = 0, since any other choice is
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equivalent to it via a gauge transformation. Expanding around the vacuum,
one gets therefore a mass term from the gauge fields in the form
v2
8
[
g2
(
W 1µ
)2 + g2 (W 2µ)2 + (gW 3µ − g′Bµ)2] . (2.38)
The mass and charge eigenstates can then be defined as
W±µ =
1√
2
(
W 1µ ± iW 2µ
)
,
Zµ = cos θWW 3µ − sin θWBµ, (2.39)
Aµ = sin θWW 3µ + cos θWBµ,
where the Weinberg angle θW is defined by tan θW = g′/g. In this basis, the
mass term (2.38) becomes
m2W W
+
µ W
µ− +
1
2
m2Z ZµZ
µ, (2.40)
where
m2W =
g2v2
4
, m2Z =
g2v2
4 cos2 θW
. (2.41)
These masses match the experimental measurement provided that v ∼=
246 GeV. The constant v is called the electroweak scale.
Note that in addition to the electroweak gauge symmetry, the Lagrangian
(2.37) has a global SU(2)L×SU(2)R symmetry, under which the scalar field
transforms as
Σ→ L†ΣR, L,R ∈ SU(2). (2.42)
The vacuum expectation value corresponding to 〈χi〉 = 0 or equivalently
〈Σ〉 = 12 breaks this global symmetry spontaneously down to the diagonal
subgroup SU(2)V , realised in the transformation rule above, when L = R.
The gauge field W iµ is a triplet of SU(2)L, a singlet of SU(2)R, and hence
a triplet of SU(2)V . For this reason, in the limit g′ → 0, the massive gauge
bosons W+, W− and Z0 form a triplet of an exact global symmetry, and
their masses are equal: mW = mZ . With g′ 6= 0, the ratio of masses can be
expressed as
ρ =
m2W
m2Z cos2 θW
= 1. (2.43)
At the loop level, the W± and Z0 masses get radiative corrections induced
by couplings to matter fields. The global SU(2)L × SU(2)R symmetry is
called custodial symmetry and will play a central role in the construction
of composite Higgs models, as discussed in section 3.2.2. If the custodial
symmetry is preserved at all orders in perturbation theory, the parameter ρ
remains exactly equal to one. In reality, we will see in the next section how
fermion masses break the custodial symmetry, so that corrections to ρ will
appear at loop level.
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2.2.2 Fermion masses generation and flavour physics
The gauge transformation rules of the Σ field allows to write terms involving
both Σ and fermions in the Lagrangian, fixed uniquely by the symmetry to
LYukawa = v√
2
q
(i)
L Σ
 Y (i,j)u u(j)R
Y
(i,j)
d d
(j)
R
+ v√
2
l
(i)
L Σ
 0
Y
(i,j)
e e
(j)
R
+ h.c. (2.44)
where the Y (i,j)u,d,e are massless coefficients called Yukawa couplings, and the
indices in parenthesis are flavour indices referring to the three generations of
quarks and leptons. Expanding around the vacuum expectation value and
writing the doublets explicitly in components, one finds
LYukawa = v√
2
(
Y (i,j)u u
(i)
L u
(j)
R + Y
(i,j)
d d
(i)
L d
(j)
R + Y
(i,j)
e e
(i)
L e
(j)
R + h.c.
)
+O (v0) ,
(2.45)
which acts now as a mass term for the fermions. The most general form of the
Yu,d,e couplings can be simplified using the global flavour symmetry (2.32).
For example, a SU(3)q × SU(3)d rotation allows to bring the down-type
Yukawa matrix Yd into a diagonal form. Similarly, Ye can be diagonalised
by an appropriate SU(3)l×SU(3)e rotation. However, the remaining SU(3)u
symmetry is not sufficient to fully diagonalise the up-type Yukawa matrix Yu.
The most general Lagrangian for the fermion masses can hence be written
as ∑
i,j
m(i)u V
(i,j)
CKMu
(i)
L u
(j)
R +
∑
i
m
(i)
d d
(i)
L d
(i)
R +
∑
i
m(i)e e
(i)
L e
(i)
R (2.46)
where m(i)u,d,e = λ
(i)
u,d,ev/
√
2 and λ(i)u,d,e are the eigenvalues of the Yukawa ma-
trices. VCKM is here an unitary 3×3 matrix, called the Cabibbo-Kobayashi-
Maskawa matrix [27,28].
The Yukawa Lagrangian (2.44) is in general not invariant under the
global SU(2)L × SU(2)R symmetry defined in eq. (2.42), unless the up-
and down-type Yukawa couplings are equal. For this reason, the custodial
SU(2)V symmetry is explicitly broken, but the breaking is at most pro-
portional to the mass differences between quarks and leptons forming an
isodoublet. The ρ parameter (2.43) gets subsequently corrections at the
loop level, directly proportional to the fermion masses.
Note also that of the global [U(1)]5 part of the full flavour symmetry
(2.32), only two U(1) subsist after fermion masses are generated. They are
U(1) factors associated with each term separately in the Lagrangian (2.44).
The symmetry rotating quarks as qL → eiα/3qL, uR → eiα/3uR and dR →
eiα/3dR is called the baryon number U(1)B, while the lepton number U(1)L
is given by lL → eiαlL and eR → eiαeR. Both baryon and lepton number
symmetries are anomalous and are actually violated by non-perturbative
processes. However, as seen in eq. (2.30), the linear combination U(1)B−L
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survives in the quantum theory and is thus a true symmetry of the Standard
Model.
2.3 Renormalisability and unitarity
The Standard Model as described so far reproduces successfully the spec-
trum of all known particles and their properties. However, in the σ-model
formalism adopted in the previous section, some issues of fundamental im-
portance are present. Among them, the renormalisability of the theory and
the unitarity of scattering amplitudes are going to be addressed now.
2.3.1 Renormalisability
The non-linear σ-model parametrisation is by definition non-renormalisable
in four space-time dimensions. To see this, a divergence counting argument
can be used. Expanding the field Σ into its scalar components χi and forget-
ting about the gauge fields, one gets from the Lagrangian (2.37) an infinite
number of interaction terms, with any number of fields χi in them, but
always exactly two space-time derivatives, of the form
L ⊃ cn
vn−2
(
∂µχ
i1
) (
∂µχi2
)
χi3 · · ·χin . (2.47)
Now let’s consider a Feynman diagram involving only the scalar fields χi
with N external legs and L loops. The diagram will also have P internal
propagators and V vertices. The number of loops is related to the number
of propagators and vertices as
L = P − V + 1. (2.48)
The superficial degree of divergence of the diagram, defined as the expected
power of momentum of the loop integral, is then, in d spatial dimensions
D = dL− 2P + 2V = (d− 2)L+ 2. (2.49)
For d ≥ 2, due to the fact that the superficial degree of divergence of any
diagram increases with the number of loops (or equivalently with order in
perturbation theory), an infinite number of counterterms is needed to cancel
the divergences. The non-linear σ-model is therefore non-renormalisable.
Since higher-dimension operators of the type (2.47) are suppressed by powers
of v, the validity of the theory extends only in the range where the loop
corrections are smaller than tree-level contributions, so naively up to the
cutoff
ΛEW ≈ 4pi v ∼= 3.1 TeV. (2.50)
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2.3.2 Unitarity violation in WW scattering
The second issue about our effective description of the Standard Model arises
in the scattering amplitude of the longitudinal polarisation of W bosons,
WLWL → WLWL [29, 30]. By the equivalence theorem [31], this scattering
amplitude can be computed at energies larger than the W± and Z0 masses
in terms of the Goldstone bosons only. Consider the scattering W+W− →
W+W−, or equivalently χ+χ− → χ+χ−: In the absence of gauge fields, the
Lagrangian (2.37) can be rewritten as
Lχ = 12χ2
[(
χi∂µχ
i
)2 + v2
χ2
sin2
(
χ2
v2
)(
χ2(∂µχi)2 −
(
χi∂µχ
i
)2)]
=
1
2
∂µχ
i∂µχi +
1
6v2
[(
χi∂µχ
i
)2 − χ2(∂µχi)2]+ . . . (2.51)
where χ2 = (χi)2, and in the second equality an expansion in inverse powers
of v was performed. There is no vertex involving only three χi fields. There-
fore, the scattering amplitude is given by fig. 2.2(a) only, and its cross-section
is found to be
M (W+W− →W+W−) = s+ t
v2
[
1 +O
(
m2W
s
)]
(2.52)
where s and t are the usual Mandelstam variables. As the matrix element
grows with the square of the energy of the scattered particles, one has to
take care that the unitarity of the S-matrix is preserved. A simple way of
achieving this goal is to use the optical theorem, relating the imaginary part
of the forward scattering amplitude (i.e. at scattering angle θ = 0) to the
total cross section of W± bosons, as4
ImM (W+W− →W+W−, θ = 0) = s σ (W+W− → anything)
≥ s σ (W+W− →W+W−) (2.53)
To exploit this property it is convenient to expand the matrix elements into
plane waves, as
M = 16pi
∞∑
l=0
(2l + 1)Pl(cos θ)Ml (2.54)
where Ml is independent on the angle θ, and the Pl are Legendre polyno-
mials, the first two being P0(x) = 1 and P1(x) = x. Legendre polynomials
satisfy an orthogonality condition
1∫
−1
dxPl(x)Pm(x) =
2
2l + 1
δlm. (2.55)
4The matrix element is actually real at tree-level, see eq. (2.52), but will receive both
real and imaginary corrections at higher loop order.
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Using the property Pl(1) = 1, the left-hand side of eq. (2.53) becomes
ImM (θ = 0) = 16pi
∞∑
l=0
(2l + 1) ImMl. (2.56)
On the other hand, the total cross section for a 2→ 2 process involving the
same particle in the initial and final states reads
σ =
∫
dΩ
|M|2
64pi2s
=
1∫
−1
d(cos θ)
|M|2
32pis
, (2.57)
which gives, upon expansion in plane waves,
σ =
(16pi)2
32pis
∞∑
l=0
∞∑
m=0
(2l + 1)(2m+ 1)MlM∗m
·
1∫
−1
d(cos θ)Pl(cos θ)Pm(cos θ)
=
16pi
s
∞∑
l=0
|Ml|2. (2.58)
Plugging this cross-section into the right-hand side of eq. (2.53), since the
inequality has to hold for any angle θ, one obtains
∞∑
l=0
(2l + 1) ImMl ≥
∞∑
l=0
(2l + 1)|Ml|2 (2.59)
For simplicity, this equality is assumed to hold for all l separately, hence
ImMl ≥ |Ml|2. (2.60)
Now writing
(ReMl)2 +
(
ImMl − 12
)2
= |Ml|2 − ImMl + 14 ≤
1
4
, (2.61)
where the inequality follows directly from eq. (2.60), one finds then
|ReMl| ≤ 12 . (2.62)
For the process W+W− → W+W−, the matrix element is given, at tree-
level, by
M = s
2v2
(1 + cos θ) (2.63)
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(a) (b) (c)
Figure 2.2: Diagrams contributing to the scattering of Goldstone bosons, or
equivalently to the scattering of W± bosons in the high-energy limit.
which corresponds, in terms of planar waves, to
M0 = s32piv2 , M1 =
s
96piv2
, Ml≥2 = 0, (2.64)
where s is the square of the W+W− centre-of-mass energy. The strongest
unitarity bound comes from the l = 0 wave, and yields
E =
√
s . 4
√
pi v ∼= 1.7 TeV. (2.65)
This bound is of course only approximate, since it was derived from the
tree-level matrix elements. More involved calculations can lead to a tighter
bound. It shows however the need for new particle states to appear in
addition to the spectrum described so far.
2.4 The Higgs boson
Both problems raised in the previous section can be solved by the simple
addition of a massive scalar field to the theory, known as the Higgs boson.
The presence of a fundamental scalar field nevertheless introduces a different
issue, and one of the two known solutions to it out will turn out to have a
composite Higgs boson.
2.4.1 Unitarity restoration by a scalar field
Let us add to the Standard Model as described so far a new scalar with the
quantum numbers of the vacuum. This scalar is allowed to interact both
with the χi fields and with the quark and leptons. Therefore, we replace the
Lagrangian (2.37) by the most general form
Lh,χ = 12∂µh∂
µh− V (h) + v
2
4
Tr
(
DµΣ†DµΣ
)(
1 + 2a
h
v
+ b
h2
v2
+ . . .
)
(2.66)
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where the potential V (h) is given by
V (h) =
1
2
m2hh
2 +
d3
2
(
m2h
v
)
h3 +
d4
8
(
m2h
v2
)
h4 + . . . (2.67)
As indicated by the dots, higher powers of h might be present, but are
irrelevant for the low-energy phenomenology. Note also that a can be always
taken positive without loss of generality, since the theory is invariant under
the transformation a → −a, h → −h. Similarly, the Lagrangian (2.44) can
be enlarged to
LYukawa = v√
2
q
(i)
L Σ
 Y (i,j)u u(j)R
Y
(i,j)
d d
(j)
R
(1 + c(i,j)u,d hv + . . .
)
+ . . .+ h.c. (2.68)
where the lepton part was omitted. The parametrisation used here is stan-
dard in the literature [32]. In general, flavour-changing neutral currents
would arise at tree-level from exchange of the field h. One can constrain
them by imposing
c
(i,j)
u,d = cu,d δij (2.69)
in the basis where the Yukawa matrices are diagonal. On the contrary, up-
type quarks, down-type quarks and leptons can have different couplings to
h.
In the presence of the scalar field h, new diagrams contribute to the
scattering of W± gauge bosons at tree-level, as illustrated in fig. 2.2. They
contribute to the matrix element (2.52) as
M (W+W− →W+W−) = 1
v2
(
s+ t− a2 s
2
s−m2h
− a2 t
2
t−m2h
)
s,tÀm2h−−−−−→ (1− a2) s+ t
v2
. (2.70)
For the special choice of parameter a = 1, the terms growing with the square
of the energy are exactly cancelled by the exchange of the h field, and the
unitarity of the S matrix is ensured up to high energies. The matrix element
then becomes, in the large energy limit,
M (W+W− →W+W−) = −m2h
v2
(
s
s−m2h
+
t
t−m2h
)
, (2.71)
or equivalently for the s-wave M0 = m2h/(8piv2), which from the unitarity
constraint (2.60) puts an upper bound on the Higgs mass:
mh . 2
√
pi v ∼= 870 GeV. (2.72)
In general, any value of a in the vicinity of 1 does not unitarise the scatter-
ing of W± bosons completely but still allows to relax the unitarity bound
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(2.65). As we will see in the next chapter, composite Higgs models gener-
ically predict values of a below one. The case a > 1 is nevertheless also a
possibility, but in this case there is an “overunitarisation” which requires
more involved new physics to cancel [33].
The presence of a new scalar particle requires however to investigate as
well the status of unitarity in processes involving the h field as an external
particle. For example the matrix element
M (W+W− → hh) = 1
2v2
(
b s+ a2t+ a2u
)
, (2.73)
computed here in the high-energy limit (for which s-channel h exchange
diagram containing d3 is subleading), gives a s-wave contribution
M0
(
W+W− → hh) = (b− a2) s
32piv2
, (2.74)
which is vanishing in the limit b = a2. A similar analysis of the process
W+W− → ff , where f denotes any of the Standard Model fermions, shows
that the amplitude grows linearly with the energy of the process, multiplied
by a factor (1− a c). The condition for unitarity of scattering amplitudes
up to arbitrarily high energy scales is thus
a = b = c = 1. (2.75)
As of 2012, the LHC is starting to put direct experimental constraints on
the parameters a and c, which indeed tend to favour a scenario where 0.5 .
a . 1.5 [34,35].
2.4.2 The Standard Model Higgs doublet
We have seen in the previous section that unitarity can be restored provided
that a = b = c = 1. This is not an accident, but corresponds instead to a
special case in which the theory is renormalisable at all orders in perturba-
tion theory [36]. For the choice of parameters a = b = c = d3 = d4 = 1 and
c2 = 0, one can rewrite the Lagrangian (2.66) as
Lh,χ = 14 Tr
(
DµΦ†DµΦ
)
− V
(
Φ†Φ
)
, where Φ = (v + h)Σ, (2.76)
with
V
(
Φ†Φ
)
=
1
8
(
m2h
v2
)(
1
2
TrΦ†Φ− v2
)2
. (2.77)
Moreover, defining
H = (v + h)Σ
 1
0
 , Hc = (iσ2)H∗ = (v + h)Σ
 0
−1
 (2.78)
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one has Φ = (H,−Hc), and the Lagrangian can be rewritten as
Lh,χ = 12DµH
†DµH − V
(
H†H
)
. (2.79)
Similarly, the Yukawa term becomes
LYukawa = 1√
2
Y (i,j)u q
(i)
L Hu
(j)
R +
1√
2
Y
(i,j)
d q
(i)
L H
cd
(j)
R + . . .+ h.c. (2.80)
With this choice of parameters, H transforms linearly under the electroweak
gauge group SU(2)W×U(1). More precisely, it is a doublet with hypercharge
1
2 . The model is therefore a theory containing a fundamental scalar doublet
H, and is completely renormalisable. The field h in this case is called the
Standard Model Higgs boson.5
2.4.3 The hierarchy problem
While a fundamental Higgs doublet solves the problems of renormalisability
and perturbative unitarity of the Standard Model, it introduces a new kind
of issue, associated with the presence of fundamental scalars in general. It
arises when one computes the radiative corrections to the Higgs boson mass.
As for any other quantity in a renormalisable theory, the physical mass of
the Higgs boson is given by
m2phys = m
2
bare + δm
2
h, (2.81)
where mbare is the bare mass of the Higgs, i.e. the parameter appearing
in the potential (2.67), and δm2h denotes the radiative corrections to the
propagator of h, given schematically at leading order by the four diagrams
in fig. 2.3. The loop diagrams contributing to the Higgs mass appear to be
quadratically divergent: In a cutoff regularisation scheme, the leading term
is
δm2h =
Λ2
32pi2
(
9
4
g2 +
1
2
g′2 − 6y2t +
3
4
m2h
v2
)
(2.82)
where g and g′ are the SU(2)W × U(1) gauge couplings and yt is the top
Yukawa coupling (all remaining fermions give a negligible contribution).
The contribution m2h/v
2 comes from the Higgs self-couplings. Quadratic
divergences are actually not strictly a problem within the renormalisable
Standard Model itself: an infinite δm2h can be absorbed into an infinite
5Note that while the mechanism of gauge bosons acquiring a mass from spontaneous
symmetry breaking was first discovered independently by Anderson [37], Englert and
Brout [38], and later Higgs [39], Guralnik, Hagen and Kibble [40], Peter Higgs was the
first to account for extra scalars remaining massive, as it is the case of the Standard Model
Higgs boson [41]. The denomination “Higgs boson” is therefore accurate when one speaks
of the particle, but the mechanism of mass generation through spontaneous symmetry
breaking should strictly speaking also carry the name of its co-discoverers.
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(a) (b) (c) (d)
Figure 2.3: One-loop radiative corrections to the Higgs boson propagator,
from self-interactions (a), interactions with fermions (b) and with gauge
bosons (c), (d).
bare mass for the Higgs, resulting in a finite result, as it is standard in a
renormalisable theory. The only physical meaning of quadratically divergent
corrections to the Higgs mass is that the latter cannot be calculated and
remains a free parameter in the Standard Model.
Nevertheless, the Standard Model cannot account for all explained phe-
nomena in nature, and new physics need to be added to the theory. The sim-
plest example is gravity, which start becoming relevant for particle physics
at the Planck scale
MPlanck = 1.22 · 1019 GeV. (2.83)
Other observations indicate that new physics should probably appear at a
much lower energy scale, as will be briefly explained in the next section. In
the presence of new physics at a scale Λ, the radiative correction δm2h will
be cut-off at this very scale Λ, instead of being infinite. The requirement for
the Higgs mass to be below the TeV scale as required by unitarity account
therefore for a very strong fine-tuning of the bare Higgs mass. In case the
cutoff is at the Planck scale, the bare mass of the Higgs should cancel the
radiative contribution exactly up to the 35th digit. Such a cancellation is
very unnatural. In other words, any small deviations from this precise value
ofm2bare in the Lagrangian would result in completely different physics. This
tension is known as the hierarchy problem, or naturalness issue. Note that
large scale hierarchies are not forbidden in nature, but require in principle a
symmetry to protect them. One realisation of scale hierarchy occur naturally
in asymptotically free theories, where masses are generated at the scale at
which the theory becomes strongly interacting, instead of the cutoff scale of
the theory. This principle is the fundamental idea behind composite Higgs
models, and will be extensively discussed below.
Note finally that the presence of fundamental massive fermions in the
Standard Model does not introduce a similar problem, since the radiative
correction to their mass is controlled by the chiral symmetry: in the limit of
vanishing Yukawa coupling, an exact symmetry acting as f → exp (iθγ5) f
is present in the model. For this reason, loop corrections to the fermion
masses arise only with coefficient proportional to the chiral symmetry break-
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ing terms, namely to the fermion masses themselves. Corrections are thus
naturally maintained at a reasonable level, and are only logarithmically sen-
sitive to the new physics scale. Similarly, W± and Z0 gauge bosons would
be exact gauge bosons in the limit of vanishing masses, and are therefore
protected from large loop corrections. The reason why fundamental scalars
are problematic can be associated with the fact that massless and massive
scalar fields have the same number of degrees of freedom, while extra degrees
of freedoms have to be added to a theory in order to give a mass to fermions
and vector fields.
2.5 The need to go beyond the Standard Model
Leaving apart the issues associated with the breaking of the electroweak
symmetry, a number of other shortcomings arise in the Standard Model.
We discuss here shortly the most obvious ones.
2.5.1 Neutrino masses
Since neutrinos appear only as left-handed fermions in the Standard Model,
no Dirac mass term can be generated as for the other fermions. A Majorana
mass term is forbidden as well by gauge invariance, since neutrinos are part
a doublet of SU(2)W . The theory described above predicts therefore that
neutrinos of all three generations are exactly massless. Experimental evi-
dence has however be accumulated that neutrino oscillate between the three
physical eigenstates [42], a phenomenon which can only appear if they have
a mass [43], at least for two of them. In this case, the neutrino fields coupling
to the electroweak gauge bosons are superpositions of mass eigenstates. The
past and present experiments allowed to determine with a reasonable pre-
cision the mass differences between the neutrino species, but not their sign
nor their absolute mass scale. The latter is nevertheless constraint by an
upper bound of a few eV [44].
A straightforward way of introducing masses for the neutrino in the
Standard Model is to add a right-handed neutrino, with no charge under
the electroweak gauge group but coupling to the left-handed neutrino via
the Yukawa interaction [45]. Due to its absence of couplings to the gauge
sector, such a neutrino is often called sterile. This setup can be achieved by
completing the SU(2)R doublet in the Yukawa Lagrangian (2.44) as
LYukawa ⊃ v√
2
l
(i)
L Σ
 Y (i,j)e N (j)R
Y
(i,j)
e e
(j)
R
+ h.c. (2.84)
where NR denotes the new right-handed neutrino. Due to its absence of
gauge couplings, a Majorana mass term for NR is in principle allowed in the
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model, despite its explicit violation of lepton number:
LN = N (i)R i/∂N (i)R −M (i,j)N N
(i)c
R N
(j)
R , (2.85)
where c denotes charge conjugation, i.e.
ψc =
(
iσ2
)
ψ∗, ψc = ψT
(−iσ2) . (2.86)
As a result of the mixing between a massless νL and a massive Majorana neu-
trinoNR, the physical spectrum of the theory contains two massive fermions,
whose masses are naturally hierarchical. This phenomenon is known as the
seesaw mechanism, and is better illustrated with a single generation of lep-
tons, for which the mass term after electroweak symmetry breaking can be
written in a matrix notation as
L ⊃ (νL N cR)
 0 1√2 yνv
1√
2
yνv MN
 νL
NR
 (2.87)
Upon redefinition of the fields into mass eigenstates, the physical fermions
have masses given by the eigenvalues of the 2× 2 mass matrix, namely
m1 =
1
2
(
MN −
√
M2N + 2(yνv)2
)
∼= −(yνv)
2
2MN
(2.88)
m2 =
1
2
(
MN +
√
M2N + 2(yνv)2
)
∼=MN (2.89)
where the equalities on the right-hand side hold in the limit yνv ¿MN . The
Majorana mass MN can naturally be large since it is not protected by the
chiral symmetry like quark and lepton masses are. The seesaw mechanism is
thus not only a very economical way of introducing neutrino masses into the
Standard Model, it provides simultaneously an explanation of why neutrino
masses are tiny compared to the others fermion masses.
The problem of neutrino masses can equivalently be addressed in an ef-
fective theory approach. Considering only the Standard Model fields defined
above and writing down all possible operators with increasing dimensions,6
the first beyond-the-Standard-Model operator appears at dimension five and
is [46]
L5 = c(i,j) v
2
M
(
lLΣ
)c(Σ†lL) (2.90)
or equivalently in the renormalisable theory
L5 = c(i,j) 1
M
(
lLH
)c(
H†lL
)
(2.91)
6Although the σ-model field Σ is actually dimensionless, for dimension counting argu-
ments it always comes with a factor v and thus counts as dimension one like a scalar field.
This property is better seen in the renormalisable realisation of the model, in which v is
absorbed into the Higgs doublet H.
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where M is the scale of the new physics leading to this operator and c(i,j)
are coefficients naturally of order one (or smaller if the operator arises from
integrating out a loop). The reason why no similar terms are allowed with
a quark doublet replacing the lepton doublet is because of U(1)Y gauge
invariance: the combination Σ†lL is not charged under the electroweak gauge
group, while Σ†qL has a residual U(1)Y hypercharge.
From eq. (2.90) it is obvious that in the unitary gauge 〈Σ〉 = 1, the
dimension-five operator acts as a Majorana mass term for the left-handed
neutrino νL. The resulting mass is then as in eq. (2.89) with the identifica-
tionM =MN and c = 12y
2
ν . Integrating out the right-handed sterile neutrino
from the model described above leads indeed to the operator (2.90). The
effective theory approach allows us, however, to make a model-independent
statement about the smallness of neutrino masses. It is for example possible
to generate the dimension-five operator by introducing a scalar triplet in-
stead of a right-handed neutrino (known as type II seesaw [47], while type I
corresponds to the sterile neutrino setup described above), or even a fermion
triplet (type III seesaw [48]).
As for the quarks, the global flavour symmetry (2.32) is not sufficient to
diagonalise the form of the coefficients c(i,j) in (2.90). After diagonalising the
lepton masses, there remains a 3×3 unitary matrix parametrising the mixing
between the three generations of neutrino. Contrarily to the quark sector
where the CKMmatrix is quasi-diagonal (off-diagonal terms are subleading),
in the lepton sector there is no such structure. Moreover, when a Majorana
mass term is generated for the neutrinos, two additional CP-violating phases
remain after rotation in the physical basis, in addition to the usual phase
present in a 3× 3 unitary matrix.
Note finally that there exist scenarios where, instead of being very mas-
sive, the sterile neutrino lives below the electroweak scale [49], in which
case there is no new scale introduced in the theory. The presence of a light
sterile neutrino could explain the dark matter problem [50], and there are
even claims that the Standard Model extended in this way can solve all is-
sues in cosmology including inflation, the baryon asymmetry and structure
formation [51].
2.5.2 Dark matter, dark energy and baryon asymmetry
Many constraints on the Standard Model originate not directly from particle
physics experiments, but rather from cosmology. The present and the past
of the universe is known to some extent with high precision, and depend
strongly on its particle content. The first evidence of physics beyond the
Standard Model comes from discrepancies between the indirectly measured
mass of some cosmological objects and their apparent luminosity. Indirect
measurements are performed by observing the effects of the gravitational
force, for example on the planets rotating inside a galaxy, from galaxies
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rotating inside a cluster, and from gravitational lensing effects. When com-
pared to the light they emit, these sources seem to be much heavier than
expected. There must therefore exist a new form of matter, whose interac-
tions with photons is strongly suppressed, the so-called dark matter. The
current consensus from experimental observations is that ordinary, visible
matter form only 27% of the total mass of the universe, while dark matter
must account for the remaining 83%. Any new type of neutral and stable
particle could possibly solve this problem. Among all the possibilities, it
turns out that particles with a mass around the electroweak scale or higher
and with no other couplings to the Standard Model fields than through the
weak interaction have precisely the right pair-production and annihilation
cross-sections so that if they are produced in thermal equilibrium in the
early universe, their relic density at present day matches the dark matter
density [52]. A hypothetical particle with these properties is called a WIMP
(weakly-interacting massive particle). The condition that the WIMP mass
lies above the GeV scale comes from the fact that dark matter particles
should be slow-moving, or cold. In the opposite case, stable and neutral
particles with relativistic velocities cannot aggregate enough to explain the
formation of structures in the universe.
A problem similar to dark matter arise when one estimates the total en-
ergy of the universe. Evidence that the expansion of the universe is acceler-
ating requires a new source of energy, which might arise from a cosmological
constant term in the Einstein equation, or possibly from a new field. At
present time, only 28% of the energy in the universe originates from dark
and bright matter, while the remaining 72% is what is called dark energy.
The last of the cosmological problems mentioned here is the dominance
of matter over antimatter in the universe, also known as the baryon asym-
metry. The way out of this problem proceeds through the so-called baryo-
genesis, provided that the interactions producing baryons satisfy the three
conditions set by Sakharov [53], namely that baryon number as well as
CP-symmetry are violated, and that baryons are produced out of thermal
equilibrium. The first two of these conditions are fulfilled in the Standard
Model, although the only source of CP-violation comes from the complex
phase in the CKM matrix, whose effects are too tiny to account for the
observed asymmetry. Moreover, the third Sakharov condition can only be
met if the electroweak phase transition is of first order, which is presently
disfavoured by the best estimate of the Higgs boson mass. An elegant so-
lution to the baryon asymmetry problem is available once neutrino masses
are introduced in the model as explained above. In this case, the large CP-
violating parameters in the Yukawa matrices can generate an asymmetry
between leptons and anti-leptons, which in turn is transferred to baryons
by non-perturbative processes breaking both lepton and baryon numbers
but respecting the U(1)B−L symmetry. Such a scenario is called leptogene-
sis [54].
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2.5.3 The strong CP problem
In the absence of matter fields, we have seen above that the θ-terms (2.17)
are simply related to the non-trivial topological structure of the vacuum, and
they have no physical effects. Moreover, when massless quarks and leptons
are added to the theory, the θ-terms can even be removed by an appropriate
redefinition of the fermion fields. However, once the quarks and leptons
become massive, an important issue arises. The three anomalous linear
combinations of the [U(1)]5 global symmetry are being used for making the
fermion masses real and positive. The resulting θ-terms in the Lagrangian
are in principle non-vanishing, given as the sum of the bare term and the
part arising from the rotation of the mass matrices. Symbolically, one can
write
θi = θi + arg (detM) . (2.92)
Non-zero θ-terms associated with the electroweak gauge group have no phys-
ical effects. However, the θ3 term associated with QCD give a non-zero con-
tribution to some physical observables, among which the most constraining
is the electric dipole moment of the neutron [55], giving an experimental
bound
θ3 . 10−9. (2.93)
In the agnostic approach where the bare θ-terms and the entries of the
Yukawa matrices take arbitrary values, a very precise cancellation must
happen in eq. (2.92), which is highly unnatural if no symmetry reason can
enforce it. This issue is called the strong CP problem. As for the hierarchy
problem mentioned before, the naturalness principle is badly broken also
here.
There exists a number of solutions to the strong CP problem [20]. For ex-
ample, if any of the quarks is massless, the corresponding rephasing q → eiαq
can be used to cancel the θ3 term. Although experimental data disfavour
this hypothesis, measuring the mass of light quarks is a very complicated
task, and one might argue that a massless up quark is not completely ex-
cluded. An alternative solution consists in enforcing the CP symmetry as
a fundamental symmetry of the Lagrangian, hence forbidding θ-terms at
tree-level. In this case, the obvious CP-violation present in flavour physics
should arise as an effect of spontaneous breaking of the CP symmetry, hence
naturally preventing large corrections to the θ-terms.
An elegant solution to the strong CP problem is generated by introduc-
ing a Peccei-Quinn axion [56] in the theory: the idea is to promote θ to
dynamical parameter, i.e. to add a scalar field a(x) to the model, with a
linear coupling to the CP-violating term,
La = 12∂µa∂
µa+
a
fa
g2S
32pi2
GaµνG˜
µν a, (2.94)
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where fa is a massive parameter, known as the axion decay constant. The
theory described here is then invariant under the Peccei-Quinn symmetry
a → a + α. Whatever value of θ is generated by anomalies, the vacuum
expectation value 〈a〉 is going to adjust itself in order to minimise the energy,
which is obtained when θ = 0, hence solving naturally the issue of the
neutron’s electric dipole moment. The non-observation of this new field a
is natural due to tiny couplings with matter. However, the axion can have
important effects in cosmology, following large production rates in the early
universe.
2.5.4 Grand unification
Finally, the Standard Model was defined above by giving the representa-
tion of the fermion under the gauge group in table 2.1. While the mul-
tiplets fit naturally into the lowest-dimensional representations of SU(3)C
and SU(2)W , there is a priori no reason to assign the hypercharge quan-
tum numbers as they are. In particular, hypercharge must not in principle
be quantised, and could take any non-fractional value. In this case the ex-
act cancellation between the electric charge of a proton and of an electron
would not happen, and no stable atoms could be form. The hypercharge
assignment seems therefore to be accidental in the Standard Model, but is
actually crucial for the cancellation of anomalies. In general, the require-
ment for a gauge theory to be free of anomalies can be expressed in terms
of the generators of the gauge group. All triangle anomalies cancel if and
only if
Tr
[
T a
{
T b, T c
}]
= 0, (2.95)
is satisfied for all generators T a. As a matter of fact, this property is auto-
matically satisfied in all simple Lie groups, with the exception of SU(N) with
N ≥ 3. It is hence natural to ask if the Standard Model gauge group could
be embedded into a larger symmetry group. The simplest choice turns out
to be SU(5) [57]. There is a simple embedding of the SU(3)×SU(2)×U(1)
generators in a 5× 5 unitary matrix as
T aC =
 λa2 0
0 0
 , T iW =
 0 0
0 σ
i
2
 , Y =
−1313 0
0 1212
 . (2.96)
Under the SU(3)× SU(2)× U(1) subgroup of SU(5) generated by T aC , T iW
and Y , the lowest-dimensional representations of SU(5) transform as
5 = (3,1)−1/3 ⊕ (1,2)1/2 , (2.97)
10 = (3,2)1/6 ⊕
(
3,1
)
−2/3 ⊕ (1,1)1 . (2.98)
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These are, respectively, the charge under the Standard Model gauge group
of dR, lL (in the 5), qL, uR and eR (in the 10). More precisely, all the
Standard Model fermions are represented as right-handed helicity fermions
in a 5⊕10 representation of SU(5). The cancellation of anomalies is however
not trivial in SU(5), following the argument presented above. Nevertheless,
the anomaly associated with the 5 is the same as the anomaly of the 10,
so that the combination cancels. The breaking SU(5)→ SU(3)× SU(2)×
U(1) can be achieved spontaneously by introducing a scalar field in the
24-dimensional adjoint representation of SU(5), which acquires a vacuum
expectation value along the direction defined by Y at a high energy scale.
Electroweak symmetry breaking and mass generation for fermions can occur
due to the presence of a scalar field transforming like the Higgs doublet in
the Standard Model as a (1,2)1/2. Such a scalar exists for example in the 5
representation, as indicated in eq. (2.97).
The grand unification scenarios are moreover supported by the running of
the gauge couplings. In the Standard model, the strong coupling gS is much
larger than the electroweak couplings g and g′, but its strength decreases at
large energies, while the electroweak coupling become always stronger. All
three couplings become approximately equal at a scale7
MGUT ≈ 1016 GeV. (2.99)
In minimal models,MGUT corresponds to the scale at which the spontaneous
symmetry breaking SU(5)→ SU(3)×SU(2)×U(1) happens. The new gauge
bosons associated with broken generators of SU(5) obtain masses of order of
MGUT . Due to the fact that the second homotopy group of the coset space
is non-trivial, (see chapter 4 for more details)
pi2
(
SU(5)/SU(3)× SU(2)× U(1)) = Z, (2.100)
magnetic monopoles are predicted as well in this theory [58,59].
One of the drawbacks of grand unified theories is that once the quarks
and leptons are embedded together in a representation of a larger symmetry
group, the accidental baryon and lepton number symmetries do not survive.
While in the Standard Model this breaking is due only to non-perturbative
effects, largely suppressed as in (2.14) for weakly coupled theories, the ex-
plicit breaking of baryon number in grand unified theories lead to a rela-
tively important decay rate for the proton. The experimental evidence of
its stability puts therefore strong bounds on the unification scale, so that
the simplest models based on the SU(5) symmetry are ruled out. Other
7It is often argued that the unification of gauge couplings is better realised in the
Minimal Supersymmetric Standard Model (MSSM). This assumptions relies however on
the fact that no new particle states are present between the TeV scale and the Grand
Unification scaleMGUT , and cannot be tested experimentally. In a sense, the approximate
unification obtained in the Standard Model is nearly as good as in the MSSM.
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models exist, involving semi-simple Lie groups [60], or even larger simple
groups. An obvious example is SO(10) [61], for which the 16-dimensional
spinor representation splits under the SU(5) subgroup of SO(10) as
16 = 5⊕ 10⊕ 1. (2.101)
The advantage in this case is that all Standard Model fermions can be em-
bedded into one single multiplet of SO(10). The additional singlet has then
exactly the quantum numbers of a right-handed sterile neutrino.
Note finally that the presence of new physics at the grand unification
scale lowers the cutoff naively fixed at the Planck scale for the Standard
Model. However, the hierarchy between MGUT and the scale of electroweak
symmetry breaking still remains huge, so that the hierarchy problem men-
tioned above remains as critical as in the Standard Model.
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Composite Higgs Models
The Standard Model as presented in the previous chapter has been verified
to a very high accuracy in numerous experiments. From the point of view
of experimental physics, there are no conclusive results against the simple
model that includes a Higgs doublet. From a theoretical point of view, how-
ever, many hints seem to indicate that the Standard Model is not complete
and requires the introduction of new physics below the Planck scale. The
challenge for theoretical physicists is therefore to write down a new the-
ory solving the issues mentioned previously, while preserving the success of
the Standard Model. The gauge and fermion sectors have been extensively
tested and confirmed by experiments, and it is generally accepted that they
should be kept as they are. The problematic part of the Standard model is
the physics of electroweak symmetry breaking.
If one relaxes the requirement of having a fundamental Higgs scalar, the
presence of the three massless scalar field required to provide a longitudinal
polarisation for theW± and Z0 gauge bosons should be explained otherwise.
At the same time, the smallness of the electroweak scale v compared to the
Planck scale must as well find an origin. It turns out that both can be
explained in the presence of a new, strongly-interacting sector, of which the
χa fields in eq. (2.33) are the Goldstone bosons, in a similar manner as
the pions in low-energy QCD. This idea is called technicolor, and will be
discussed in section 3.2.1. The relevant lessons which can be useful from
low-energy QCD will first be presented in section 3.1.
As will be emphasised in section 3.2, the presence of a Higgs doublet in
the theory not only unitarises the scattering of longitudinal gauge bosons,
but is also favoured by indirect evidence from the LEP experiment. If the
Higgs doublet is a fundamental scalar, a new kind of symmetry should pro-
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tect its mass from large radiative corrections, in order to solve the hierarchy
problem. Such a mechanism is provided by supersymmetry, in which fun-
damental scalars masses are protected from radiative corrections by a can-
cellation between bosonic and fermionic degrees of freedom running in the
loops. Supersymmetry predicts a partner with opposite spin statistics for
every fundamental particle in the theory, hence enlarging substantially the
particle content of the Standard Model. The non-observation of such parti-
cles would require supersymmetry to be broken. It is nevertheless possible
to break supersymmetry in a soft way, so that the cancellation of quadratic
divergences in the Higgs sector is preserved, hence allowing the Higgs to
remain light even in the presence of new physics at a higher energy scale.
As already mentioned, many possible supersymmetric scenario have been
extensively discussed in the literature and will not be treated further in this
thesis.
Advantages of both technicolor and supersymmetry can be found in the
so-called composite Higgs models, in which a Higgs doublet exists, as re-
quired by indirect evidence, and arises as a pseudo-Goldstone boson of some
new strongly-interacting sector. In this case, the symmetry breaking scale
can be naturally generated from a new, strongly-interacting gauge theory,
if the latter displays asymptotic freedom and confinement as QCD does.
These models are the main subject of this thesis and will be discussed in
detail below.
Finally, a last class of models provide an elegant solution to the hierarchy
problem and will be mentioned in section 3.2.4: In the presence of a warped
extra-dimension, the Planck mass in the bulk of the five-dimensional space
is equivalent, in terms of a four-dimensional effective theory, to a much lower
scale, exponentially suppressed by the warping factor of the fifth dimension,
hence reducing the huge hierarchy problem of the Standard Model to a
much lower scale hierarchy. The latter can then be explained in a natural
way by the spontaneous breaking of some global symmetry. The physics of
five-dimensional models will only be addressed briefly in this thesis, since
the recent development of AdS/CFT correspondences seem to indicate that
the effective description of warped extra-dimensional models, in which the
five-dimensional metric is of anti-de-Sitter type (AdS), is the same as the
physics of composite Higgs models, which arise as the effective low-energy
description of a strongly-coupled (nearly-)conformal field theory (CFT). We
will therefore simply rely extra-dimensional models to the effective four-
dimensional approach presented this thesis.
The material presented in this chapter is relatively recent, and there are
to the best of our knowledge no textbooks treating it. The presentation
of the different topics below is therefore based on a number lectures [62,16]
and reviews [63,64,65,66,67], while most of the material comes directly from
original research papers. The sections 3.2.6, 3.3.3, 3.3.4, 3.3.6 and 3.3.7 are
in particular directly extracted from the author’s own papers [1, 2].
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3.1 Lessons from low-energy QCD
Before moving to the description of composite Higgs models themselves,
there is an important part of the Standard Model which remains to be
discussed and whose importance will be crucial in the rest of the thesis.
This regards the low-energy limit of QCD. The relevant aspects are presented
here.
3.1.1 Asymptotic freedom and confinement
While in classical physics and in the tree-level approximation of a quantum
theory the value of coupling constants is indeed constant, i.e. independent
on the energy of the process under consideration, this is not the case at
the loop-level in a quantum theory. The divergent nature of Feynman in-
tegrals and the renormalisation procedure required for the theory to make
sense introduce a dependence on an arbitrary energy scale µ in the perturba-
tive computation of physical observables. The statement of a theory being
renormalisable is then equivalent to saying that the physical observables
should not depend on this scale µ once all orders in perturbation theory are
taken into account. Realistic computations rely however on the perturba-
tive approach and the µ-dependence cannot be removed. This dependence
can nevertheless also be used at our advantage, since it is possible to use it
in order to infer the physics at different energy scales, using the so-called
renormalisation group methods.
In the theory of electroweak interactions, the running of the couplings g
and g′ plays only a secondary role. This is not the case in QCD: The running
of the strong coupling constant gS depends at one-loop on the self-coupling
of gluons, since SU(3)C is a non-abelian gauge group, and on the fermions
content of the theory. This running is parametrised by the β-function, given
at one-loop by
β(gS) ≡ µ∂gS
∂µ
= − g
3
S
16pi2
(
11− 2
3
Nf
)
, (3.1)
where Nf is the number of quark flavours running in a loop at a given energy
scale, i.e. Nf = 6 above the top mass, Nf = 5 for mb ≤ µ ≤ mt, and so on.
The crucial feature of β(gS) is that it is negative as long as Nf ≤ 16, hence
gS becomes arbitrarily small at very high energies. This property is called
asymptotic freedom [68, 69]. This permits for example the computation of
QCD observables in a perturbative framework at the LHC, due to the large
enough energy at which the collisions occur. On the contrary, gS increases
at low-energy, first reaching the non-perturbative regime, and eventually
diverging into a Landau pole. Integrating the β-function in eq. (3.1) yields
αS(µ) ≡ g
2
S
4pi
=
1
b0(Nf ) log (µ2/Λ(Nf )2)
(3.2)
35
CHAPTER 3. COMPOSITE HIGGS MODELS
where b0 = 14pi
(
11− 23Nf
)
, and Λ(Nf ) is a new scale acting as the constant
of integration. From the measured value of αS at the Z0 pole mass, the
value αS can be extrapolated down to arbitrarily low energies. Using results
beyond the one-loop approximation made above, the scale at which the
coupling gS diverges is found to be
ΛQCD ≈ 220 MeV. (3.3)
It is however not clear if QCD really contains a Landau pole at ΛQCD, at a
different scale, or no pole at all, since the β-function can only be evaluated
in the perturbative regime. The appearance of a physical pole at a given
energy scale is nevertheless of highest physical interest: a theory like QCD
is in principle scale-independent (at least in the limit of massless quarks),
with a naturally small coupling strength at the Planck or GUT scale. It
turns however at low-energy into a strongly-coupled theory, automatically
implying new physical phenomena around the scale ΛQCD. The huge hier-
archy between the Planck or GUT scale and ΛQCD is therefore naturally
generated. Note that the running of the QCD coupling constant do not
depend directly on the quark masses, so that the scale at which QCD be-
comes strongly coupled is a pure consequence of the size of the coupling at
the Planck or GUT scale. The spontaneous generation of a physical mass
scale in an a priori scale-invariant theory is sometime called dimensional
transmutation.
At low energy, the strength of the QCD coupling has dramatic conse-
quences. The energy required to separate two quarks from each another
is increasing with the distance, up to a point where the creation of a new
quark-antiquark pair from the vacuum is favoured by energy considerations.
As a consequence no free quarks or gluons can be observed in nature, since
they only appear confined into large colour-singlet objects, the hadrons. Al-
though rather intuitive, the confinement of quarks in Yang-Mills theories is
only a conjecture, and it remains an open problem in physics to prove it for-
mally. At the TeV scale energies now under scrutiny of particle accelerators
such at Tevatron and the LHC, the quarks and gluons appear to be weakly
coupled, so that QCD computation can be performed in a perturbative ex-
pansion as in quantum electrodynamics. The asymptotic states observed in
the detectors must on the contrary be colour neutral, and the transition be-
tween the two regimes happens in a process called hadronisation. This is the
reason why collider experiments analyse the observed collision products in
terms of leptons and jets, and not in terms of partons (quarks and gluons).
The degrees of freedom of QCD at low energy are therefore colourless quark
and gluon condensates. From symmetry reasons, as will be discussed below,
the lightest states are the mesons, made of a pair of quark and antiquark.
Baryons are the next category of hadrons, arising as antisymmetric bound
states of quarks, and are naturally heavier than the mesons. Bound states
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(a) (b)
(c) (d)
Figure 3.1: One-loop diagrams contributing to the gluon propagator, in the
usual Feynman notation (left), and in the double-line notation of colour
indices (right).
made purely out of gluons might also exist, as indicated by lattice QCD
computations, but remain to be observed in nature.
Before addressing the methodology of low-energy QCD computations,
note that the “hidden” way in which QCD arises suggests that new forces
displaying a similar behaviour may be present in nature: above a certain
energy scale, all QCD interactions are screened, and nearly all physical ob-
jects in our world are SU(3)c singlets. For this reason, our understanding
of mesons and baryons as the bound state of quarks and gluons only fol-
lowed many years after their observation by experiments [70, 71]. It is then
straightforward to imagine that other such confined theory can exist. Tech-
nicolor and composite Higgs models are examples of models in which a new
strongly-coupled force is responsible for the confinement of a new class of
fermions, and the low-energy degrees of freedom in this case provide the
Goldstone (and Higgs) bosons needed for the breaking of the electroweak
symmetry.
3.1.2 The large Nc limit of QCD
In the absence of a small expansion parameter — gS being larger than the
loop factor 4pi— it appears hopeless to describe the low-energy regime of
QCD in the usual way, using a convergent series of Feynman diagrams. How-
ever, if one considers a generalisation of QCD with Nc À 1 colours, ’t Hooft
showed that 1/Nc can play the role of a valid expansion parameter [72].
Although QCD only has Nc = 3 and the expansion parameter is thus not
much smaller than one, important qualitative results can be derived in this
way.
The large-Nc expansion of QCD relies on the colour flow in physical
processes involving quarks and gluons. Instead of using the usual Feynman
diagrams, one can draw lines representing colour indices. Quarks transform
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(a) (b)
(c) (d)
Figure 3.2: Multi-loop diagrams contributing to the gluon propagator, in the
usual Feynman notation (left), and in the double-line notation of colour in-
dices (right). Both diagrams contain 6 powers of the gauge coupling, g6/N3c ,
but the top diagrams have only one internal colour line, hence suppressed
by a factor 1/N2c while the bottom ones have three internal colour lines and
are of order N0c = 1.
in the fundamental representation of SU(Nc), carry therefore one colour
index, and are represented by a simple line. On the other hand, gluons
carry two colour indices — the transform in the adjoint of SU(Nc) — and
are thus represented by two colour lines.1 Since any propagating object
must be a colour singlet, diagrams drawn in this way must contain only
closed lines. There is an additional tricky point when one takes the limit
of large Nc: The gluon self-energy has a contribution from gluon loops (see
fig. 3.1 (a)–(b)) which includes summation over a colour index in the loop
and is therefore proportional to Nc. Finiteness of the gluon self-energy in
the limit Nc →∞ requires the strong coupling constant to scale as
gS ∝ 1√
Nc
. (3.4)
Note that the one-loop diagram including a fermion loop (fig. 3.1 (c)–(d)) do
not get enhanced by a factor of Nc, and hence vanishes in the limit Nc →∞
due to the vanishing of the QCD coupling in this limit. The double-line
notations is particularly well-suited to compute the scaling with Nc of a
given diagram: Each vertex contributes as g N1/2c — g2Nc for the four-gluon
vertex — and each internal line should be associated with a factor of Nc,
since it corresponds to a trace over colour indices. The property illustrated
on fig. 3.1 can then be turned into a general statement: In the limit of
large Nc, diagrams with internal quark loops are suppressed compared with
1In the adjoint representation, there is in addition the requirement that the gluon field
is represented by a traceless matrix. While the two-indices notation indicates that there
should be N2c different gluon species, there are actually only N
2
c − 1. This different is
however irrelevant in the limit Nc À 1.
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(a) (b)
Figure 3.3: Loop corrections to the meson propagator in the usual Feynman
notation (left) and in the double-line notation (right). The diagram is pro-
portional to g12/N6c and has 7 closed lines, i.e. a trace factor of N
7
c , so its
overall scaling is Nc.
the same diagrams with gluons replacing the quarks. Moreover, among
all diagrams with internal gluon loops, non-planar diagrams are suppressed
as well with respect to planar ones. An example of this fact is given in
fig. 3.2. As a consequence, only planar diagrams including internal gluons
are relevant in large-Nc QCD.
Note that this property of large Nc QCD does not allow to compute an
amplitude as a convergent series, since at each order in perturbation theory
there are planar diagrams contributing to the zeroth order in Nc. The large
Nc limit does not in this sense provide a small expansion parameter. Still,
a lot of important information can be deduced from this limit. In order
to do so, one should look at processes involving physical states, which are
known from experiment to be mesons, i.e. bound states of a quark and an
antiquark. The field theoretical description of mesons is made in terms of
quark bilinears, which can be denoted by the quark current J ∝ qq. The
propagation of a quark bilinear is illustrated on fig. 3.3. Following the rules
which we derived above, the only relevant diagrams are planar, only contain
gluons as internal fields, and in addition only have quarks on the exterior
line. Since the mesons are colour singlets, the colour lines denoting the quark
and the antiquark can be closed, see fig. 3.3 (b). The two-point function of
a quark bilinear has therefore the scaling property
〈0|J(x1)J(x2)|0〉 ∝ Nc. (3.5)
The spectrum of particles contributing to the meson propagator can be de-
termined by cutting the diagram of fig. 3.3. By inspection, the intermediate
state contains only two quark lines at the edges, and a number of gluons
in between. Moreover, the colour indices are contracted in a way such that
no colour-singlet combination of the gluons can be present. In terms of
physical, colour-singlet states, the meson propagator contains therefore only
one-meson states, i.e. there is no contribution from multi-quark states like
qqqq, nor from glueballs states containing only gluons. A physical meson is
thus a pure one-particle state in the large Nc limit. As such, the two-point
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function (3.5) can be written in the spectral decomposition as
〈0|J(x1)J(x2)|0〉 =
∫
d4p
(2pi)4
ei p·(x1−x2)
∑
i
ai(p)a
†
i (p)
p2 −m2i
, (3.6)
where a†i (p) and ai(p) are respectively the creation and annihilation opera-
tors associated with a particle of mass mi. The scaling with Nc deduced in
eq. (3.5) can therefore only be obtained if the meson masses scale trivially
with the number of colours, mi ∝ N0c , and if the field operators scale as
ai(p), a
†
i (p) ∝
√
Nc. There are infinitely many meson states in this picture,
but only the lightest ones are relevant in the low-energy limit. Mesons are
known experimentally to be unstable. The scaling of the meson decay con-
stant fpi with Nc can be determined from the scaling of the creation and
annihilation operators. We have
fpi ∝ 〈0|J(x)|pi〉 ∝
(〈0|J(x1)J(x2)|0〉)1/2 ∝ N1/2c . (3.7)
In the limit Nc →∞, fpi becomes therefore infinitely large. It is nevertheless
immediate that the lightest mesons are stable in this very limit, since there
is no allowed decay product. The decay width of the meson can therefore
not be determined directly from the large Nc picture. We will see in the
following that fpi is the only parameter which determines completely the
low-energy QCD physics.
In addition to the property of a freely propagating meson, interactions
between mesons can also be derived from the large Nc regime. The same ar-
guments as above holds for the n-point function: the only relevant diagrams
are the ones with a single quark line on the exterior and double gluon lines
in the interior, as in fig. 3.4 (a). As for the two-point function, any cut in
the diagram reveals that the intermediate states are made of mesons only,
and that the interactions proceed either through contact terms or through
the exchange of meson states at tree level, an example of which is given
in fig. 3.4 (b). In particular, quark and gluons exchanges between mesons
are subdominant in the Nc expansion. The scaling with Nc of the n-point
function is the same as for the two-point function, and the strength of in-
teraction between n mesons can be measured through the coupling gnpi with
the property
〈0|J(x1) · · · J(xn)|0〉 ∝ gnpi
(〈0|J(x)|pi〉)n ∝ Nc, (3.8)
from which we can deduce
gnpi ∝ N1−n/2c ∝ f2−npi . (3.9)
gnpi goes to zero as Nc →∞, so that in this limit QCD becomes a theory of
stable, non-interacting mesons. For large but finite Nc, the leading meson-
meson interactions are given by meson exchanges only, and the coupling
given by eq. (3.9) is weak.
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(a) (b)
Figure 3.4: Leading colour contribution to the interaction between a number
of mesons (denoted by black points) in a general frame (left), and a possible
interpretation as a meson exchange in the s-channel (right).
Extending the large Nc limit to the physics of baryons is less simple [73]:
baryons in QCD are made of Nc quarks, and the diagrammatic picture is
therefore failing since each internal line in any diagram is accompanied by
a large combinatorics factor. However, due to the large number of quarks
forming a baryon, the potential felt by each single quarks from the Nc −
1 other quarks is mostly independent of the wavefunctions of each other
quarks. In other words, all quarks inside a baryon are subject to the same
potential. Moreover, since the baryon wavefunction is totally antisymmetric
in colour indices — from the requirement that a baryon is colourless —
all quarks carry a different colour quantum number and their individual
wavefunction are not constrained by the Pauli exclusion principle. The
ground state for a baryon corresponds therefore to all quarks being in the
same ground state, fixed only by the overall average potential. While the
baryon mass is related to the sum of all separate quark energies, hence
proportional to Nc, the baryon size is on the contrary fixed by the size of
the ground state for one quark and is thus independent of Nc. A study of
baryon scattering properties show that the amplitude for the process is as
well proportional to Nc, hence to the overall kinetic energy of the baryon,
and is therefore finite but non-vanishing in the limit Nc →∞. On the other
hand, meson-baryon scattering amplitudes scale as N0c , and are therefore
relevant for mesons but negligible compared to the kinetic energy of the
baryon.
In summary, a consistent picture of low-energy QCD emerges when con-
sidering the number of colours Nc as large. The low-energy spectrum is
described a theory of weakly-interacting mesons, where the coupling con-
stant is proportional to g ∝ f−1pi ∝ N−1/2c . Although Nc = 3 in nature is
not really a large number, this approach is very successful in all its predic-
tions. Baryons appear in this theory as heavy objects whose mass scales
with the inverse of the weak coupling, g−2 ∝ Nc. This behaviour is typical
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of non-perturbative objects in a weakly-coupled theory, such as monopoles
and other solitons. This interpretation is confirmed by the success of topo-
logical soliton models of baryons, which will be the subject of chapter 4.
Note finally that all the large Nc considerations presented in this section
are independent on the number of quark flavours, as well as on the quark
masses.
3.1.3 Chiral symmetry breaking and the σ-model parametrisation
From large-Nc considerations, we have seen that the low-energy regime
of QCD corresponds to a theory of weakly-interacting scalar fields only,
i.e. written in terms of a number of meson fields pia(x). The way these
scalar fields interact is however not obtained from the large-Nc approxima-
tion, and more information is required to write down an effective Lagrangian
for the mesons. As we will now see, many constraints on the form of this
Lagrangian can be determined from symmetry considerations. The lightest
states observed experimentally are the pions, existing in three species, an
electrically neutral pi0 and a pair pi+, pi− with unit electric charge. It turns
out that their mass is much larger than the mass of the up and down quarks.
The strange quark can to a to a certain extent also be considered very light
with respect to the relevant QCD energy scale. It is therefore a good ap-
proximation to consider the three lightest quarks to be massless in QCD,
not only in the high-energy limit used for computations at hadron colliders,
but also in the low-energy limit. In the absence of quark masses, the Stan-
dard Model Lagrangian (2.19) is uniquely made of the kinetic terms for the
fermions, and there is therefore an approximate global symmetry rotating
the left-handed and right-handed chiralities of fermions by a unitary trans-
formation among the different flavours. It is called the chiral symmetry, and
in the presence of Nf massless flavours is of the form
U(Nf )L × U(Nf )R = SU(Nf )L × SU(Nf )R × U(1)L × U(1)R (3.10)
This symmetry is however only present at the Lagrangian level, and even in
the absence of quark masses, the physical states do not possess this global
symmetry. The reason for this apparent contradiction is the strength of the
strong interaction, which create quark condensates in the vacuum. In other
words, the vacuum is characterised by a non-zero expectation value for the
quark bilinear operator qq,
〈0|q(i)q(j)|0〉 ∝ δij . (3.11)
Such condensates break the symmetry (3.10) to the diagonal subgroup
U(Nf )V = SU(Nf )V × U(1)V , which is the group of unitary rotations act-
ing simultaneously on the left- and right-handed quark flavours. As for the
Higgs mechanism described in section 2.4, the symmetry at the Lagrangian
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level is larger than the true symmetry of the vacuum. This is another reali-
sation of the spontaneous symmetry breaking mechanism. As for the Higgs
mechanism, there must be a certain number of Goldstone bosons associated
with the broken directions of the symmetry group. In this case the broken
group is the axial U(Nf )A = SU(Nf )A ×U(1)A, and there should therefore
be N2f massless Goldstone bosons, which could be parametrised in terms of
a field
U˜(x) = exp
[
2i pia(x) T˜ a/fpi
]
= exp [2i σ(x)/fpi] exp [i pia(x)T a/fpi] , (3.12)
where the T˜ a are U(Nf ) generators, which are split in the second equality
in terms of the SU(Nf ) generators T a and the U(1)A term generated by
the identity matrix. fpi is here a scale characterising the chiral symmetry
breaking. We will see later that it can be identified with the pion decay
constant, hence the overlap of notation with the previous section. The fields
σ(x) and pia(x) would be massless Goldstone bosons if the chiral symmetry
(3.10) were to be exact. The lightness of the pions compared to the typ-
ical QCD scale arise indeed from the fact that they are the approximate
Goldstone bosons associated with the breaking of U(2)A symmetry rotating
up and down quarks [74]. The kaons K+, K−, K0 and K0 are additional
Goldstone bosons present in the limit of a massless strange quark, extending
the symmetry to U(3)A.
Following this rule, however, there should be four light pions instead of
three. The solution to this puzzle, called the U(1)A problem of QCD, is
provided by the discussion of anomalies in section 2.1. Due to the chiral
nature of the Standard Model, the U(1)A symmetry is not a true symmetry
of the quantum theory, since it is broken by loop-induced processes. The field
σ(x) associated with the breaking of U(1)A can therefore not be an exact
Goldstone boson even in the limit of massless quarks, since a large mass
term for it is automatically generated by anomalous processes involving
electroweak instantons.2 The correct parametrisation of the meson fields
is therefore in terms of a SU(Nf ) matrix only, and eq. (3.12) should be
replaced by
U(x) = exp [2i pia(x)T a/fpi] . (3.13)
In this parametrisation, under SU(Nf )L or SU(Nf )R transformations of the
left- or right-handed quark flavours, the field U(x) transforms as U → LUR†.
The vacuum state described by 〈pia(x)〉 = 0 or equivalently 〈U(x)〉 = 1
is obviously only preserved by SU(Nf )V vector transformations for which
L = R. Note that in this parametrisation the preserved SU(Nf )V symmetry
is realised linearly, while the broken SU(Nf )A is not [76,77].
2Note however that the notion of instanton is somehow ill-defined once the vacuum
contains quark condensates, since the electroweak gauge symmetry is spontaneously bro-
ken. However, the U(1)A problem of QCD is still resolved in this case, as can be seen in
the large Nc limit [75].
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The quark condensate (3.11) does not only break the approximate chiral
symmetry of QCD, but also the electroweak symmetry SU(2)W ×U(1)Y . In
this sense, a tiny mass for theW± and Z0 gauge bosons would be generated
below the QCD scale even in the absence of the explicit electroweak sym-
metry breaking terms. A consequence is that the Goldstone bosons eaten
by the electroweak gauge bosons are actually a linear combination of the
quark bilinear qq and the Higgs field χa, while the other linear combination
is the physical pion. The mixing is nevertheless very small due to the large
hierarchy between the QCD scale and the scale of electroweak symmetry
breaking, so that the physical consequences are negligible.
The Lagrangian describing meson interactions can then be written down
in terms of the most general operators involving the field U(x) of eq. (3.13)
and derivative thereof. At low energy, the terms containing large number of
derivatives will be subdominant. Note that all operators must nevertheless
include derivatives, since the only invariants which can be built without
them are trivial, i.e. proportional to U †U = 1. The leading order term is
hence a kinetic term for the field U , which can be written in the form
Lkin = f
2
pi
4
Tr
(
∂µU
†∂µU
)
(3.14)
where the coefficient is uniquely fixed so that the fields pia(x) are canonically
normalised, provided that the generators obey Tr
(
T aT b
)
= 12δ
ab. Interac-
tions between mesons are determined by expanding the exponential in the
definition (3.13) of the field U(x). In the two-flavour case, eq. (3.14) becomes
for example
Lkin = 12 (∂µ~pi)
2 +
1
6f2pi
[
(~pi · ∂µ~pi)2 − ~pi2 (∂µ~pi)2
]
+ · · · , (3.15)
where ~pi =
(
pi1, pi2, pi3
)
. It is obvious from here that the strength of interac-
tions is regulated by the only parameter in the Lagrangian, fpi. As already
mentioned above, the dimensionful constant fpi is related to the pion decay.
The latter is an electroweak process, and its products are mostly leptons (for
the charged pions) or photons (for the neutral pion). The relevant effective
operator for the charged pion decay is
Opi±→l±ν ∝
(
q γµγ5q
) (
` γµγ
5`
)
, (3.16)
and can be split into a hadronic axial current (first parenthesis) coupling to a
leptonic axial current (second parenthesis). While the second term depends
on the Standard Model described in the previous chapter, the first term can
directly be extracted from the effective Lagrangian (3.14). The neutral pion
decay is similar, in the sense that the hadronic axial current can also be
factorised out of the process. The Noether current for an axial SU(Nf )A
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transformation is
JaAµ(x) = i
f2pi
2
[
Tr
(
T aU †∂µU
)
− Tr
(
T aU∂µU
†
)]
= −fpi ∂µpia(x) +O
(
pi2
)
. (3.17)
The amplitude for an axial current to annihilate a meson state is then related
to the constant fpi, as anticipated in eq. (3.7),
〈0|JaAµ(x)|pib(x)〉 = i fpi δab pµ e−i x·p (3.18)
fpi is therefore called the pion decay constant, and was determined from
experiment to take the value
fpi ∼= 93 MeV. (3.19)
Taking the derivative of the axial current (3.17) for on-shell pions shows an
interesting relation between the conservation of the axial current and the
pion mass:
∂µJaAµ(x) = fpim
2
pi pi
a(x) + . . . (3.20)
If the axial symmetry SU(Nf )A were to be exact, the pions would be exact
Goldstone bosons, i.e. massless.
Acting as the inverse of the coupling constant between meson, fpi is
also fixing the validity range of the theory. If one writes down an effective
coupling gpi describing four-pions interactions — there are no three-pions
terms — then the dependence of the coupling on the energy scale of the
process is coming both from tree-level and loop contributions. Schematically,
the two diagrams in fig. 3.5 contribute respectively as
gpi
(
p2
) ∝ p2
f2pi
+
p4
16pi2f4pi
log
(
p2
µ2
)
+ . . . (3.21)
where the dots denote corrections of higher order in 1/fpi.3 Naive dimen-
sional analysis tells us that the theory stops being perturbative when all
terms in the series contribute identically to the coupling. In addition to the
suppression as 1/f2pi , the loop contribution carries a factor of 1/(4pi)
2, so
that the naive cutoff of the theory is found to be
Λpi = 4pifpi ∼= 1.2 GeV. (3.22)
3The loop diagram in fig. 3.5 (b) contains actually quartically divergent terms, but
these term do not depend on the energy of the external pions and can be renormalised
away. The same apply to quadratic divergences. Only logarithmic divergent terms are
relevant to the running of g as in eq. (3.21).
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(a) (b)
Figure 3.5: Tree-level and one loop diagrams contributing to the four pions
interaction.
Although subdominant in the low-energy regime, terms with more than
two time derivatives are present as well in the theory. They become relevant
for meson scattering processes below the cutoff Λpi, and are mostly important
in models where baryons emerges as topological solitons, as discussed in
chapter 4. At the four-derivative order, there are exactly three such terms,
L4 = c1Tr
(
∂µU
†∂µU ∂νU †∂νU
)
+ c2Tr
(
∂µU
†∂νU ∂µU †∂νU
)
+c3
[
Tr
(
∂µU
†∂µU
)]2
(3.23)
Note however that in the two-flavour case, when U ∈ SU(2), the operators
with coefficients c1 and c3 are equivalent, so that only two operators are lin-
early independent. Dimension-four operators also contribute to the running
of the pion coupling with energy, i.e. tree-level and loop terms should be
added to eq. (3.21). The tree-level contribution starts however only at order
1/f4pi , since it is directly proportional to the coefficient ci which do not con-
tain any powers of the pion decay constant. They contribute nevertheless
to constrain the validity range of the model.
3.1.4 Electromagnetic interactions
We have learnt from the large Nc limit that gluon exchanges are irrelevant
to the phenomenology of mesons at low energy. Similarly, the large mass of
the W± and Z0 gauge bosons compared to the QCD scale turn the weak
interaction into a negligible force in this regime. More precisely, the heavy
gauge boson can be integrated out of the low-energy effective action and
yield therefore current interactions such as the ones inducing pion decays.
The only long-distance force between mesons apart from self-interactions is
the electromagnetic force carried by the photon. It can be added into the
non-linear σ-model by turning space-time derivatives into covariant ones,
given by
DµU = ∂µU − i eAµ [Q,U ] , (3.24)
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where e = g sin θW is the electromagnetic coupling and Q is a diagonal
generator, whose entries are given by the charge of the quarks under con-
sideration. In the three-flavour case, with the up, down and strange quarks
taken as massless, the electric charge generator takes the form
Q = diag
(
2
3
,−1
3
,−1
3
)
. (3.25)
The usual kinetic term for the photon, involving the field strength tensor
Fµν , must be added to the Lagrangian as well. The resulting theory is
invariant under the gauge transformation written in its infinitesimal form as
δU = i α [Q,U ], δAµ = 1
e
∂µα. (3.26)
The electric charge of the various meson fields can then be determined by
their transformation property under this very transformation. In the three-
flavour case, one has
pia T a =
1
2

pi0 + 1√
3
η0
√
2pi+
√
2K+
√
2pi− −pi0 + 1√
3
η0
√
2K0
√
2K−
√
2K0 − 2√
3
η0
 . (3.27)
The Lagrangian describes in this case the interactions between pions, kaons,
the η meson4 and photons. Adding the electromagnetic force to the model
explicitly breaks the global chiral symmetry (3.10), as in any case when only
a subgroup of the global symmetry is gauged. A consequence is that the shift
symmetry acting on the charged mesons is broken. The latter are not exact
Goldstone bosons anymore and acquire therefore a radiatively generated
potential, hence a mass, whose value is computed in the next section.
3.1.5 Heavy meson resonances
The form of the potential for the charged pions is however not completely
fixed by the low-energy effective Lagrangian described above, but is also
sensitive to the additional meson resonances expected from the large Nc
considerations. These resonances are not Goldstone bosons in the chiral
limit, and thus have much larger masses than the pions and kaons. Note
that the presence of heavy vector and axial vector mesons is necessary in the
theory for the same reason as the Higgs boson is necessary in the Standard
Model: They contribute to unitarise the scattering processes of pions, like an
elementary Higgs boson unitarises the scattering of longitudinally polarised
4The η described in this case is the pseudo-scalar state of mass 548 Mev, and is to be
distinguished from the Goldstone boson associated with the U(1)A symmetry, the latter
corresponding to the η′ resonance of mass 958 MeV.
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Figure 3.6: (a) Schematic description of the form factors of eq. (3.28). (b)
Contribution to the axial form factor ΠAA from the exchange of a pion. This
process contributes to the mass of the W± gauge bosons.
gauge boson, as discussed in section 2.3. QCD is ultimately a renormalisable
theory, hence must preserve unitarity of the S-matrix at all loop levels.
As indicated by the large-Nc limit, there is actually an infinite tower of
scalar, pseudoscalar, vector and axial-vector mesons which contribute to the
unitarisation. The finite mass of heavy mesons of non-Goldstone nature
allows to write down an effective approach at low-energy, in which meson
resonances are integrated out.
The interaction of pions with the electromagnetic field can be determined
in this effective way, by writing down all possible operators involving the
photon fields Aµ and the Goldstone boson matrix U(x), together with form
factors encoding the dependence on the heavy fields. Note that both the
photon propagator and the pion-photon interaction feel the effect of the
heavy mesons. The effective Lagrangian can then be written as
Leff = e
2
2
Pµν⊥ AµAν
[
Π1(p2)Tr
(
Q2
)−Π2(p2)Tr(QUQU †)] , (3.28)
where Pµν⊥ = ηµν − pµpν/p2 is the transverse projector, and the Πi(p2) are
form factors depending only on the energy of the electromagnetic field p2.
Additional terms including derivatives of the field U(x) are absent here since
they do not contribute to the potential for the mesons. The diagrammatic
meaning of the form factors is depicted on fig. 3.6 (a).
The effective Lagrangian (3.28) is however not very useful in the absence
of information about the form factors Π1(p2) and Π2(p2). Instead, the whole
SU(Nf )L × SU(Nf )R chiral symmetry can be treated as a gauge symme-
try and gauge fields Lµ and Rµ associated respectively with SU(Nf )L and
SU(Nf )R transformations can be considered. The most general effective
Lagrangian is then
Leff = 12P
µν
⊥
[
ΠLL(p2)Tr (LµLν) + ΠRR(p2)Tr (RµRν)
−ΠLR(p2)Tr
(
LµURνU
†
)]
. (3.29)
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Lµ and Rµ are not real gauge fields, but rather Noether currents associated
with the global symmetry. As such, they are not propagating, and the
form factors ΠLL and ΠRR are not expected to be dominated by a term
involving p2. In the absence of pion fields, i.e. in the limit U(x) → 1,
the effective Lagrangian (3.29) must describe the interaction-free massive
mesons, from which important properties were derived in the large-Nc limit.
In order to make these properties apparent, one writes the (pseudo-)gauge
fields in terms of vector and axial currents as Lµ = (Vµ +Aµ) /
√
2 and
Rµ = (Vµ −Aµ) /
√
2, for which the effective Lagrangian becomes, in the
vacuum U(x) = 1,
Leff = 12P
µν
⊥
[
ΠV V (p2)Tr (VµVν) + ΠAA(p2)Tr (AµAν)
+2ΠV A(p2)Tr (VµAν)
]
. (3.30)
The new form factors are defined as linear combinations of the previous
ones,
ΠV V (p2) =
1
2
(
ΠLL(p2) + ΠRR(p2)−ΠLR(p2)
)
,
ΠAA(p2) =
1
2
(
ΠLL(p2) + ΠRR(p2) + ΠLR(p2)
)
, (3.31)
ΠV A(p2) =
1
2
(
ΠLL(p2)−ΠRR(p2)
)
.
The vector ΠV V and axial ΠAA form factors are then related to the propa-
gators of the vector and axial currents respectively. These propagators are
affected by the infinite tower of meson resonances, and using the spectral
decomposition derived in eq. (3.6), one has then
Pµν⊥ ΠV V (p2) = 〈0|V µV ν |0〉 = p2 Pµν⊥
∑
n
f2ρn
p2 −m2ρn
, (3.32)
Pµν⊥ ΠAA(p2) = 〈0|AµAν |0〉 = p2 Pµν⊥
[
f2pi
p2
+
∑
n
f2an
p2 −m2an
]
, (3.33)
wheremρn andman are the masses of vector and axial meson resonances, and
fρn and fan are coefficients parametrising their interactions with the currents
Lµ and Rµ. It was made explicit in these equations that the tower of axial
resonances have a zero-mode — the pions are massless in the chiral limit
— while the vector resonances do not. If one consider the zero-momentum
limit p→ 0, only the pion can contribute to the form factor, and one obtains
ΠV V (0) = 0 and ΠAA(0) = f2pi . The contribution to the axial form factor
from the exchange of a massless pion is illustrated in fig. 3.6 (b).
From the information gathered in the large-Nc limit, one can now turn
back to the effective pion-photon Lagrangian (3.28). The form factors Π1
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(a)
+
(b)
+
(c)
+ · · ·
Figure 3.7: One-loop diagrams contributing to the Coleman-Weinberg po-
tential for the pions.
and Π2 can be expressed in terms of ΠV V and ΠAA. The electromagnetic
current is a combination of left and right chiral currents, Lµ = Rµ = eAµQ,
hence
Π1 = ΠLL +ΠRR = ΠV V +ΠAA, Π2 = ΠLR = ΠAA −ΠV V . (3.34)
Writing down the expression Tr
(
QUQU †
)
of eq. (3.28) explicitly in terms
of the pion fields, one obtains then
Leff = e
2
2
Pµν⊥ AµAν
[
2ΠV V (p2)Tr
(
Q2
)
+ 2ΠLR(p2)pi+pi−
sin2(pi/fpi)
pi2
]
= Pµν⊥ AµAν
[
1
2
Π0(p2) + e2ΠLR(p2)pi+pi−
sin2(pi/fpi)
pi2
]
, (3.35)
where pi =
(
(pi0)2 + 2pi+pi−
)1/2. In the second equality, we defined Π0(p2) =
2e2Tr
(
Q2
)
ΠV V (p2). In this form, the Lagrangian contains obviously a
kinetic term for the photon and an interaction term with pions. Note that
there is no coupling to neutral pions only, thus no mass term for them will
be generated by electromagnetic interactions, as anticipated in the previous
section. On the contrary, a potential for the charged pions is generated. The
Feynman diagrams relevant at one loop are shown on fig. 3.7. Each diagram
is composed of a certain number of photon propagators and effective photon-
pion vertices. The actual photon propagator is gauge-dependent and can be
written in the form
iPµν⊥
Π0(p2)
+ [gauge-fixing terms]
pµpν
p2
. (3.36)
The photon-pion vertex can be read directly from the effective Lagrangian
to be
2 i e2Pµν⊥ ΠLR(p2)pi+pi−
sin2(pi/fpi)
pi2
. (3.37)
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Due to the presence of a transverse projector Pµν⊥ at each vertex, the gauge-
dependent part of the photon propagator is irrelevant. The one-loop poten-
tial is then given by the infinite sum of diagrams in fig. 3.7, yielding
V (pi) = 3
∫
d4p
(2pi)4
∞∑
n=1
1
2n
[
−2e2ΠLR(p
2)
Π0(p2)
pi+pi−
sin2(pi/fpi)
pi2
]n
=
3
2
∫
d4p
(2pi)4
log
(
1 + 2e2
ΠLR(p2)
Π0(p2)
pi+pi−
sin2(pi/fpi)
pi2
)
. (3.38)
The overall factor of three appearing in front of the potential comes from
the contraction of the projectors Pµν⊥ , and corresponds to the number of
transverse polarisations of the photon field. While each individual diagram
seems to be quadratically divergent, the series can be summed into a log-
arithm taking the form of the Coleman-Weinberg potential [26], and will
eventually turn out to be finite. The momentum integral can be computed
explicitly by rotating in Euclidean space. Defining q2 = −p2, the potential
becomes5
V (pi) =
3
32pi2
∞∫
0
dq2 q2 log
(
1 + 2e2
ΠLR(q2)
Π0(q2)
pi+pi−
sin2(pi/fpi)
pi2
)
(3.40)
This integral is finite provided that ΠLR(q2) goes to zero rapidly enough
at large values of q2. Indeed, ΠLR = ΠAA − ΠV V is an order parameter
sensitive to the breaking of the chiral symmetry, and is therefore expected
to vanish above the chiral symmetry breaking scale. The exact momentum
dependence of ΠLR(q2) can be determined performing an operator product
expansion. From all possible operators contributing to the product of two
vector and two axial currents, the leading one is a four-fermion operator
of dimension six, whose contribution is suppressed by four powers of the
momentum, yielding therefore
ΠLR(q2) =
δ
q4
+O
(
1
q6
)
. (3.41)
δ is here a numerical coefficient which can be computed exactly in the large
Nc limit [78]. From this asymptotic behaviour and using the spectral de-
compositions (3.32) and (3.33), the large q2 limit of ΠLR provides a relation
among the coefficients,
lim
q2→∞
ΠLR(q2) = f2pi +
∑
n
f2an −
∑
n
f2ρn = 0. (3.42)
5The integral in Euclidean space can be split into a radial part and an angular part,
giving Z
d4q =
∞Z
0
dq q3
Z
dΩ = 2pi2
∞Z
0
dq q3 = pi2
∞Z
0
dq2 q2 (3.39)
where 2pi2 is the surface of the 3-sphere.
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Moreover, the high-energy limit of the order parameter vanishes as well at
the next order in q2, implying
lim
q2→∞
q2ΠLR(q2) =
∑
n
m2anf
2
an −
∑
n
m2ρnf
2
ρn = 0. (3.43)
The relations (3.42) and (3.43) are called Weinberg sum rules [79]. In prac-
tice, the spectral functions are found to be dominated by the first resonance
only. This property, known as vector meson dominance permits to write
down relations between the masses of the lightest vector resonances. The
sum rules reduce in this case to the approximate equalities
f2ρ
∼= f2pi + f2a1 , m2ρf2ρ ∼= m2a1f2a1 , (3.44)
from which the mass of the axial vector resonance a1 can be determined
from the properties of the ρ vector meson. From the measured width of the
latter, one finds f2ρ ∼= 2f2pi , so that the ratio of axial to vector meson masses
can be predicted to be
ma1
mρ
∼=
√
2, (3.45)
which is in reasonable agreement with experimental data, as indicated in
table 3.1.
Contrarily to ΠLR(q2), the form factor Π0(q2) is not vanishing at large
q2. Since it represents the inverse of the photon propagator, it must be given
at leading order as Π0(q2) = q2 +O(q0). The ratio of form factors ΠLR/Π0
appearing in the charged pion potential (3.40) is therefore a small number
over most of the integration range, and the logarithm can then be expanded,
giving
V (pi) =
3 e2
16pi2
pi+pi−
sin2(pi/fpi)
pi2
∞∫
0
dq2ΠLR(q2). (3.46)
The exact value of ΠLR can then be computed from the spectral decom-
position in eq. (3.32) and (3.33). Within the assumption of vector meson
dominance, only the first resonance in each tower needs to be taken into
account, i.e.
ΠAA(q2) ∼= f2pi +
q2
q2 +m2a1
f2a1 , ΠV V (q
2) ∼= q
2
q2 +m2ρ
f2ρ , (3.47)
and using the values of fρ and fa1 extracted from the truncated sum rule
(3.44), one can deduce
ΠLR(q2) = f2pi
[
1 +
q2
q2 +m2a1
m2ρ
m2a1 −m2ρ
− q
2
q2 +m2ρ
m2a1
m2a1 −m2ρ
]
= f2pi
m2ρm
2
a1
(q2 +m2ρ)(q2 +m2a1)
. (3.48)
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2-flavour scheme 3-flavour scheme
meson mass in Mev meson mass in Mev
pi0 135.0 K0 497.6
pseudoscalar pi± 139.6 K± 493.7
η′ 957.8 η 547.9
vector ρ 775.5 ω 782.6
axial vector a1 1230 f1 1282
Table 3.1: Mass of the lightest unflavoured and strange mesons relevant
to our discussion. All masses are taken from the Particle Data Group
database [44].
The final form of the potential is obtained by performing the integral over
q2 in eq. (3.46), yielding
V (pi) =
3α
4pi
pi+pi−
sin2(pi/fpi)
(pi/fpi)2
m2ρm
2
a1
m2a1 −m2ρ
log
(
m2a1
m2ρ
)
, (3.49)
where α = e2/(4pi) is the electroweak coupling constant. The potential
is always positive, and most importantly is minimised around pi = 0. If
this were not the case, the true vacuum of the theory would correspond to
〈pi〉 6= 0, which would indicate that the chiral symmetry is not broken to the
diagonal subgroup, but to a different subgroup. In such a scenario, called
vacuum misalignment, the photon would become massive. This is not the
case in QCD, and can actually be extended to a more general statement: In
any confining theory described by the effective Lagrangian (3.29), i.e. with
a chiral symmetry broken down to the diagonal subgroup, the form factor
ΠLR(q2) is positive for any q2, hence the minimum of Coleman-Weinberg
potential for the Goldstone fields preserves the alignment of the vacuum [80].
In other words, vector-like gauge bosons remain exactly massless at all orders
in perturbation theory.
Note finally that the mass difference between the neutral and the charged
pion can be read directly from the potential (3.49). The pi+pi− term is
directly proportional to the difference of masses squared m2pi±−m2pi0 , so that
we have6
∆mpi ∼=
m2pi± −m2pi0
2mpi0
=
3α
8pimpi0
m2ρm
2
a1
m2a1 −m2ρ
log
(
m2a1
m2ρ
)
∼= 5.9 MeV, (3.50)
6This results was first derived in ref. [81] before many of the large-Nc considerations
discussed here were made.
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where the masses given in table 3.1 were used. The agreement with the
observed mass difference of 4.6 MeV is relatively good, considered that the
derivation of this estimate relies on symmetry considerations and the large-
Nc limit of QCD only.
3.1.6 Pion mass
In the effective theory for the mesons discussed so far, neutral pions are still
exact Goldstone bosons and remain therefore massless. The pions are how-
ever massive in the real world, which is a consequence of the up and down
quark being massive themselves. Since the latter do not exist as asymptoti-
cally free states, their mass is very difficult to determine experimentally. The
best estimates at present time indicate mu ∼= 2.5 MeV and md ∼= 5.0 MeV.
These masses contribute directly to the pion mass as the mass of the up
and/or down valence quark, but most importantly indirectly due to the ex-
plicit breaking of the chiral symmetry. In order to describe the low-energy
theory of massive pions in an effective way, a term must be added to the
Lagrangian which explicitly break the chiral symmetry. The simplest possi-
bility in terms of the pion matrix U(x) is the term Tr (U), which transforms
under a SU(Nf )L × SU(Nf )R transformation into Tr
(
LUR†
)
and is there-
fore only invariant under the vector subgroup for which L = R, but not
under axial transformations. In order to preserve the discrete symmetry
U ↔ U †, whose crucial importance will be discussed in the next section, the
mass term in the Lagrangian is introduced as
Lmass = 14m
2
pif
2
pi
[
Tr(U) + Tr(U †)− 4
]
(3.51)
where the constant term proportional to Tr(1) is purely conventional, cho-
sen so that Lmass vanishes in the vacuum 〈U〉 = 1. Note that since this
Lagrangian preserves the diagonal SU(Nf )V symmetry, it describes actu-
ally a situation in which the mass term in the original QCD Lagrangian is
diagonal, i.e. where the up and down quarks have equal masses. Although
this is not the case in nature, the effects of the mass splitting between
the lightest quark is negligible compared to the absolute effect of breaking
the chiral symmetry, and the Lagrangian (3.51) is actually sufficient for all
purposes discussed in this thesis. This is not the case anymore if one con-
siders the three-flavour case, since the large mass ms ∼= 100.0 MeV of the
strange quark contributes in a non-negligible way to the kaon masses, and
the effective Lagrangian must necessarily contain terms explicitly breaking
the SU(3)V symmetry. These issues are however beyond the scope of the
present discussion.
Note finally that the quark masses provided above are only rough esti-
mates. While the ratio of up to down and strange to down are extracted from
the precisely measured pion and kaon masses, the uncertainty on the abso-
lute mass scale is very large. The masses used here should be understood as
54
3.1. LESSONS FROM LOW-ENERGY QCD
parameters in the QCD Lagrangian in a given renormalisation scheme, and
can hardly be related with the mass of a propagating light quark, since the
latter do not exist as such. The possibility for the up quark to be exactly
massless is for example not totally excluded.
3.1.7 Wess-Zumino-Witten term
Before turning back to the physics of the electroweak symmetry breaking,
a last piece of information must be added to the Lagrangian derived so
far in order to get a complete low-energy effective theory of QCD. The
Lagrangian is written at this stage in terms of the Goldstone field U(x) and
of (covariant) derivatives thereof, and contains a kinetic term (3.14) with
two derivatives, higher order terms (3.23) with four derivatives or more, and
the pion mass term (3.51). As already mentioned, the theory described in
this way has a global U(Nf )V symmetry, not only at the Lagrangian level
but also preserved by the vacuum expectation value 〈U〉 = 1. In addition,
two discrete symmetries exist in the theory. The first one, briefly mentioned
in the previous section, is the exchange U(x)↔ U †(x), which corresponds to
reversing the sign of the pion fields, pia(x) ↔ −pia(x). The second discrete
symmetry is the parity transformation under which spatial coordinates are
reversed, ~x↔ −~x, while time is preserved t↔ t. The presence of the latter
symmetry seems to indicate that the light mesons are invariant under parity
transformations. This is however not the case in nature, where pions and
kaons are found to be pseudoscalar particles, i.e. they are only invariant
under the transformation
pia(~x, t) ↔ −pia(−~x, t). (3.52)
In order to match the observations, the low-energy effective Lagrangian
of QCD should therefore be invariant under the combined transformation
U(x) ↔ U †(x) and ~x ↔ −~x, but not under each of them separately. The
invariance under parity in space is actually directly related to the fact that
the Lorentz indices in the Lagrangian given so far are always contracted two-
by-two using the metric tensor gµν , which is symmetric in its indices. The
extraneous parity symmetry could hence be removed by using the totally
antisymmetric Levi-Civita tensor ε. The simplest term constructed out of
it is however vanishing in four dimensions,
εµνρσ Tr
(
∂µU ∂νU
†∂ρU ∂σU †
)
= 0, (3.53)
and any higher-order term including an ε tensor is also identically zero or
equivalent to a total divergence term. Any local Lagrangian build out of the
Goldstone field U(x) is actually automatically invariant under the parity
transformation.
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Fortunately, this statement can be relaxed by considering a non-local
term in the Lagrangian, which is carefully chosen so as not to affect the
physics of meson otherwise. This uniquely defined term is called the Wess-
Zumino-Witten term [82, 83] and can be introduced in the action as an
integral over a five-dimensional space,
ΓWZW = iλWZW
∫
M5
d5x εµνρστ Tr
(
U †∂µU ∂νU †∂ρU ∂σU †∂τU
)
. (3.54)
The presence of an additional space coordinate is a notation artifact and
has no physical consequences. When deriving the Euler-Lagrange equation
for the field U(x), the Wess-Zumino-Witten term appears as a total diver-
gence over the five-dimensional space, and can therefore be written as a
four-dimensional boundary term. The manifold M5 is chosen in particular
such that its boundary ∂M5 matches the usual four-dimensional Minkowski
space. The resulting four-dimensional term is then always in the form of
eq. (3.53) and vanishes automatically. The Wess-Zumino-Witten term has
therefore no effect on the field equations for the meson. It also preserves
obviously the chiral symmetry of QCD, but breaks explicitly the parity sym-
metry and the exchange symmetry U ↔ U †, leaving only the combination
of them invariant, as wanted in the first place. Note however that due to its
five-dimensional nature, the Wess-Zumino-Witten term connects well sepa-
rated points of the four-dimensional space-time through the fifth dimension,
and is therefore a non-local object.
The coefficient λWZW in the definition (3.54) can not be chosen arbitrar-
ily. Any choice of five-dimensional manifold must yield the same effective
four-dimensional theory, which means that the actions given respectively by
two manifoldsM5 andM′5, satisfying ∂M5 = ∂M′5, must differ at most by
an integer multiple of 2pi,
ΓWZW (M5)− ΓWZW
(M′5) = 2pin. (3.55)
The integral in eq. (3.54) turns out to be the winding number of the field
U(x) in the five-dimensional space, so that choosingM5 andM′5 to form a
five-sphere, the left-hand side of the equation above can be computed to be
ΓWZW
(M5 ∪M′5) = 480pi3λWZW = 2pin. (3.56)
The coefficient is then fixed to λWZW = n/(240pi2), where n can be a priori
any integer number.
When one considers in addition the electromagnetic force in the low-
energy description, the Wess-Zumino-Witten term is obviously not gauge-
invariant. The space-time derivatives in (3.54) cannot be straightforwardly
promoted to a covariant derivative, since the gauge field is not defined in
five dimensions. However, as a confirmation that the fifth dimension is only
an artifact of the theory, the variation of the action under a U(1)em gauge
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transformation, defined by δU = i α(x) [Q,U ], is a local, four-dimensional
quantity, namely
δΓWZW = 5λWZW
∫
M5
d5x εµνρστ∂µα(x)
[
Tr
(
Q∂νU
†∂ρU ∂σU †∂τU
)
−Tr
(
Q∂νU ∂ρU
† ∂σU∂τU †
)]
= 5λWZW
∫
d4x εµνρσ∂µα(x)
[
Tr
(
QU ∂νU
† ∂ρU∂σU †
)
−Tr
(
QU †∂νU ∂ρU †∂σU
)]
, (3.57)
where in the second equality we have used the fact that the integrand is a
total divergence and integrated over the fifth dimension, using the fact that
the gauge transformation is four-dimensional, i.e. ∂5α(x) = 0. In its last
form, it is clear that the variation of the Wess-Zumino-Witten action can
be compensated by the gauge variation of a local term in the Lagrangian
including the antisymmetric contraction of gauge fields and derivatives of
U(x). The explicit form of this four-dimensional term is found to be
LWZW = 5λWZW
{
eATr
(
QU †dUdU †dU
)
(3.58)
+i e2AdATr
(
Q2UdU † +QUQdU †
)
−
(
U ↔ U †
)}
where we have used the notation of differential forms. The term linear in
the photon field cancels the variation of the five-dimensional part but in-
troduces additional gauge-variant operators, which in turn are cancelled by
the terms quadratic in Aµ. Including these additional local terms, the vari-
ation of the effective Lagrangian under the U(1)em gauge transformation is
a total divergence without physical significance. Note that the determina-
tion of the Lagrangian (3.58) requires to find the transformation properties
of all possible gauge-invariant operators constructed from the fields U(x)
and Aµ(x). In this process, it appears that an additional operator has a
vanishing variation, namely
AdA
[
Tr
(
QUQdU † +QU †QdU
)]
. (3.59)
This operator is however parity-odd and simultaneously invariant under the
exchange U(x) ↔ U †(x), and would break the pseudoscalar nature of the
pions. It must therefore be absent in the theory of low-energy QCD. The La-
grangian (3.58) contains a number of new meson-photon interaction terms,
among which the most interesting involves one pion and two photon fields.
The Wess-Zumino-Witten term describes, among other phenomena, the de-
cay of pions into two photons, which was until know absent in the theory. An
interesting relation can then be established between the weakly-interacting
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scalar theory of mesons and the original QCD Lagrangian involving strongly-
interacting quarks. On the one hand, the pion field is tightly related to the
axial current of QCD through the relation (3.20), and on the other hand the
latter suffers from an anomaly induced by the triangle diagram of figure 2.1,
which permits an explicit computation of the pion decay into photon within
the quark picture. The quark loop obtained in this way matches exactly
the tree-level interaction appearing in the Wess-Zumino-Witten term pro-
vided that the integer coefficient n is equal to the number of quark colours,
i.e. n = Nc, or explicitly
λWZW =
Nc
240pi2
. (3.60)
Note that the gauged form of the Wess-Zumino-Witten term can be extended
to contain the massive electroweak gauge fields, and more generally the
whole symmetry group SU(Nf )L × SU(Nf )R. Many more local terms are
needed in this case to cancel the variation of the five-dimensional action, as
discussed again in section 4.2.2.
Looking back at the transformation rule of ΓWZW under a vector trans-
formation δU ∝ [T,U ], one can see in eq. (3.57) that the four-dimensional
variation of the Wess-Zumino-Witten term is proportional to δΓWZW ∝
{T,U}, which means that there can be symmetry transformations under
which the Goldstone matrix U is invariant, but which still generate a non-
zero current. This is the case of the baryon number symmetry U(1)V , gener-
ated by T = (1/Nc)1, for which δU = 0 and the associated Noether current
is not vanishing,
Bµ =
1
24pi2
εµνρσ Tr
(
U †∂νU ∂ρU †∂σU
)
. (3.61)
The current defined in this way is conserved, since its total divergence ∂µBµ
is proportional to the vanishing topological term (3.53). The charge associ-
ated to it is the baryon number,
B =
∫
d3xB0 =
1
24pi2
εijk
∫
d3xTr
(
U †∂iU ∂jU †∂kU
)
, (3.62)
which turns out actually to be a topological invariant quantity taking inte-
ger values, as will be discussed later in chapter 4. Note that the fact that
only integer baryon number configurations can exist relies on the cancella-
tion between the coefficient (3.60) of the Wess-Zumino-Witten term and the
fractional baryon charge 1/Nc carried by each quark.
The necessity of the Wess-Zumino-Witten action can actually be derived
in the completely different framework of the Nambu-Jona-Lasinio model [74,
84]. The latter is a model of mesons and baryons which do not refer to the
strong interaction as the binding force of hadrons. Instead, quarks inter-
act via four-fermion interactions whose form is dictated by symmetry ar-
guments. As in the low-energy theory of QCD described above, the chiral
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symmetry is present and broken only by a mass term for the quarks. The
formation of a quark condensate is inspired in this case by solid state physics,
where bosonic condensates can arise in a purely fermionic theory, adding an
auxiliary scalar field to the Lagrangian and integrating out the fermions.
This mechanism is called bosonisation. Performing finally a derivative ex-
pansion leads to an effective description in terms of a non-linear σ-model
as in the discussion above. As a side-effect of the axial U(1)A anomaly,
a non-zero phase appears in the fermion determinant of the path integral,
which generates upon integration a Wess-Zumino-Witten term of the form
of eq. (3.54), whose coefficient is indeed exactly fixed as in eq. (3.60).
3.2 Electroweak symmetry breaking from a strongly-
interacting sector
From low-energy QCD, we have now seen that light scalars — although not
elementary — exist in nature. They even trigger the breaking of the elec-
troweak symmetry, although not at the correct energy scale. The same recipe
can then be applied to build a model of electroweak symmetry breaking
based on a strongly-interacting theory with a spontaneously broken global
symmetry. As will be discussed, the lessons of QCD cannot be always ap-
plied straightforwardly at higher energies.
3.2.1 Technicolor
Looking back at the effective Standard Model Lagrangian without a Higgs
introduced in chapter 2, one can see that the σ-model parametrisation used
is readily adaptable to a strongly-coupled description of electroweak symme-
try breaking. Let us assume in addition to the Standard Model gauge group
the presence of a new force similar to the colour interaction, with gauge
group SU(NTC) (where TC stands for technicolor) and of a number of new
fermions (called technifermions). If this new force is confining, as QCD is,
the technifermions will not be observable as freely interacting particles. If
in addition the new (techni-)fermionic sector possesses a global symmetry
analogous to flavour and spontaneously broken down by the vacuum con-
densate, there will be a number of Goldstone bosons in the theory. Below
a certain energy threshold, assumed to be beyond the scope of past and
present experiments, the only new degrees of freedom in the theory will be
scalars fields, the equivalent of mesons in QCD.
If one chooses for simplicity the global flavour symmetry breaking to be
of the form SU(2)L×SU(2)R → SU(2)V , as in the two-flavour case of QCD,
then there are readily three massless Goldstone bosons which can play the
role of the longitudinal degrees of freedom of the W± and Z0 gauge bosons.
Choosing to embed the electroweak gauge group in the SU(2)L and along
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the third generator of SU(2)R, the resulting low-energy effective description
corresponds exactly to the electroweak symmetry breaking Standard Model
σ-model of (2.37) [85, 86]. The scale playing the role of fpi in QCD is now
the electroweak scale v ∼= 246 GeV. The low-energy setup of the simplest
technicolor models corresponds therefore naturally to the Standard Model
without a Higgs boson. There is no hierarchy problem, since the electroweak
scale v is generated as the scale at which the technicolor coupling gTC be-
comes strong. Below the cutoff scale Λ ≈ 4piv, the Standard Model as we
know it arises as an effective theory. The notion of renormalisability is irrel-
evant in this framework. The unitarity in scattering processes of Goldstone
bosons — or equivalently of the longitudinally polarised gauge bosons — is
restored as in QCD by an infinite tower of (techni-)meson resonances. If
the technicolor theory is similar to QCD, the first resonance needed beyond
the Standard Model is the equivalent of the ρ meson, whose mass can be
estimated from the large-Nc discussion made above. It was shown in sec-
tion 3.1.2 that the meson masses are independent of the number of colours
in the underlying theory, while the constant fpi scales with the square root
of Nc. The two scales can then related as fpi ∝
√
Ncmρ, which can be trans-
posed in the technicolor language into v ∝ √NTC mρ,TC . Assuming that
the proportionality factor is of the same order, one gets an estimate of the
mass of the first vector resonance,
mρ,TC ≈
(
Nc
NTC
)1/2 v
fpi
mρ ≈ 3.5 TeV√
NTC
. (3.63)
We have for example mρ,TC ≈ 1.8 TeV for NTC = 4, which corresponds
approximately to the energy (2.65) at which the scattering of W± bosons
becomes strongly-interacting in the absence of a Higgs boson.
Apart from its kinetic term giving a mass to the gauge fields, the field
Σ(x) of chapter 2 also plays the crucial role of giving a mass to the fermions in
the effective Standard Model. Obtaining from a strongly-interacting sector
a Yukawa interaction like eq. (2.44) is not as straightforward giving a mass
to the electroweak gauge bosons. In the low-energy description of QCD,
there is no contact interaction between mesons and the fundamental, freely-
propagating fermions of the theory (in this case the leptons). Similarly,
since quarks and leptons are not charged under the technicolor gauge group,
no Yukawa term is expected in technicolor models. The solution to this
problem is to unify the Standard Model and technicolor interactions, in
a similar manner as the grand unified theories were built. The extended
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technicolor gauge group [87,88] is thus of the form7
SU(NETC) ⊃ SU(3)C × SU(NTC). (3.64)
Assuming that this extended gauge symmetry breaks down spontaneously at
an energy scale ΛETC above the electroweak scale, new massive gauge bosons
will be present in the UV theory. When integrated out at low-energies, the
new force carriers yield effective four-fermion interactions between Standard
Model fermions and technifermions. The operators generated in this way are
of three different types, schematically
OQQ ∝ g
2
ETC
Λ2ETC
(
QQ
) (
QQ
)
, OQq ∝ g
2
ETC
Λ2ETC
(
QQ
)
(qq) ,
Oqq ∝ g
2
ETC
Λ2ETC
(qq) (qq) , (3.65)
where q denotes generically Standard Model fermions and Q technifermions.
γ-matrices and SU(NETC) group generators have been omitted on purpose.
All three kinds of operators are naively generated with the same coefficients.
The first of them generates masses for techni-mesons, but does not play any
significant role in the low-energy regime. Note however that in the case
where there exists additional Goldstone bosons not eaten by the electroweak
gauge bosons, this provide an explanation why the latter can be naturally
heavy and unobserved so far. The second operator above is exactly what was
sought: When the technifermion condensate, i.e. 〈QQ〉 6= 0, OQq generates
a mass term for the Standard Model quarks and leptons. The size of the
technifermion condensate is a priori unknown, but can be estimated to be
as in QCD
〈QQ〉 ≈ Λ
3
TC
(4pi)2
≈ 4pi v3, (3.66)
for which we can read the fermion mass mq ≈ 4pi v3/Λ2ETC , assuming that
the extended technicolor coupling is of order unity. Note that the large
discrepancy between the masses of the Standard Model leptons and quarks
requires actually that the spontaneous symmetry breaking of the extended
group SU(NETC) proceeds in multiple steps. While leptons and light quarks
have so tiny masses compared to the electroweak scale that they can be gen-
erated at very high energy scales, the charm and bottom quark masses re-
quire an extended technicolor mass scale of about 10 TeV. The top mass is so
large that it cannot be generated by this mechanism, but other possibilities
7Note that in order to generate masses for the leptons, additional symmetries of the
Standard Model must be included into the extended technicolor gauge group, such as the
global flavour symmetries. This extended group has to feature technifermions transforming
under SU(NTC), quarks transforming under SU(Nc) and leptons as singlets under both
of these strongly-coupled gauge groups all belonging to the same extended multiplet.
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exist and will be discussed below. With an extended technicolor scale only
one order of magnitude above the electroweak cutoff, the third of the four-
fermion operators above becomes however very dangerous. In the absence
of additional symmetries, Oqq generates flavour-changing neutral currents,
whose presence is very strongly constrained by experimental data. A naive
dimensional analysis approach requires for example ΛETC ≥ 103 TeV, much
above the scale needed to give a mass to the quarks, hence clearly excluding
such a scenario.
There is however a solution to this problem, which arise if the technicolor
sector behaves differently from QCD at high energies. In QCD, the coupling
gS is decreasing very rapidly in the high-energy, weakly-coupled regime. As
a consequence, the scaling of operators with energy is mostly given by their
classical dimension. In other words, the anomalous dimension of operators is
in general small for asymptotically free theory like QCD. Theories in which
the strong-dynamics is nearly conformal present however a very different
behaviour. The gauge coupling in such theories is not decreasing fast but
stays constant over a large energy range [89]. Such a behaviour happens
when the β-function has an infrared fixed point, which can occur depending
on the number of flavours in the theory. There is in general a critical number
of flavours in a theory which determines the direction of the running of the
strong coupling constant [90]. If the number of flavours in a technicolor
theory is close to its critical value, then the theory resembles a conformal
field theory, the anomalous dimension of operators can become important,
and the classical scaling rule loses its validity. Walking technicolor models
are built upon this principle. They are theories with an extended symmetry
at a very large scale ΛETC À ΛTC , but where the coupling gTC is nearly
constant over the energy range between ΛTC ≈ 2 TeV and ΛETC . The
suppression of flavour-changing neutral currents is therefore guaranteed from
the size of ΛETC , which do not suffer anomalous scaling, while the quark
masses are reduced as
mq ∝ 1Λ2ETC
〈QQ〉 ∝ ΛTC
(4pi)2
(
ΛTC
ΛETC
)2+γ
, (3.67)
where γ is the anomalous dimension of the operator OQq. A moderate value
of γ is sufficient to generate all quark masses with the exception of the
top quark. Note that the anomalous dimension cannot be arbitrarily large.
There is actually an important effort going on in order to understand the
scaling of operators in conformal field theories and to put bounds of the size
of the anomalous dimension γ [91, 92, 93]. As noted already twice, the top
quark mass cannot be obtained purely from an extended technicolor sector.
A possible way out of this problem is to consider a separate technicolor sector
for the third generation of quarks, in which the physical top quark observed
in experiments is not a fundamental fermion but rather a composite state of
the strongly-interacting theory [94,95]. An elementary top quark is present
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Figure 3.8: Oblique (left) and non-oblique (right) one-loop corrections to
the process e+e− → µ+µ− at LEP.
like in the Standard Model, but cannot be observed due to its condensation,
contributing to the breaking of the electroweak symmetry [96,97,98].
Note finally that while there is obviously no Higgs boson in the minimal
version of technicolor described here, realistic models often have a light scalar
in their spectrum, whose quantum numbers are those of the vacuum, like
the Higgs boson itself. This happens for example when the strong dynamics
is nearly conformal, in which case a Goldstone boson associated with the
breaking of conformal symmetry can appear. The latter is usually called a
dilaton. Although the dilaton can possibly be a narrow resonances with a
mass of a few hundred GeV, exactly like a Higgs boson, its role in the theory
is very different. A dilaton does not unitarise the scattering of longitudinal
gauge boson, nor does he necessarily couple to fermions proportionally to
their mass. In this sense, technicolor is truly a higgsless theory.
3.2.2 Electroweak precision tests
Apart from its difficulties to account for the fermion masses in a simple way,
technicolor has to face an even more stringent issue regarding the precision
data collected at LEP and at other collider facilities. LEP was an electron-
positron collider, running in its first phase as a precision machine exactly at
the energy of the Z0 boson mass (LEP1), and in a second phase at higher
energies with the goal to discover a light Higgs boson (LEP2). The data
gathered from the resonant production of the Z0 allowed for measuring a
number of electroweak parameters with a very high accuracy, permitting to
probe not only the tree-level processes involving a Z0 boson in the s-channel,
but also indirectly the physics at higher energies through the quantum ra-
diative corrections. In this section, an analysis of this high-precision mea-
surements is presented, which allows to constrain the physics beyond the
Standard Model in a model-independent way.
Radiative corrections to the electron-positron annihilation processes can
be separated into two classes, as illustrated in figure 3.8. An important
class of corrections arise directly in the propagator of the Z0 gauge boson
through vacuum polarisation effects, and are called oblique corrections. All
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other kinds of radiative corrections are subsequently denoted by non-oblique
corrections. These include the vertex corrections shown in figure 3.8 (b),
but also box diagrams and soft and collinear emission of massless gauge
bosons. There is a deep reason behind the separation into these two classes.
Whatever new physics enters beyond the Standard Model, its coupling to
the light quarks and leptons is expected to be suppressed. From the success
of the Weinberg-Salam model of quarks and leptons, the only interaction of
the latter with new physics should proceed through their mass term, which
is very tiny compared to the energy of the electron-positron annihilation
process at LEP. On the contrary, the vacuum polarisation diagrams entering
the oblique corrections are sensitive to all new fields with non-vanishing
electroweak couplings, independently on their mass.
In order to parametrise the oblique corrections, one can write down an
effective Lagrangian for the physical gauge bosons, proceeding as eq. (3.28)
for the electromagnetic field in low-energy QCD:
Leff = 12P
µν
⊥
[
Πγγ(p2)AµAν + 2ΠZγ(p2)ZµAν (3.68)
+ΠZZ(p2)ZµZν + 2ΠWW (p2)W+µ W
−
ν
]
+O
(
pµpν
p2
)
.
All radiative corrections to the propagators of the W±, Z0 and photon are
contained in the form factors Π(p2). The terms proportional to the Lorentz
tensor pµpν are omitted on purpose, since when contracted with the fermion
currents, their contribution to the electron-positron annihilation process is
suppressed by the mass of the external particles and is therefore negligi-
ble. Note that the fields entering the effective Lagrangian are the physical
gauge bosons, and need not necessarily be identical to the SU(2)W ×U(1)Y
electroweak gauge bosons. They contain for sure a large component of the
latter, but might also be states mixed with new, heavy vector bosons with
the same quantum numbers. The effective theory describing the precision
physics at the Z-pole mass at LEP is therefore a theory of massless fermions
(all leptons and quarks excepted the top), of a massless photon and of mas-
sive gauge bosons W± and Z0. This corresponds to the Standard Model
description of chapter 2, where the mass of the light fermions are put to
zero and particles heavier than the boson Z0 are integrated out — only the
top quark in the effective description of the Standard Model without a Higgs
boson. The only parameters entering the theory at this stage are therefore
the gauge couplings g and g′, as well as the electroweak scale v. Their val-
ues are fixed by the most precisely known observables, namely the mass
of the Z0 gauge boson mZ = g2v2/(2 cos θW ), the weak coupling constant
α(mZ) = g2 sin θW /(4pi) at the Z-pole mass (different from the fine-structure
constant), and the Fermi coupling constant GF = (
√
2v2)−1 measured from
the muon decay process. The Weinberg angle is defined here as the ratio of
the U(1)Y and SU(2)W coupling constants, tan θW = g′/g. All other preci-
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sion measurements performed at LEP can then be used to check the validity
of the theory defined in terms of g, g′ and v, and possibly to determine the
effects of the heavy particles integrated out in the effective description. On
the theoretical side, the form factors Π(p2) can be computed for any given
theory. Instead of using the physical gauge bosons W±, Z0 and the photon,
it will actually be more convenient to rotate the gauge field in a different
basis defined by Zµ = cWW 3µ − sWBµ and Aµ = sWW 3µ + cWBµ, where we
have used the obvious notation sW ≡ sin θW , cW ≡ cos θW . Defining a new
set of form factors, the effective Lagrangian becomes
Leff = 12P
µν
⊥
[
ΠBB(p2)BµBν + 2Π3B(p2)W 3µBν
+Π33(p2)W 3µW
3
ν + 2Π+−(p
2)W+µ W
−
ν
]
+ . . . (3.69)
All form factors can then be expanded in powers of the energy squared as
Π(p2) = Π(0) + p2Π′(0) +
p4
2
Π′′(0) +O (p6) , (3.70)
and since the Z0 boson is produced mostly on-shell in the electron-positron
collisions at LEP1, only the first few terms in this expansion are relevant.
Some of the form factors entering the Lagrangian (3.69) are constrained by
the requirement that the photon remains exactly massless. Two constraints
can be formulated as
Πγγ(0) = c2WΠBB(0) + 2sW cW Π3B(0) + s
2
WΠ33(0) = 0, (3.71)
ΠZγ(0) = −sW cW ΠBB(0)+
(
c2W − s2W
)
Π3B(0)+sW cW Π33(0) = 0, (3.72)
or equivalently, rearranging the two equalities,
ΠBB(0) = tan2 θW Π33(0), Π3B(0) = − tan θW Π33(0). (3.73)
In addition, there is still some freedom in defining the form factors, arising
from the choice of counter-terms in the renormalisation procedure of the
theory. There are three such counter-terms, corresponding to the three
parameters g, g′ and v, so that the definition of three of the form factors
can be adjusted freely. A particular choice could be to canonically normalise
the kinetic terms of the fields W±µ and Bµ by requiring
Π′BB(0) = Π
′
+−(0) = −1, (3.74)
and to adjust the mass of theW±µ field to its experimentally measured value
Π+−(0) = m2W . (3.75)
From this point, the remaining form factors are totally determined by the
theory under consideration. If one considers only the terms up to order
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p2 to be relevant in the form factor expansion (3.70), there are only three
terms which are not fixed by U(1)em gauge invariance and by the freedom
of renormalisation scheme. These three terms can be arranged in particular
linear combinations, which can be then related to physical observables at
LEP [99],8
Sˆ = − g
g′
Π′3B(0), (3.76)
Tˆ =
1
m2W
[Π+−(0)−Π33(0)] , (3.77)
Uˆ = Π′33(0)−Π′+−(0), (3.78)
or in terms of the form factors of the physical gauge bosons,
Sˆ = Π′ZZ(0)−
c2W − s2W
sW cW
Π′Zγ(0)−Π′γγ(0), (3.79)
Tˆ =
1
m2W
[
ΠWW (0)− c2WΠZZ(0)
]
, (3.80)
Uˆ = c2WΠ
′
ZZ(0) + 2sW cWΠ
′
Zγ(0) + s
2
WΠ
′
γγ(0)−Π′WW (0). (3.81)
The physical meaning of the parameters can be deduced from their defi-
nition. Tˆ measures the difference in mass between the W± and Z0 gauge
bosons. It is related to the parameter ρ defined in eq. (2.43) through the
approximate equality
ρ ∼= 1 + Tˆ , (3.82)
which is valid for small values of Tˆ . ρ is found experimentally to be very
close to one, which constraints very much the size of Tˆ . The parameter Tˆ is
actually related to isospin violation, or equivalently to the violation of the
SU(2)R global symmetry acting on the right-handed fermions. Note that
there is no contribution to Tˆ from the electroweak symmetry breaking sector
in the Standard Model, since the latter possesses a global SU(2)L×SU(2)R
symmetry and the spontaneous symmetry breaking mechanism preserves a
global SU(2)V symmetry, which acts as a custodial symmetry for the Tˆ
parameter. This statement is valid both in the absence or presence of a
Higgs boson. The only source of SU(2)V violation in the Standard Model
is the difference in mass — or equivalently in Yukawa coupling — between
members of the same SU(2)W multiplet. In the effective approach discussed
here, only the top quark is massive and can contribute to the Tˆ parameter
when integrated out. Since it is part of a SU(2)W doublet together with the
8The definition given here does not match exactly the original definition of Peskin
and Takeuchi, but refers instead to the notation of ref. [100]. The equivalence between
the two parametrisations is follows from the equalities Sˆ = α/(4s2W )S, Tˆ = αT and
Uˆ = −α/(4s2W )U , where the parameters without a hat are the original ones as defined in
ref. [99].
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Figure 3.9: Vacuum polarisation diagrams contributing at one loop to the
propagators of the gauge bosons Z0 (left) and W± (right). The sum of
these two diagrams is finite and give the Standard Model correction to the
ρ parameter of eq. (3.83).
bottom quark, the top does not induce any contribution to the transverse
polarisation of the gauge boson, since the custodial symmetry protects the
gauge sector from such effects. The non-zero top Yukawa is however generat-
ing a contribution to the longitudinal polarisation of the W± and Z0 gauge
bosons, and the two relevant diagrams at the one-loop order are shown in
figure 3.9. Quantitatively, the correction reads
∆Tˆtop =
3m2t
16pi2v2
∼= 9.2 · 10−3. (3.83)
Note that the top loop correction is already very small, so that it is justified
to neglect the contributions from lighter fermions. Despite its tiny size, the
quantity ∆Tˆtop can be compared with the experimental measurement, and
the agreement is found to be very good. Note that the agreement holds
naturally at higher loop order as well [101]. More generally, the parameter
Tˆ constrains the mass difference within isospin multiplets [102]. This con-
straint applies for example to an hypothetical fourth generation of fermions
within the Standard Model, requiring the new quarks to be nearly degener-
ate in mass, and similarly for the leptons.
The meaning of the Sˆ parameter can be clarified by using the same
trick as in the low-energy QCD effective Lagrangian (3.29). Considering
the full SU(2)L × SU(2)R symmetry as a gauge symmetry, the form factor
Π3B(p2) plays precisely the same role as ΠLR(p2) = ΠAA(p2) − ΠV V (p2)
above, it measures the violation of the left-right symmetry in the electroweak
symmetry breaking sector. A straightforward example is again to consider a
fourth generation of quarks and leptons in the Standard Model. Since only
the left-handed fermions are charged under SU(2)W , a non-zero contribution
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Figure 3.10: Logarithmically divergent contributions to the Sˆ (left) and Tˆ
(right) parameters from the longitudinal polarisation of the Gauge bosons,
here written explicitly as the Goldstone fields χa.
to Sˆ is generated, namely [103]
∆Sˆquarks =
g2
32pi2
[
1− 1
3
log
(
m2u4
m2d4
)]
, (3.84)
∆Sˆleptons =
g2
96pi2
[
1− log
(
m2l4
m2ν4
)]
. (3.85)
Since Sˆ is also found experimentally to be small, a tension appears: the
Sˆ parameter can only be small if for the fourth generation of fermions the
hierarchies mu4 > md4 and ml4 > mν4 are satisfied, while at the same time
the smallness of Tˆ require the fermions within the same multiplet to be
nearly degenerate in mass. Note however that a fourth generation cannot
be completely excluded by the present experimental data, since a positive
contribution to both Sˆ and Tˆ is allowed due to a large correlation among
the experimental bounds on them, as will be discussed below. A complete
analysis of the status of a fourth generation in the Standard Model can be
found for example in ref. [104].
The parameter Uˆ is actually less important than Sˆ and Tˆ and is often
taken to be zero in universal models of physics beyond the Standard Model.
The reason for this is that no dimension-six effective operator can be built
out of the Standard Model fields which would give a contribution to Uˆ . Only
operators of dimension eight or higher can give a non-zero Uˆ , as opposed to
Sˆ and Tˆ , which are already generated by dimension-six operators [105]. The
effective theory description of the electroweak precision test will be discussed
in more detail in section 3.2.5.
There is nevertheless an important caveat in the effective description
used so far: In a non-renormalisable theory, the parameters Sˆ, Tˆ and Uˆ
need not in general to be finite. This issue arises for example in the Stan-
dard Model without a Higgs boson, where the diagrams shown in figure 3.10
with Goldstone bosons χa running in the loop give logarithmically diver-
gent contribution to the Sˆ and Tˆ parameters. The divergent diagrams are
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Figure 3.11: Higgs boson contribution to the propagator of the W± and Z0
gauge bosons at one loop. The sum of these two diagrams depends only
logarithmically on the Higgs mass.
of course cut-off by the limited range of the effective theory, but cannot be
evaluated quantitatively in the absence of information on the physics at the
cutoff scale. We have already seen in chapter 2 that the theory can be made
renormalisable by adding a single scalar field, which accounts here for mak-
ing all three parameters Sˆ, Tˆ and Uˆ finite by adding a single counterterm
regulating the mass of the Higgs field mh. The oblique parameters can thus
only be defined relatively to a reference point in the Standard Model with
a given Higgs mass. The reference point corresponds usually to a top quark
mass mt = 175 GeV and a Higgs boson mass mh = 115 GeV. In this case,
the renormalisation of mt and mh — or equivalently of the Higgs quartic λh
— can be fixed so that Sˆ = Tˆ = 0 with these precise values. Experimental
bounds on Sˆ and Tˆ can then be derived within this assumption, and possible
deviations from zero indicate a different preferred value of mt and mh, or
the presence of radiative effects from new physics. The dependence of the
oblique parameters on the Higgs mass can be determined from the compu-
tation of the diagrams in figure 3.10, where the Higgs mass acts as a cutoff.
Note that there is actually no contribution growing like m2h as there is for
the top, although the Higgs loop diagrams of figure 3.11 are superficially
quadratically divergent [106]. The leading contribution to Sˆ and Tˆ is found
to be
∆Sˆh =
g2
192pi2
log
(
m2h
µ2
)
, ∆Tˆh = − 3g
′2
64pi2
log
(
m2h
µ2
)
, (3.86)
where µ indicates here the reference value of the Higgs mass. Note that
there are additional terms dependent on mh, which become however only
important at large values of the Higgs mass.
Instead of using Sˆ, Tˆ and Uˆ , one can define an equivalent but more
universal set of parameters ε1, ε2 and ε3, which do not depend on the choice
of a reference point in the Standard Model, but can be directly related
to quantities measured experimentally independently of the top and Higgs
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masses [107,108]. They are defined as
ε1 = ∆ρ, (3.87)
ε2 = c2W∆ρ+
s2W
c2W − s2W
∆rW − 2s2W∆k′, (3.88)
ε3 = c2W∆ρ+
(
c2W − s2W
)
∆k′, (3.89)
where the three parameters ∆ρ, ∆rW and ∆k′ are in one-to-one correspon-
dence with three physical observables, namely the massmW of theW± gauge
boson, the partial decay width Γ(Z → ``) of the Z0 boson into leptons and
the forward-backward asymmetry A`FB of leptonic final states, through the
relations
m2W
m2Z
(
1− m
2
W
m2Z
)
=
piα(mZ)√
2GFm2Z(1−∆rW )
(3.90)
Γ(Z → ``) = GFm
3
Z
6
√
2pi
(
g2V + g
2
A
)
, (3.91)
A`FB =
3g2V g
2
A
(g2V + g
2
A)2
, (3.92)
gA = −12
(
1 +
1
2
∆ρ
)
gV
gA
= 1− 4s2W
(
1 + ∆k′
)
. (3.93)
With the exception of theW mass, all quantities defining the εi are measured
with high precision at the Z-pole mass at LEP [109]. On the theory side,
the εi are determined within the Standard Model to be9
ε
(SM)
1 = [+5.60− 0.86 log (mh/mZ)] · 10−3, (3.94)
ε
(SM)
2 = [−7.09 + 0.16 log (mh/mZ)] · 10−3, (3.95)
ε
(SM)
3 = [+5.25 + 0.54 log (mh/mZ)] · 10−3. (3.96)
New physics beyond the Standard Model enters then as corrections to the
ε
(SM)
i . Their definition was carefully chosen so that each of them is propor-
tional to one of the Peskin-Takeuchi parameter, i.e.
ε
(th)
1 = ε
(SM)
1 +∆TˆBSM, (3.97)
ε
(th)
2 = ε
(SM)
2 +∆UˆBSM, (3.98)
ε
(th)
3 = ε
(SM)
3 +∆SˆBSM. (3.99)
As discussed above, contributions to Uˆ from new physics proceed through a
subleading operator only, and we will therefore generically take ∆UˆBSM = 0.
9The values quoted here are taken from ref. [110] and correspond to a fit for low Higgs
mass of the full result obtained with the code TopaZ0 [111].
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In order to have a complete picture of the effects of new physics, an
additional constraint can be added, arising from the non-oblique corrections
to the electron-positron annihilation process. As explained above, since the
couplings of light quarks to gauge fields and to any new physics is assumed
to be small, non-oblique corrections are less important than oblique ones.
There is however one important exception. The longitudinal polarisation of
the massive gauge bosons couple to the light fermions through the Yukawa
interaction, so that the left-handed bottom quark, belonging to the same
multiplet as the top, has a coupling to W± gauge boson of order one. Note
that processes including only top quarks are irrelevant, since the energy of
the LEP collider was not sufficient to produce pairs of top quarks. The only
relevant non-oblique correction is therefore to the decay Z → bLbL. The
effective correction to the vertex can be included in the Lagrangian through
the parameter τ as10
Leff ⊃ i g2cW
(
1− 2
3
s2W + τ
)
Zµ bLγ
µbL (3.100)
In the Standard Model, the one-loop correction involves a top quark running
in the loop, and the diagrams contributing to this process are shown on
figure 3.12. An explicit computation gives
τtop = − 2m
2
t
(4pi)2v2
∼= −6.2 · 10−3. (3.101)
This result is obtained in the “gauge-less” limit, where only the Goldstone
bosons run in the loop. Diagrams including internal transverse polarisation
of the gauge bosons are proportional to g2 and therefore subdominant. The
parameter τ is constrained experimentally by the measurement of the partial
decay width of Z0 into bottom quarks. As before, it is convenient to define
an alternative parameter to τ , called εb [112]. In analogy with the εi, the
theoretical prediction for εb can be split into a Standard Model value and a
correction from new physics effects, as
ε
(th)
b = −6.43 · 10−3 +∆τBSM. (3.102)
The best experimental determination of ε1, ε2, ε3 and εb still come from
10The notation τ for the correction to the ZbLbL vertex is taken from ref. [65]. Other
conventions are also used frequently for the same quantity, such as δgb.
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Figure 3.12: Vertex corrections to the decay Z → bb at one loop.
the precision measurements at the Z-pole mass at LEP [109]:
ε
(exp)
1 = (5.4± 1.0) · 10−3,
ε
(exp)
2 = (−8.9± 1.2) · 10−3,
ε
(exp)
3 = (5.34± 0.94) · 10−3,
ε
(exp)
b = (−5.0± 1.6) · 10−3,
ρ =

1 0.57 0.90 −0.32
0.57 1 0.40 −0.22
0.90 0.40 1 −0.22
−0.32 −0.22 −0.22 1
 ,
(3.103)
where ρ is the correlation matrix between the εi.11 The status of electroweak
precision observables did not change since LEP results, except for the mass
of the W boson. The latter was recently updated based on Tevatron re-
sults [113,114], and the new world average is now [115]
mW = 80.385± 0.015 GeV. (3.104)
The parameter ε2 is the only one depending on the mass of the W , through
the term ∆rW in eq. (3.88). The measurement of ∆rW is itself related to
the W mass through eq. (3.90). The change of mW from its value mW =
80.425±0.034 GeV of 2006 to the most recent result (3.104) is then equivalent
to a shift of ε2 to
ε2 = (−7.87± 0.90) · 10−3. (3.105)
Since the covariance between the different εi is unchanged by this update —
except for the covariance of ε2 with itself — the second row and column of
the correlation matrix ρ are simply rescaled by the change in the uncertainty
11The correlation matrix ρ is directly obtained from the appendix E of ref. [109],
marginalising over the three parameters mZ , αS(mZ) and ∆α
(5)
had(mZ) defined there.
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on ε2. The best experimental values for the εi up-to-date are therefore
ε
(exp)
1 = (5.4± 1.0) · 10−3,
ε
(exp)
2 = (−7.87± 0.90) · 10−3,
ε
(exp)
3 = (5.34± 0.94) · 10−3,
ε
(exp)
b = (−5.0± 1.6) · 10−3,
ρ =

1 0.75 0.90 −0.32
0.75 1 0.53 −0.30
0.90 0.53 1 −0.22
−0.32 −0.30 −0.22 1
 .
(3.106)
The agreement between theoretical predictions and measured experimental
values for the εi is then assessed by a χ2 test, defined as
χ2 =
∑
i,j
(
ε
(th)
i − ε(exp)i
)
C−1ij
(
ε
(th)
j − ε(exp)j
)
, (3.107)
where C−1 is the inverse of the covariance matrix
Cij = ∆ε
(exp)
i ∆ε
(exp)
j ρij . (3.108)
From the definition of the εi parameters, it is clear that the χ2 is completely
fixed by the mass of the Higgs and by the four quantities ∆SˆBSM, ∆TˆBSM,
∆UˆBSM and ∆τˆBSM only. Within the Standard Model, the only unknown is
the Higgs mass. With our definition, the χ2 test takes its minimum at
mbestH = 85.7 GeV, χ
2
min = 1.73. (3.109)
Moreover, a bound on the Higgs mass is obtained by requiring that χ2 −
χ2min ≤ 13.28, the latter corresponding to a 99% confidence level interval
with four degrees of freedom. One finds
40.0 GeV ≤ mH ≤ 188.5 GeV. (3.110)
The lower bound is irrelevant, since it is overridden by the LEP2 limit on
the direct Higgs search, mH ≥ 114.4 GeV. The upper bound is now also
obsolete due to the recent Tevatron and LHC results, but was nevertheless a
strong indication that the Higgs boson had to be relatively light, if Standard
Model-like. The Higgs mass dependence of the electroweak precision param-
eters is mostly appearing in Sˆ and Tˆ , and it is therefore insightful to look at
the precision constraint in the two-dimensional plane
(
Sˆ, Tˆ
)
, or equivalently
(ε3, ε1). The experimental constraints imposed by the χ2 test appear as an
ellipse in this plane (see figure 3.13), whose inclination depends on the corre-
lation between ε1 and ε3. Points corresponding to the Standard Model with
various Higgs boson masses are shown for comparison. Note however that
while projecting onto a two-dimensional plane, some information present in
the χ2 test is lost. The procedure used here to create fig. 3.13 is to min-
imise the χ2 with respect to ε2 and εb. The bound (3.110) can therefore
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Figure 3.13: Allowed values of the ε3 and ε1 parameters (or equivalently
Sˆ and Tˆ ) for the 68% (1σ), 95% (2σ) and 99% confidence intervals. The
inclination of the ellipses shows an important correlation between the two
parameters. The coloured points are Standard Model predictions for differ-
ent values of the Higgs mass.
not be read directly from the intersection of the Standard Model prediction
with the 99% confidence level ellipse. The important piece of information
gathered from figure 3.13 is that the large-mH direction is orthogonal to the
major axis of the ellipse, hence providing a strong constraint on the Higgs
mass. Conversely, one can see that the direction of positively correlated Sˆ
and Tˆ is much less constrained. Important same-sign contributions to both
Sˆ and Tˆ are thus not excluded by the data.
Despite its importance in the literature, the parametrisation of the effects
of new physics in terms of the four εi parameters is not the most general.
From the measurements obtained at LEP2, which are less precise than at the
Z-pole mass but with a higher luminosity, the electroweak form factors can
actually be constrained up to the term of order p4 in the energy expansion
(3.70). It is therefore possible to define an additional set of four electroweak
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parameters, denoted by [100]
V =
m2W
2
[
Π′′33(0)−Π′′+−(0)
]
, (3.111)
W =
m2W
2
Π′′33(0), (3.112)
X =
m2W
2
Π′′3B(0), (3.113)
Y =
m2W
2
Π′′BB(0). (3.114)
As for the original three parameters, not all of them are equally relevant
to the study of new physics: only Y and W are arising from dimension-six
operators in an effective approach, while V and X are subdominant. The
parameters Y and W are particularly sensitive to the presence of new gauge
bosons, but will not be discussed further in this thesis.
After presenting the constraints imposed by LEP data on the Standard
Model, the attention should now turn back to technicolor models, which
were the original motivation for introducing the electroweak precision tests.
The introduction of a new sector in the Standard Model without a Higgs can
in principle generate important corrections both to the Sˆ and Tˆ parameters.
It turns out however that the constraint on Tˆ can be easily accommodated
by a simple mechanism. If the new, strongly interacting sector possesses
the same custodial symmetry as the gauge and Higgs sectors of the Stan-
dard Model, then, by the same argument as above, no contribution to Tˆ
is generated at tree-level. Models fulfilling this requirement must possess a
global SO(4) ∼= SU(2)× SU(2) symmetry, of which one of the SU(2) and a
subgroup of the second SU(2) generated by a single generator are identified
as the standard electroweak gauge group SU(2)W × U(1)Y [116]. The only
non-zero contribution to Tˆ arises then from the custodially-breaking tech-
nifermion condensate, which is however identical in size to the mass term of
the quarks in the Standard Model. The situation regarding the Sˆ parameter
is much more severe. Since the effective theory below the technicolor scale
is non-renormalisable and valid only up to the cutoff scale, the technicolor
contribution to Sˆ cannot be computed exactly without knowing the physics
present at this very scale. It can however be estimated in a similar fash-
ion as the pion mass splitting was computed in QCD [103]. As explained
above, the form factor Π3B(p2) is indeed playing a similar role as ΠLR(p2)
did in the low-energy effective Lagrangian (3.29), and assuming a similar
behaviour — in particular vector meson dominance — one can use directly
eq. (3.48), rescaled to the electroweak scale to estimate its size, namely
Π3B(p2) ≈ gg
′
4
ΠLR(p2) ≈ gg
′
4
v2
m2ρm
2
a
(p2 +m2ρ)(p2 +m2a)
. (3.115)
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The value of Sˆ is then straightforwardly computed to be
∆SˆTC = − g
g′
Π′3B(0) ≈
g2
4
v2
m2ρ
(
1 +
m2ρ
m2a
)
, (3.116)
which turns out to be substantial. For a QCD-like strong sector, with m2a ∼=
2m2ρ, it becomes
∆SˆTC ≈ (100 GeV)
2
m2ρ
. (3.117)
A typical value of mρ = 1.8 TeV, as estimated in eq. (3.63), yields then
∆SˆTC ≈ 3 · 10−3, which clearly exceeds the range allowed by precision mea-
surements, as can be seen from figure 3.13. Instead, the experimental limits
can be used to put a lower bound on the mass of the lightest vector reso-
nance. Requiring ∆SˆTC . 2 · 10−3, one finds
mρ & 2.2 TeV. (3.118)
This bound is incompatible with the original function of the ρ resonance in
technicolor models, which was to unitarise the scattering of massive gauge
bosons. The most naive version of technicolor — where the strong sector
is just a rescaled version of QCD — is therefore excluded by electroweak
precision tests. Note however that some non-QCD-like technicolor models
are still viable. Models with a nearly conformal strong dynamics and a small
number NTC of technicolors permit for example to reduce the Sˆ parameter
drastically [117]. The minimal walking technicolor models [118,119], making
use of fermions in a different representation of the technicolor gauge group,
are another example of realistic realisations of a strong dynamics without a
Higgs boson. Technicolor will not be discussed further here, the focus being
turned instead to an elegant alternative, in which both strong dynamics and
a Higgs boson are present.
3.2.3 The Higgs as a pseudo-Goldstone boson
The situation described up to now in this thesis can now be summarised as
follows: All the physics discovered so far in the high-energy regime is very
well described by the Standard model without a Higgs boson, as introduced
in chapter 2. The agreement between theoretical predictions and experi-
mental measurements is valid not only at tree-level, but extends as well to
the the loop level in many observables. The only remaining open problem
concerns the physics of the electroweak symmetry breaking. There are three
open questions, which can be formulated in this way:
(i) What gives a mass to the W± and Z0 gauge bosons, or equivalently
what is the nature of the scalar fields χa acting as the longitudinal po-
larisation for them? From unitarity and renormalisability arguments,
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the χa were proved not to be elementary scalar fields and need therefore
to have a different origin.
(ii) What gives a mass to the fermions? From the chiral structure of the
gauge theory, no direct couplings are allowed between left- and right-
handed chiralities of quarks and leptons, so that new fields are needed
at this point. The answer to this question can — but must not — have
the same origin as (i).
(iii) Why is the electroweak scale v ∼= 246.2 GeV as it is, or more precisely
why is it so much lighter than the scale at which new physics must
enter, that is the GUT or Planck scale? Answering questions (i) and
(ii) might provide a mechanism for the breaking of the electroweak
symmetry, but do not necessarily fixes its scale.
Two attempts to answer this set of questions were formulated so far in this
thesis. The first option, implying weakly coupled physics only, is to have an
elementary Higgs boson. Through its kinetic term and its Yukawa interac-
tion with fermions, the Higgs doublet answers both questions (i) and (ii),
but fails at giving a natural explanation to (iii). The alternative discussed
in the beginning of this chapter is to trigger the electroweak symmetry by a
strong dynamics, adding a new technicolor sector to the model. In this case
the electroweak scale can naturally be generated at a low scale, answering
question (iii), but (i) and (ii) are not fully satisfied. On the one hand, the
mechanism giving a mass to the gauge bosons has to face an important ten-
sion regarding the scale of the new, strongly-interacting physics, preferred
to be light by size of the electroweak scale, but indicated to be heavy by in-
direct measurements. On the other hand, the generation of fermion masses
is also delicate, and requires a nearly conformal behaviour of the theory in
order to suppress flavour-changing currents. Needless to say, the discovery
of a Higgs-like particle by ATLAS and CMS experiments also speaks against
technicolor theories.
The class of models which are going to be described now belongs to a
hybrid category, taking the advantages of a Standard Model Higgs boson
in answering (i) and (ii), while possessing a strong sector above the TeV
scale as in technicolor in order to solve the problem (iii). There is indeed
the possibility that the strong dynamics, instead of generating only three
Goldstone bosons transforming as a triplet of SU(2)V as in technicolor,
has a larger global symmetry group and contains an electroweak doublet
among its Goldstone bosons. In this case, the strong sector does not break
the electroweak symmetry in itself, its role being limited to produce a light
Higgs doublet. The low-energy effective description of the theory is there-
fore that of the Standard Model, with the difference that the Higgs doublet
is not an elementary field anymore, but a composite bound state from the
strong sector [120,121]. Being a Goldstone boson, the Higgs doublet is mass-
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less at tree-level and only enters the Lagrangian with derivative couplings,
hence being protected by a shift symmetry. A potential can then be gener-
ated radiatively by weak effects involving the exchange of gauge bosons and
fermions in the loops [26]. Due to the composite nature of the Higgs boson,
there is no hierarchy problem anymore. Above a certain energy scale, or
equivalently at very short distances, the Higgs boson does not exist in itself,
but only in terms of its constituent fermions.
As learnt from large-Nc considerations, the low-energy physics of the
strong sector is described by a non-linear σ-model of the form
L = f
2
4
Tr
(
DµΣ†DµΣ
)
+ . . . (3.119)
where Σ(x) is the Goldstone field, whose exact form is not specified yet.
Covariant derivatives include the electroweak gauge fields SU(2)W ×U(1)Y ,
and a fundamental requirement of the model is that Σ contains at least
one electroweak doublet with the hypercharge assignment of a Higgs boson.
Note that since the Higgs is not charged under the colour gauge group
SU(3)C , there is no need for the Σ(x) field to have colour interactions. The
non-linear σ-model (3.119) is not much different from the technicolor case,
with the exception that the scale f fixing the strength of the interaction
between Goldstone boson is now different from the electroweak scale v. A
mass term for the Goldstone field Σ(x) is forbidden by the shift symmetry,
and provided that the electroweak gauge group remains unbroken at the
scale f , the W± and Z0 gauge bosons, as well as the four components of
the complex Higgs doublet, all remain massless at this stage. In terms of
the symmetry groups, composite Higgs models require a global symmetry G
in the strong sector to be spontaneously broken to a subgroup H ⊂ G by a
condensate of (techni-)fermions. The number of Goldstone bosons appearing
in this process is given by the difference between the dimensions of the two
symmetry groups,
NG = dim (G)− dim (H) ≥ 4. (3.120)
As indicated, this number must be larger than four in order to contain at
least one Higgs boson among the Goldstone modes. In a model featur-
ing such a global symmetry breaking G → H, the Goldstone bosons are
parametrising excitations of the vacuum in the coset space G/H. A gauge
symmetry is assumed to be present in the strong sector, as a subgroup
G′ ⊂ G. The same spontaneous symmetry breaking which breaks G → H
might also break the gauge symmetry to a subgroup H′ of the unbroken
global symmetry group H. If H′ 6= H, i.e. if a part of the gauge symmetry is
broken by the vacuum of the strong sector, the gauge fields associated with
broken generators of G′ will become massive, with a mass fixed by the scale
f of the strong sector and by the strength of the gauge coupling. For each
gauge boson acquiring a mass, a Goldstone must be eaten and disappear
78
3.2. EWSB FROM A STRONGLY-INTERACTING SECTOR
from the low-energy spectrum. The number of massive gauge bosons, or
equivalently the number of eaten Goldstone bosons, is given by
N eatenG = dim
(G′)− dim (H′) ≥ 0. (3.121)
The number of physical Goldstone bosons remaining after spontaneous sym-
metry breaking in the strong sector — but before electroweak symmetry
breaking — is therefore
NphysG = NG −N eatenG = dim (G)− dim (H)− dim
(G′)+ dim (H′) ≥ 4,
(3.122)
and must be at least four in order to contain a Higgs doublet. Although in-
finitely many possible possibilities exist for the symmetry breaking pattern,
a reasonable choice must be dictated by simplicity, since the only particles
observed so far are those described by the Standard Model. This requirement
applies at two different levels. For gauge groups, it implies that the sym-
metry H′ surviving after spontaneous symmetry breaking is not larger than
necessary. For Goldstone bosons, the absence of observation of new light
scalars indicates that there might be only a Higgs doublet in the low-energy
spectrum, hence taking NphysG = 4. The elementary Higgs doublet of chap-
ter 2 is charged only under the electroweak gauge group, and it is therefore
natural to consider the minimal gauge sectorH′ = SU(2)W×U(1)Y . Follow-
ing the same argument, one could choose not to have any additional global
symmetry apart from the gauge group, choosing H = H′. The latter having
dimension four, our choice of the global symmetry group G is dictated by the
requirements that G contains SU(2)×U(1) as a subgroup and has at least di-
mension eight, and possibly not more. There is a simple Lie group satisfying
these wishes, namely G = SU(3). Choosing a gauge group G′ = SU(2)×U(1)
preserved by the spontaneous breaking of G, the theory described in this way
has four Goldstone bosons, all of them remaining physical after spontaneous
symmetry breaking. Their charge under the electroweak gauge group can
moreover be adjusted to match those of a Higgs doublet, and it seems at
first that this choice leads to a viable composite Higgs model. However, in
spite of its correct electroweak charge assignment, the doublet obtained in
this simplistic model has different symmetry properties than the Standard
Model Higgs boson, and would therefore lead to a different phenomenology.
The reason is that the global symmetry of the Standard Model Higgs sector
is not simply given by its SU(2) × U(1) gauge symmetry, but corresponds
actually to SO(4), or equivalently SU(2)L × SU(2)R (up to a Z2 parity).
While the importance of the global SO(4) symmetry is not straightforward
— it is broken both by gauge and Yukawa interactions — we have seen in
section 3.2.2 that its presence is indirectly implied by electroweak precision
measurements, since it acts as a custodial symmetry for the ρ parameter.
In other words, any realisation of the spontaneous symmetry breaking pat-
tern SU(3)→ SU(2)×U(1) would lead to unacceptable large corrections of
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the Tˆ parameter and be excluded by LEP data. As in technicolor models,
this issue can be cured by imposing the presence of a custodial symmetry
already in the strong sector of the theory, and ensuring that the vacuum
condensate do not break it [122]. This is realised in practice by requiring
H ⊃ SO(4). The minimal composite Higgs model enforcing custodial sym-
metry must then have H = SO(4), which is a group of dimension six, hence
requiring a global symmetry group G of dimension greater or equal to ten.
SO(5) is such a candidate. Indeed, the minimal composite Higgs model,
which will be described in much detail in section 3.3, is based on the coset
SO(5)/SO(4). Many other realistic models can be constructed in the same
way. Some of them reproduce similar features as the minimal supersymmet-
ric extension of the Standard Model, in the sense that they have two Higgs
doublets instead of one [123]. Other models can have additional singlets in
their low-energy spectrum [124]. Although no experimental evidence of the
latter has been found, such singlets cannot yet be excluded due to their very
mild couplings with gauge bosons and fermions. Note that in the case where
one or more singlets are much lighter than the Higgs boson, the decay of the
latter can be much affected, possibly even “burying” the Higgs signal into
QCD backgrounds at collider experiments [125, 126]. Such models are of
course now ruled out by the Higgs discovery. Additional Higgs-like scalars
which are not singlets but multiplets under the electroweak gauge group can
acquire a vacuum expectation value from a radiatively generated potential,
hence contributing to the electroweak form factors. In addition to direct
detection constraints, multiplets a have thus to face indirect bounds from
electroweak precision data. A non-exhaustive list of symmetry breaking pat-
terns yielding a Higgs boson protected by a custodial symmetry is given in
table 3.2. Note that apart from the simple cosets presented here, there is a
large freedom to build models out of product groups, some of them being
presented later in section 3.4.
The choice of a global symmetry breaking pattern is only the first step
towards the construction of a realistic composite Higgs model. The ques-
tion of whether the electroweak symmetry will then be broken by the ra-
diative corrections remains open and does not have a trivial answer. When
a subgroup G′ ⊂ G is gauged, not all vacua are equivalent. In general, the
true vacuum tends to align with the gauge symmetry preserving direction
[127, 128], which means that when the subgroup H is large enough to con-
tain the gauge group G′ = H′, then the latter is automatically preserved
even after a potential is generated at the loop level. Such a situation is
unsatisfactory, since the electroweak symmetry must eventually be broken
in order to generate a mass for the W± and Z0 gauge bosons. A solution
to this problem can appear once additional gauge groups are added into the
model. If the true vacuum state of the theory cannot preserve all of the
gauge group G′ at tree-level but only a subgroup SU(2) × U(1) of it, then
radiative corrections can break this remaining gauge symmetry further down
80
3.2. EWSB FROM A STRONGLY-INTERACTING SECTOR
G H NG R[H] R [SU(2)L × SU(2)R]
SO(5) SO(4) 4 4 (2,2)
SO(6) SO(5) 5 5 (2,2)⊕ (1,1)
SO(6) SO(4)× SO(2) 8 4+2 ⊕ 4−2 (2,2)⊕ (2,2)
SO(7) SO(6) 6 6 (2,2)⊕ (1,1)⊕ (1,1)
SO(7) G2 7 7 (2,2)⊕ (1,3)
SO(7) SO(5)× SO(2) 10 100 (2,2)⊕ (1,3)⊕ (3,1)
SO(7) [SO(3)]3 12 (3,2,2) (2,2)⊕ (2,2)⊕ (2,2)
Sp(6) Sp(4)× SU(2) 8 (4,2) (2,2)⊕ (2,2)
SU(5) SU(4)× U(1) 8 4−5 ⊕ 4+5 (2,2)⊕ (2,2)
SU(5) SO(5) 14 14 (3,3)⊕ (2,2)⊕ (1,1)
Table 3.2: Non-exhaustive list of cosets spaces G/H satisfying the require-
ments to contain at least one Higgs boson transforming as a bidoublet (2,2)
under SU(2)L×SU(2)R. The number of Goldstone bosons and their repre-
sentation under the unbroken group is indicated in each case. This table is
taken from ref. [123].
81
CHAPTER 3. COMPOSITE HIGGS MODELS
to the electromagnetic gauge group U(1) [129, 130]. The vacuum misalign-
ment is generated in this case by the new gauge bosons, which are however
heavy enough to remain undetected by experiments. An alternative to this
mechanism is provided by the top quark, whose large Yukawa coupling can
generate important radiative corrections to the scalar potential, hence gen-
erating by itself a misalignment of the true vacuum of the theory [131]. This
is the mechanism active in the minimal composite Higgs model of section 3.3.
Once the electroweak symmetry breaking is broken by radiative correc-
tions, the next problem arises. Since the condensate of (techni-)fermions
breaks the SU(2) × U(1) electroweak symmetry anyway, there is no valid
symmetry reason that can prevent the breaking G → H and SU(2)W ×
U(1)Y → U(1)em to happen at different scales. Equivalently, v and f should
naively be of the same order, which is obviously not acceptable, since the
success of the Standard Model is only recovered within composite Higgs
models in the limit v ¿ f , when all new physics decouples from the low-
energy effective description. The opposite limit v → f corresponds actually
to technicolor, where electroweak symmetry breaking is again a direct con-
sequence of the spontaneous symmetry breaking in the strong sector. These
two limits illustrates the fact that composite Higgs models are somehow a
continuous interpolation between the Standard Model with a Higgs boson
and a technicolor theory. The problem of generating naturally a large hier-
archy between v and f is better understood in terms of the Higgs potential,
V (H) = µ
2
2
H2 + λ
4
H4 +O (H6) (3.123)
where H = v + h is the Higgs field in the unitary gauge, later acquiring
a vacuum expectation value 〈H〉 = v. Both terms µ2 and λ are generated
radiatively by loops of gauge bosons, top quarks, or whatever new physics
enters the model. From a naive dimensional analysis perspective, it is ex-
pected that they are both proportional to the same loop factor κ, and to
the appropriate power of f obtained by dimensional arguments, namely
µ2 ≈ −κf2, λ ≈ κ. (3.124)
Neglecting terms of order H6 and higher in the Higgs potential, the elec-
troweak scale v and the physical Higgs boson mass are then given by
v2 = −µ
2
λ
≈ f2, m2h = −2µ2 ≈ 2κf2. (3.125)
While the loop factor κ can easily account for a light Higgs mass compared to
the strong scale f , naive dimensional analysis indicate that v is naturally of
order f . The required smallness of v with respect to f constitutes the little
hierarchy problem of composite Higgs models, and there are two possible
attitudes towards it. First, one can accept the idea that f lives at a scale
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not much higher than v, which can be obtained with a moderate amount of
tuning, and find a minimal realisation of the composite Higgs mechanism
whose deviations from the Standard Model will be important but acceptable.
The requirement of minimality is crucial in this case since the new physics
appearing at the scale f is readily testable by collider experiments. A second
approach consists in adding new symmetries to the model so as to protect the
size of the electroweak scale v from strong radiative corrections, effectively
reducing the size of the Higgs quadratic term µ2 compared to the quartic λ.
This is the goal of little Higgs models, discussed below in section 3.4.
The remaining issue to be discussed concerning the electroweak sector of
composite Higgs models is their effects on electroweak precision parameters.
Note first that due to the composite nature of the Higgs boson, its couplings
to the gauge bosons are slightly modified compared to the Standard Model,
as will be discussed below. As a consequence, the processes involving the
longitudinal components of gauge bosons are not fully unitarised by the ex-
change of the physical Higgs boson. However, the scale at which unitarity is
lost is pushed towards a higher energy compared to the Higgsless scenario,
and unitarisation is eventually completed at this higher scale by the vector
resonances of the strong sector. The implementation of a custodial sym-
metry guarantees the smallness of Tˆ , while Sˆ gets a contribution which is
formally the same as in technicolor, i.e. given by eq. 3.116, but effectively
less important due to the higher scale at which the strong dynamics needs
to appear. The mass mρ of the first resonance is in particular rescaled with
a factor of f/v compared to the technicolor scale, so that one has roughly
∆SˆCH ≈ v
2
f2
∆SˆTC. (3.126)
It can be seen again that the limit f → ∞ corresponds to the Standard
Model with a Higgs, for which the electroweak precision tests are fully satis-
fied. This limit is nevertheless unnatural, since it reintroduces the hierarchy
problem into the theory.
The success of the composite Higgs models in the gauge and electroweak
sector is incomplete if the models do not provide a successful description
of fermion mass generation. Since the low-energy spectrum of the theory
contains a Higgs doublet, an effective interaction can be written down which
reproduces exactly the Standard Model Yukawa interaction. This effective
term must originate from the strong sector, and must contain the Goldstone
field Σ(x), since its vacuum expectation value is the only source of elec-
troweak symmetry breaking in the theory. The transformation properties
of Σ(x) are however not those of a Higgs doublet, and the fermion mass
generation requires to use mechanism more involved than a direct Yukawa
interaction. There are in principle two ways of circumventing this issue. The
first possibility is to proceed as in technicolor models, by coupling a fermion
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bilinear to an operator of the strong sector,
Leff ⊃ y0 qLOqqqR. (3.127)
The quantum number of the operator Oqq are those of a Higgs boson, so that
a quadratic term of the form O†qqOqq cannot be forbidden in the effective
Lagrangian description. From its classical scaling dimension, it is clear that
the quadratic operator is relevant — it has a dimensionful coefficient —
and is therefore sensitive to the cutoff of the theory. The bound on the
four-fermion operators derived from the absence of flavour-changing neutral
currents are therefore hard to combine with the generation of quark masses
from a TeV-scale strong dynamics. Note that the situation can nevertheless
be better in this case than in technicolor models, due to the larger scale of
the strong dynamics in the limit v ¿ f . Such a mechanism could be use in
little Higgs models, but fails in the minimal composite Higgs models where
the ratio v/f is close to one.
The second possibility to generate quark and lepton masses is to use
linear couplings of the Standard Model fields to composite operators, in the
form
Leff ⊃ yL qLOR + yR qROL + h.c. (3.128)
yL and yR are here proto-Yukawa couplings, and OL and OR are fermionic
operators arising from the strong sector. Contrarily to the previous case,
no relevant operator can be built out of OL and OR, both of them having
a classical mass dimension of 5/2. Moreover, there are no simple quadratic
operators of the form OLOL, OROR or OLOR, since the former two are
vanishing due to spinor identities, while the latter is forbidden by gauge in-
variance, resulting from the fact that the left and right chiralities of Standard
Model fermions have different charges under the electroweak gauge group.
The lowest-dimension operators built out of OL and OR are OL/∂OL and
OR /∂OR, whose classical dimension is six, so that their scaling is irrelevant,
even for a large anomalous dimension. From the linear coupling (3.128), it
appears that the elementary Standard Model fermions are not eigenstates
of mass. The physical quark and leptons will therefore be a mixture of the
massless, elementary fields and of some heavy composite states with the
same quantum numbers, described as
|ψphys〉 = cosϕ |ψelementary〉+ sinϕ |ψcomposite〉. (3.129)
This mechanism carries the name of partial compositeness. The mixing
angles ϕ — one for each chirality of the Standard Model quarks and leptons
— are fixed by the relative size of the proto-Yukawa couplings yL and yR with
respect to the mass of the composite states entering the operators OL and
OR. In the absence of electroweak symmetry breaking, the light composite
state remain massless. It is only when an operator including OL, OR and
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the field Σ is added into the Lagrangian that masses for the Standard Model
fermions are generated. Note that as we already mentioned, the quantum
numbers of the field Σ does not allow to couple it directly to the composite
operators OL and OR. Nevertheless, the latter can be embedded into larger
operators as OL,R = PL,RO′L,R where PL,R are projectors onto a subgroup
of the global symmetry, in such a way that the Yukawa-like term
Leff ⊃ y∗O′LΣO′R + h.c. (3.130)
is allowed by the symmetries of the Lagrangian. Integrating out the heavy
composite states yields then an effective Yukawa interaction of the form
Leff ⊃ y∗ sinϕL sinϕR qphysL HqphysR . (3.131)
Note that contrarily to the mechanism of fermion mass generation in tech-
nicolor models, no hierarchy is needed in the composite sector within the
partial compositeness scenario. The fermion mass hierarchy can be intro-
duced purely at the level of the proto-Yukawa couplings. Note finally that
flavour-changing neutral currents can in principle be generated at tree-level
by the exchange of vector resonances, since the physical fermionic states
have a component from the strong sector. The relevant effective operator is
OFCNC =
g2ρ
m2ρ
sinϕi sinϕj sinϕk sinϕl (qiqj) (qkql) (3.132)
where gρ is a coupling between the first vector resonance ρ and the composite
fermions mixing with the elementary ones. Since the mixing angles are
directly related to the relative mass of the physical quarks and leptons with
respect to the strong scale, a large suppression factor for this operator is
automatically provided by the lightness of the Standard Model fermions.
The only processes which could have relevance for the current experimental
bounds are those involving third-generation quarks. The status of flavour-
changing neutral currents will be discussed in more detail within the minimal
composite Higgs model in section 3.3.5.
3.2.4 Warped extra-dimensions and holography
It was chosen explicitly in this thesis to stick to an effective description
of the physics of electroweak symmetry breaking, which involves describing
the physics in terms of operators most relevant at low energy, but also to
work exclusively in the 3 + 1 dimensional framework. The present section
is however a short diversion into the physics of extra-dimensional models.
Some of the features of composite Higgs models which may seem somewhat
unnatural — like the required spontaneous symmetry breaking patterns or
the mechanism of partial compositeness — have a very natural description
in the holographic picture. The current excitement about extra-dimensional
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physics is a consequence of a number of theoretical advances in the last
fifteen years. Additional space-like dimensions beyond the three experienced
in everyday’s life are well motivated by string theory, but the original idea
goes back to the theory of Kaluza and Klein nearly one century ago [132,133].
One of the key ingredients in this theory is that fields living in the bulk of
a five-dimensional manifold can be written in an effective way as a sum
over a tower of resonances on the four-dimensional boundary of it. This
process is called Kaluza-Klein decomposition. The presence of a massless
mode depends on the boundary conditions of the field. The infinite tower of
modes, with or without a massless component, is reminiscent of the infinite
tower of meson resonances in QCD, deduced from large-Nc considerations in
section 3.1.2. Indeed, it has been postulated that there is a correspondence
between a quantum field theory on a slice of anti-de-Sitter space and a
different, conformal field theory defined in one less space dimension [134,
135, 136]. The so-called AdS/CFT correspondence was first observed in a
particular realisation of a string theory model and is conjectured to hold
in a more general framework. In particle physics, the correspondence is
mostly used to gain information on (nearly-)conformal four-dimensional field
theories in the strong regime where perturbative methods are useless. The
power of the correspondence is to allow for explicit computations in the
five-dimensional dual theory. Extra-dimensional theories reproducing the
low-energy spectrum of QCD have been looked for [137, 138, 139], and the
special use of the correspondence in this case is often denoted by AdS/QCD.
Pion form factors are reproduced with good accuracy within this class of
models [140,141], and baryon also emerge in this picture, with the enormous
advantage that they belong to the perturbative regime of the theory, as will
be discussed in more detail in section 4.2.6.
The presence of extra-dimensions has also a very appealing consequence
for the physics of electroweak symmetry breaking. Considering the low-
energy physics described by the Standard Model to be confined onto a four-
dimensional brane inside a five-dimensional manifold [142] can naturally
explain the weakness of the gravitational force compared with the gauge
interactions present in particle physics, since gravity automatically propa-
gates in all physical dimensions — the space-time dimensions being actually
defined by the metric tensor [143, 144]. The behaviour of gravity in four
dimensions is however tested with great accuracy on large distances, and
indicates therefore that the extra-dimensions must be compact and of very
small size to be in agreement with observations. The latter assumptions can
actually be relaxed if the metric of the additional space dimensions is not
flat but rather warped. This happens in particular in anti-de-Sitter spaces
entering the AdS/CFT correspondence. Gravity being defined in the bulk
of the extra-dimension, the effective value of the Planck scale appears much
reduced in the four-dimensional theory. Due to the exponential form of the
five-dimensional anti-de-Sitter metric, the suppression is actually exponen-
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tial as well, so that the cutoff of the four-dimensional theory induced by
quantum gravitational effects may be as low as the TeV scale, and there is
no hierarchy problem as defined in section 2.4.3 [145]. An equivalent for-
mulation of this mechanism is that the electroweak scale is generated close
to the Planck scale in the extra-dimensional theory, but appear as low as it
is in nature due to the warped form of the fifth dimension. Note that this
solution of the hierarchy problem does not actually rely on the size of the ad-
ditional dimension, but rather on its curvature, such that extra-dimensions
of infinite size are plausible as well [146].
Warped extra-dimensional models seem therefore to represent a third
solution to the hierarchy problem after supersymmetry and strong dynam-
ics, but are actually likely to be only a dual description of the latter. As
mentioned already, fields living in the bulk of the five-dimensional space can
be decomposed in Kaluza-Klein modes, i.e. the component of their wave-
function along the fifth-dimension can be integrated out, and they look
eventually like composite objects in the effective four-dimensional descrip-
tion. Zero-modes appear as massless particles and correspond to the Gold-
stone bosons in a strongly-coupled theory language, while massive modes
form a tower resonances like the vector mesons. The dependence on the
fifth dimension has similar effects than the composite nature of mesons in a
strongly-coupled theory. Their properties can both be described effectively
in terms of energy-dependent form factors. In addition to the bulk fields,
extra-dimensional models might contain fields confined to the boundaries of
the 5D space. They correspond to elementary fields in the 4D description.
In terms of symmetries, the gauge symmetry which might be present in the
5D bulk appears as well in the 4D theory as a global symmetry group G,
using the notation defined above. Depending on the boundary conditions
on the UV brane, a part of it can be preserved at all energy scales and
corresponds therefore to a true local symmetry of the 4D theory, namely
the gauged subgroup G′ ⊂ G. The part of the symmetry which is broken
by the UV boundary conditions is only a global symmetry of the strongly-
coupled theory. A different subgroup of G can be broken by the boundary
conditions on the IR brane, so that only the subgroup H ⊂ G is preserved at
low energies. Although it is not straightforward that the explicit breaking
G → H by IR boundary conditions corresponds effectively to a mechanism
of spontaneous symmetry breaking in 4D, it is actually always possible to
describe this process by considering a scalar field which acquires a vacuum
expectation value [147].
From this perspective, five-dimensional models of electroweak symmetry
breaking can easily be built and have an effective 4D description similar
to technicolor theories, but they extend their predictivity in the sense that
important information on the strong sector of the theory can be derived
directly from computations within the 5D framework. The longitudinal
polarisations of the W± and Z0 are provided in this case by the zero-mode
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of some gauge bosons living in the bulk, and the designation of gauge-Higgs
unification is often used in this context, and the resulting 4D theory is
effectively Higgsless [148]. The unitarity in scattering processes of gauge
bosons is restored by the Kaluza-Klein tower of the same 5D gauge bosons
[147]. Like in technicolor models, an important tension arises however when
considering electroweak precision tests. Provided that a custodial symmetry
is present, the parameter Tˆ is kept at a low level [149], but the lightness of
the first Kaluza-Klein modes required to unitarise the effective theory give
a large contribution to the Sˆ parameter.
The solution to this problem is to impose 5D boundary conditions wisely
so as not to break the electroweak symmetry directly. An elementary scalar
field confined to the IR brane or living close to it play eventually the role of
the Higgs doublet and breaks the electroweak symmetry due to a potential
generated purely in the weak regime. This scenario has an effective 4D
description which matches exactly the definition of composite Higgs models
given in the previous section [150]. Note that the large mass hierarchy of
fermions finds an interesting explanation in terms of the overlap of their
wavefunction with that of a Higgs field along the fifth dimension. More
generally, the localisation of a field in the bulk fixes the anomalous dimension
of the corresponding operator in the 4D conformal theory. Finally, note that
unlike in the original conjecture, the strongly-coupled theory must not be
exactly conformal at all energy levels and deviations from a pure anti-de-
Sitter metric in 5D can actually lead to interesting effects. While AdS/QCD
models are mostly independent on the warping factor of the metric [151],
the latter affects the electroweak precision observables in extra-dimensional
realisations of the Standard Model with a composite Higgs boson. A rather
generic suppression of the Sˆ and Tˆ parameters is observed, up to the point
in which the necessity of imposing a tree-level custodial symmetry into the
theory disappears [152,153,154].
3.2.5 Effective theory approach
Going back to the four-dimensional description, the low-energy phenomenol-
ogy of composite Higgs models is better examined with the tools of effec-
tive field theory. There is a variety of specific models which feature the
Higgs as a composite, pseudo-Goldstone boson as described in section 3.2.3.
Many predictions of these composite Higgs models are actually generic and
can be studied in a model-independent approach. The effective field theory
framework is particularly well-suited for this purpose, since composite Higgs
models possess a mass gap between the electroweak scale v and the strong
scale f , which motivates to integrate out the new physics beyond the Stan-
dard Model particles and the composite Higgs boson in order to study the
phenomenological implications at and below the weak scale. The procedure
is to write down all possible operators involving only Standard Model fields
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and the Higgs doublet, and to use information from symmetry arguments
and from our limited knowledge of the strong sector to estimate the size
of their coefficients. Operators with the lowest classical scaling dimension
play the most important role. As discussed already in section 2.5.1, the only
operator of dimension five is the one of eq. (2.91), giving a mass to the neu-
trino. Going up to dimension six, many more operators are present [155].
Not all of them are relevant to the description of composite Higgs mod-
els. The discussion will be focused on deviations from the Standard Model,
which arise in the low-energy sector mostly from the composite nature of
the Higgs doublet [156]. The parametrisation used in the following is the
so-called strongly-interacting light Higgs Lagrangian [157], which is a com-
plete effective description of the Higgs physics relying on a small number of
assumptions.
The first fundamental assumption is that the theory contains a scalar
doublet with the quantum numbers of a Higgs field, which is moreover an
exact Goldstone in the limit of vanishing Standard Model gauge and Yukawa
couplings. As a consequence, the strength of operators involving only the
Higgs doublet H is fixed by a unique parameter, which can be taken as
the constant f entering σ-model parametrisation. Due to the shift symme-
try associated with the Goldstone nature of the Higgs doublet, the latter
can enter the Lagrangian only through the linear combination
(
H†H
)
or
through derivative terms of the form (H†
←→
D µH) = (H†DµH −DµH†H) or
(DµH†DµH). Any other use of the Higgs field is prohibited. For example,
there is no operator
1
Λ2
(
H†σiH
)
W iµνB
µν , (3.133)
which would in principle be allowed by the global and gauge symmetries
of the Standard Model, but breaks the shift symmetry of the Higgs boson.
Note that this operator would give a tree-level contribution to the parameter
Sˆ, and it size is therefore very much constrained by electroweak precision
data. This argument shows the crucial importance of the Goldstone nature
of the Higgs.
The second model-independent assumption on which the construction
of the effective Lagrangian relies is that the effects of new physics in the
strong sector beyond the composite Higgs can be described by a single mass
scale mρ. The notation for this scale is a remnant of QCD-like theories,
where the lightest state of the strong sector is the ρ vector meson resonance.
In general, mρ needs not be associated with a vector resonance, but the
latter is favoured since the new physics must somehow complete the partial
unitarisation of W± bosons scattering initiated by the Higgs. mρ can be
related to the scale f by the introduction of a coupling
mρ = gρf, (3.134)
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where gρ denotes generically the coupling strength of the strong sector to
the Goldstone bosons. Note that the description of the Goldstone sector in
terms of a non-linear σ-model is valid up to the scale Λ ≈ 4pif , at which new
physics must appear. It is therefore legitimate to assume an upper bound
for the strong coupling, gρ . 4pi.
The effective Lagrangian can now be written down under these assump-
tions. Operators of dimension four form the renormalisable, Standard-
Model-like part of the Lagrangian,
L = DµH†DµH + µ2
(
H†H
)
− λ
(
H†H
)2 − (yf fLHfR + h.c.) . (3.135)
The covariant derivatives of the Higgs doublet involve as usual the SU(2)W
and U(1)Y gauge bosons. The constant yf is the fermion Yukawa coupling
defined as yf =
√
2mf/v. There is in principle one such coupling for each
quark and lepton, but only the top mass will be relevant in the present
discussion. µ2 and λ are here the Higgs quadratic and quartic coupling
respectively, corresponding in terms of physical quantities to µ2 = m2h/(2v)
and λ = m2h/(2v
2). Note that the Goldstone shift symmetry forbids in
principle a potential for the Higgs at tree-level, but that radiative corrections
induced by gauge fields and by the top quark must eventually induce a
quadratic and a quartic term for the Higgs doublet. Dimension-six operators
can similarly be built following the rules established above, and one finds
the following list of operators:
OH = cH2f2∂µ
(
H†H
)
∂µ
(
H†H
)
,
OT = cT2f2
(
H†
←→
D µH
)(
H†
←→
D µH
)
,
Or = cr2f2
(
H†H
)(
DµH
†DµH
)
,
Oλ = −c6λ
f2
(
H†H
)3
,
Of = cy yf
f2
(
H†H
) (
fLHfR
)
+ h.c.,
OW = icW g2m2ρ
(
H†σi
←→
D µH
) (
DνW iµν
)
, (3.136)
OB = icB g
′
2m2ρ
(
H†
←→
D µH
)
(DνBµν) ,
OHW = i cHW g16pi2f2
(
DµH†σiDνH
)
W iµν ,
OHB = i cHB g
′
16pi2f2
(
DµH†DνH
)
Bµν ,
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Oγ = cγ g
′2
16pi2f2
g2
g2ρ
(
H†H
)
BµνB
µν ,
Og = cg g
2
S
16pi2f2
y2t
g2ρ
(
H†H
)
GaµνG
µν a.
All available information from the strongly-coupled nature of the theory is
used in the definition of each operator and the coefficients ci are thus ex-
pected to be of order unity, unless an additional symmetry protects them.
The first five operators OH , OT , Or, Oλ and Of arise as a consequence
of the strongly-interacting nature of the Higgs boson, and come therefore
directly from the expansion of the non-linear σ-model field Σ(x). Since they
are all issued from Standard model operators with two additional Higgs in-
sertions, their suppression factor is naturally 1/f2. OH , OT and Or are
generated by the kinetic term of the non-linear σ-model and contain there-
fore no additional coefficients, while Oλ and Of are proportional to the
coupling constants of the corresponding Standard Model operators with two
Higgs fields less. Note that these five operators are not linearly independent
in the general definition above. Under a field redefinition
H →
[
1 + α
(
H†H
)
/f2
]
H, (3.137)
the modification of the renormalisable Lagrangian (3.135) induces a change
in the coefficients
cH → cH + 2α, cr → cr + 4α, c6 → c6 + 4α, cy → cy − α. (3.138)
This symmetry can be used for example to eliminate the operator Or. How-
ever, the most general basis including Or as been proved useful for practical
purposes [158]. The remaining six operators in eq. (3.136) are not gener-
ated by the σ-model Lagrangian, but involve the exchange of heavy particles
at the tree- or loop-level and are thus proportional to the parameters mρ
and gρ of the strong sector. The tree-level exchange of a vector resonance
can in particular generate OW and OB, so that their coefficients are simply
suppressed by the inverse of the mass of the resonance, 1/m2ρ. In general
the same tree-level exchange could give rise to OHW and OHB as well, but
the latter two operators contribute respectively to the gyromagnetic ratio
(g − 2) of the W± gauge boson and to the coupling of an on-shell photon
to neutral states, and such interactions are usually absent at tree-level in
the most simple theories. This assumption is not universal, but is valid in
the case of holographic composite Higgs models as well as in little Higgs
models. Starting at the loop level, the suppression factor is then 1/(4pif)2.
Note that for a maximal value gρ = 4pi of the strong coupling, there is no
difference between the suppression factors from tree-level exchange of a ρ
meson and from a loop process.The last two operators, Oγ and Og, cannot
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be generated at tree-level since the Higgs bilinear term
(
H†H
)
is uncharged
under the electroweak gauge group. They are however generated by loops
of fermions (for both of them) and gauge bosons (only for Oγ). In addi-
tion, since the electroweak symmetry breaking is only generated by weak
corrections from the low-energy sector, only elementary Standard Model
fields contribute to the loop processes, and an additional suppression factor
of gSM/gρ enters the coefficient of these two operators. This suppression
factor can be important if gρ is large.
The effective formalism derived here can easily be related to physical
observables. This is valid for the phenomenology of the Higgs boson, which
will be discussed in the next section, for flavour physics, and most straight-
forwardly for electroweak precision observables. The parameter Tˆ is actually
directly related to the operator OT through the relation
∆TˆSILH = cT
v2
f2
, (3.139)
and the experimental bounds derived in section 3.2.2 can be directly turned
into a bound on the coefficient cT , whose unnatural size indicate that an
additional symmetry must be present in the model. The latter is exactly
the custodial symmetry introduced above. If such a symmetry is present,
the operator OT is not generated at tree-level, but can still be non-zero due
to loop processes. Naive dimensional analysis indicate a reduction
cT → cT4pi2
y2t
g2ρ
. (3.140)
As mentioned already, there is no contribution to the parameter Sˆ coming
directly from the strong nature of the Higgs boson. Heavy vector meson
exchanges can nevertheless generate an important tree-level contribution,
as in technicolor models. The relevant operators are OW and OB, and we
have
∆SˆSILH = (cW + cB)
m2W
m2ρ
. (3.141)
Note that this contribution is exactly equal to the technicolor case given in
eq. (3.116) when the coefficients are fixed to cW = cB = 1 as expected by
naive dimensional analysis and when the strong sector has a chiral symmetry
implying ma = mρ. Effects induced by the mass differences ma 6= mρ can
be enclosed in the effective theory approach into the coefficients cW and cB.
Another physical effect with direct experimental consequences is the de-
cay of the Higgs boson into two real photons. The definitions (3.136) were
chosen so that the operators OW , OB, OHW and OHB do not contribute to
the process h → γγ, so that only Oγ is relevant for it. An estimate of this
decay can be made in the framework of the low-energy theorem, which will
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be presented in the next section in the different context of Higgs production
through gluon fusion [2].
Note that the list of operators in eq. (3.136) is not complete. An operator
including four derivatives of the Higgs field was for example omitted, since
its effects are irrelevant to the energy ranges tested by present and near-
future experiments. Additional operators including derivatives of the field
strength tensors W aµν and Bµν were neglected as well. The later are also
expected to give a subleading contribution to observables processes, but
could nevertheless be relevant to electroweak precision tests through the
parameters W and Y defined in eq. (3.111) and (3.114).
The coefficients in eq. (3.136) can be related to the parametrisation of
chapter 2, given in eq. (2.66), (2.67) and (2.68) in terms of the parame-
ters a, b, c, . . . The latter were introduced to parametrise the interactions of
a scalar field h, which, like an elementary Higgs boson, has the quantum
numbers of the vacuum. Since the low-energy spectrum of our effective de-
scription contains in addition to the Standard Model particles only a light
composite Higgs, the two parametrisations are equivalent under the identi-
fication
a = 1− 14 ξ (2cH − cr) ,
b = 1− ξ (2cH − cr) ,
c = 1− 12 ξ (cH + 2cy) ,
c2 = −12 ξ
(
cH + 3cy + 14cr
)
,
d3 = 1 + ξ
(
c6 − 32cH − 14cr
)
,
d4 = 1 + ξ
(
6c6 − 253 cH − 116 cr
)
,
(3.142)
where the dimensionless parameter ξ is defined as
ξ =
v2
f2
. (3.143)
ξ plays a fundamental role since it describes the strength of deviations from
the Standard Model with an elementary Higgs boson. Eq. (3.142) makes
it evident that the limit ξ → 0 (or equivalently f → ∞) is nothing but
the Standard Model, as defined by the special choice of parameters a =
b = c = d3 = d4 = 1 and c2 = 0. Any deviation from these values in
eq. (3.142) is proportional to the parameter ξ. In the opposite limit ξ = 1 or
v = f , corresponding to technicolor, all parameters are getting corrections
of order one, and the scalar field h does not have any of the characteristics
of a Standard Model Higgs boson. Note that all linear combinations of the
coefficients in eq. (3.142) are invariant under the shift symmetry (3.137).
This notation also shows that in the case of a composite Higgs models, the
coefficients a and b describing the Higgs interactions with gauge bosons have
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the same origin in the strong sector, since their deviations from the Standard
Model are scaling proportionally to each other.
Let us conclude this section with an important remark. The electroweak
scale v ∼= 246 GeV which was used throughout this thesis is defined from
the experimental measurement of Fermi’s constant GF in leptonic processes
at LEP, and corresponds to
v =
(√
2GF
)−1/2
. (3.144)
It is therefore related to the mass of the W± gauge boson by the tree-level
relation mW = gv/2, which gets however corrected at the loop level. It
should be stressed here that v is in this sense not directly related to the
vacuum expectation value of the Higgs field H. Working in a general basis
where cr 6= 0 and in the unitary gauge
H =
1√
2
 0
H
 , (3.145)
the relation between 〈H〉 and v is given by
v2 = 〈H〉2
(
1 +
cr
4
〈H〉2
f2
)
. (3.146)
Similarly, the kinetic term for the field h is not necessarily properly nor-
malised. The dimension-six operators (3.136) introduce a correction to the
renormalisable part (3.135) of the Lagrangian given by
∆Lh kin = 12f2
(
cH +
cr
4
)
(〈H〉+ h)2 ∂µh∂µh. (3.147)
At leading order in v/f , this term can be eliminated by the non-linear field
redefinition
h→ h− v
2
2f2
(
cH +
cr
4
)(
h+
h2
v
+
h3
3v2
)
. (3.148)
Alternatively, one can use the freedom of the shift symmetry (3.137) to fix
the coefficients such that cH + cr/4 = 0. Note that the latter equality is
automatically realised in the non-linear σ-model description of a composite
Higgs, for which the physical Higgs field h is canonically normalised at all
orders in v/f .
3.2.6 Higgs low-energy theorem
Before constructing an explicit realisation of the composite Higgs idea, the
maximum amount of information should be extracted from model-independent
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considerations. The effective theory framework discussed here is the appro-
priate tool to do so. The phenomenology of composite Higgs models is in
principle not very dramatic. Indeed, the theory is built such that the low-
energy physics mimics the Standard Model in the decoupling limit. All the
light particles are (mostly) elementary fields, and no severe deviations from
Standard Model predictions are expected to be seen. The notable excep-
tion to this rule is the Higgs doublet, which is light but is nevertheless a
composite object belonging to the strong sector of the theory. The effects
of the Higgs compositeness can be noticed in electroweak precision tests,
via the longitudinal polarisation of the gauge bosons, as discussed already.
The other observables where significant deviations from the Standard Model
could be observed are those involving the physical Higgs boson. In the Stan-
dard Model, for a light Higgs mass below the threshold for W± boson pair
production, the decay width of the Higgs boson is small compared to its
mass, so that the Higgs appears as a narrow resonance and its production
and decay can be examined as separated processes. This behaviour is well
reproduced in composite Higgs models. Electroweak precision observables
indicated that the Higgs boson must be light, so that its decay can only
proceed through particle lighter than the W± gauge boson, which are all
very much like in the Standard Model. A possible exception to this rule is
when additional Goldstone bosons lighter than the Higgs are present in the
spectrum, as mentioned already. In all other cases, significant deviations
from the Standard Model are only likely to occur in the Higgs production
mechanism. At the LHC, Higgs single and pair production are dominated
by gluon fusion processes, which involve a loop of fermions. Contrarily to
its decay, heavy fermions contribute the most to Higgs production, so that
large deviations from the Standard Model could in principle be expected.
The study of Higgs production via gluon fusion is made possible in a
model-independent framework by the use of the low-energy theorem [159,
160]. The interactions of the physical Higgs boson with gluons, mediated
by loops of heavy coloured particles, can be obtained by treating the Higgs
H as a background field and taking the field-dependent mass of each heavy
particle as a threshold for the running of the QCD gauge coupling. Assuming
heavy particles pi to transform in the fundamental representation of SU(3)C ,
one obtains, after they are integrated out, the following effective Lagrangian
Leff = g
2
S
64pi2
GaµνG
µν a
∑
pi
δbpi logm
2
pi(H), (3.149)
where δb = 2/3 if the particle pi is a Dirac fermion, and δb = 1/6 if it is
a complex scalar. In composite Higgs models, the only relevant effects are
those of the heavy fermion sector, which includes the top quark and new
states required by the partial compositeness mechanism. By expanding the
field-dependent masses of the heavy particles around the vacuum expecta-
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tion value 〈H〉, the couplings of the Higgs boson to gluons, mediated by
loops of heavy fermions, is obtained as
Lhngg = g
2
S
96pi2
GaµνG
µν a
(
A1h+
1
2
A2h
2 + . . .
)
, (3.150)
where the coefficients An are defined as
An =
[
∂n
∂Hn
log detM2(H)
]
〈H〉
, (3.151)
M is the heavy fermion mass matrix and M2 is a shorthand notation for
M†M. Equivalently, the first two coefficients in the expansion can be writ-
ten as
A1 =
1
〈H〉
[
∂
∂(logH)
log detM2(H)
]
〈H〉
, (3.152)
A2 =
1
〈H〉2
[(
∂2
∂(logH)2
− ∂
∂(logH)
)
log detM2(H)
]
〈H〉
. (3.153)
In the Standard Model, only the top quark contributes with M(H) =
mt(H) = ytH/
√
2,12 so that eq. (3.150) can be rewritten at all orders in
h as [161]
Lhngg = g
2
S
48pi2
GaµνG
µν a log
(
1 +
h
v
)
. (3.154)
The corresponding gauge-invariant operator GaµνG
µν a log(H†H) is the gen-
eric contribution associated with a chiral fermion. The lowest-order operator
arising from vector-like fermions is instead GaµνG
µν aH†H. The effects of
these two different operators on double Higgs production are discussed in
ref. [162].
In composite Higgs models, both the top quark and the heavy composite
fermions give a contribution to the low-energy theorem. Working in the
effective formalism of the previous section, one has to face the difficulty that
the top is present as fundamental particle state in the effective theory, while
the effects of composite fermions are already integrated out and enclosed
in the operator Og in eq. (3.136). Due to the presence of a logarithm in
eq. (3.149), the determinant detM2(H) can however be split into a sum of
two pieces,
log detM2(H) = logm2t (H) + log detM2comp(H). (3.155)
The mass of the top quark is given in the effective formalism by
mt(H) =
ytH√
2
(
1− cy H
2
2f2
)
. (3.156)
12The contribution from the bottom quark is non-negligible but cannot be computed
using the low-energy theorem due to the smallness of its mass.
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In addition to the contribution from the top quark, computed explicitly
from the expression above, the remaining fermionic states generate a term
proportional to the coefficient cg, and one has finally, at leading order in
v2/f2,
1
2
(
∂
∂(logH)
log detM2(H)
)
H=v
= 1− cy v
2
f2
+ 3cg
y2t v
2
m2ρ
, (3.157)
1
2
((
∂2
∂(logH)2
− ∂
∂(logH)
)
log detM2(H)
)
H=v
= −1− cy v
2
f2
+ 3cg
y2t v
2
m2ρ
.
(3.158)
Note that the implicit expressions containing the determinant are in prac-
tice more useful than the explicit ones written in terms of cy and cg, be-
cause using the former avoids diagonalising the heavy fermion mass ma-
trix, a rather complicated task in presence of multiple top partners. An
additional subtle point has to be addressed. In eq. (3.150), it has been as-
sumed that h is canonically normalised, which is actually not the case in
the general parametrisation made above. The canonical normalisation of
the Higgs boson is obtained at leading order in v2/f2 by performing the
transformation (3.148), which yields the effective coupling of the Higgs to
two gluons [163,158]
Lhgg = g
2
S
48pi2
GaµνG
µν a h
v
[
1
2
(
∂
∂(logH)
log detM2(H)
)
H=v
− cH
2
v2
f2
]
,
(3.159)
and the corresponding term with two Higgs bosons
Lhhgg = g
2
S
96pi2
GaµνG
µν a h
2
v2
(3.160)
·
[
1
2
((
∂2
∂(logH)2
− ∂
∂(logH)
)
log detM2(H)
)
H=v
− cr
4
v2
f2
]
.
Putting everything together, the effective Higgs to gluons couplings read
Lhgg = g
2
S
48pi2
GaµνG
µν a h
v
[
1−
(
cy +
cH
2
) v2
f2
+ 3cg
y2t v
2
m2ρ
]
, (3.161)
Lhhgg = g
2
S
96pi2
GaµνG
µν a h
2
v2
[
−1−
(
cy +
cr
4
) v2
f2
+ 3cg
y2t v
2
m2ρ
]
. (3.162)
Equivalently, neglecting the effects of the strong sector suppressed by 1/m2ρ,
the top loop contribution can be written in terms of the parametrisation of
chapter 2, using the relations (3.142)
Lhgg = g
2
S
48pi2
GaµνG
µν a h
v
c, Lhhgg = g
2
S
96pi2
GaµνG
µν a h
2
v2
(
2c2 − c2
)
.
(3.163)
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Figure 3.14: One-loop diagram contributing to the single Higgs production
via gluon fusion at the LHC. All fermions carrying a colour charge can run
into the loop.
In this last expression, the first term comes from the triangle top loop of
fig. 3.15 (b), whereas the second corresponds to the box diagram of fig. 3.15 (c).
Single Higgs production via gluon fusion proceed through the diagram
of fig. 3.14, where all fermions charged under SU(3)C contribute in the
loop. Compared to the Standard Model, the process in composite Higgs
model is modified by two effects: first the coupling of the Higgs to the
top quark is modified, which give the contribution scaling with c in the
computation above; second, the composite fermions running in the loop give
an additional contribution to the process, whose strength is proportional to
the coefficient cg in eq. (3.161). It has been shown however that in explicit
constructions the gg → h cross section is insensitive to the details of the
heavy fermion spectrum, i.e. does not depend on the couplings and masses
of composite states, but only on the ratio v/f [164, 158,165,166]. This was
found to be true both in models with partial compositeness and in little
Higgs theories. In fact, although the top Yukawa coupling receives a wave
function renormalisation correction which depends on composite couplings,
this contribution is exactly cancelled by the loops of extra fermions, leading
to a dependence of the gg → h rate only on v/f . This also implies that the
cross section can be obtained by simply multiplying the SM one by c2, where
c is the rescaling of the top Yukawa coming only from the nonlinearity of
the σ-model, and neglecting corrections due to fermionic resonances. The
cancellation arises due to the fact that the determinant of the heavy fermion
mass matrix takes the form
detM2(H) = F (H/f) · P (λi,mi, f) , (3.164)
where F is a function satisfying F (0) = 0, since the top becomes massless
in the limit of unbroken electroweak symmetry, and P is a polynomial of
the composite couplings λi and masses mi, but independent of H. It is
then immediate to see that the hgg coupling in eq. (3.159) does not depend
on masses and couplings of the resonances. The origin of the factorisation
(3.164) was explained in the context of partial compositeness by means of a
spurion analysis [166]. Such a factorisation can break down if the top mixes
with more than one composite operator, leading to a dependence of the
hgg vertex on composite couplings. Nevertheless it holds in most explicit
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constructions, including little Higgs models. Still, the independence of the
hgg vertex on the composite couplings (collectively denoted by λi) is only
valid in the approximation of the low-energy theorem, and corrections due
to finite fermion mass effects are expected. We can estimate their size in a
simple way. Assuming for simplicity the presence of only one top partner T
whose mass dependence can be written at leading order in v2/f2 as
mT (H) = λT f
(
1 + aT
H2
f2
)
, (3.165)
where aT and λT are unknown numerical parameters. The hgg coupling
reads then
Lhgg = g
2
S
48pi2
GaµνG
µν a h
v
[
1−
(
cy +
cH
2
− 2aT
) v2
f2
+∆
]
, (3.166)
where ∆ indicates additional dependence on the spectrum of heavy fermions
beyond the low-energy theorem approximation. The top loop diagram can
be computed explicitly, using the expression of the top Yukawa coupling
(mt/v)
(
1− (cy + cH/2)v2/f2
)
. Retaining the first subleading term in the
1/m2t expansion, which is the leading correction to the low-energy theorem
in the limit mT À mt, one finds
∆ =
7
120
m2h
m2t
[
1−
(
cy +
cH
2
) v2
f2
]
, (3.167)
where we have fixed the energy of the process to sˆ = m2h. The independence
of the hgg vertex of the composite couplings λi relies on the fact that cy−2aT
is itself independent of them, as indicated by the determinant of the mass
matrix
detM2(H) = y
2
t λ
2
T
2
f2H2
[
1− (cy − 2aT ) H
2
f2
]
. (3.168)
If this is the case then the dependence of the hgg vertex with respect to the
λi is due only to the term ∆, and we can estimate the sensitivity of the cross
section on finite mass effects to be
δσ(gg → h)
σ(gg → h)SM ≈
7
60
m2h
m2t
v2
f2
∼= 0.06 v
2
f2
(3.169)
where in the last equality we assumed mh = 125GeV. Corrections to the
low-energy theorem are therefore expected to be very small even for a large
value of the ratio v2/f2. This estimate will be confirmed in section 3.3.6,
where the gg → h cross section will be computed in an explicit model
retaining the full mass dependence.
Within the SM, double Higgs production via gluon fusion received in-
terest mainly because it is sensitive to the trilinear Higgs self-coupling [167,
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(a) (b) (c)
Figure 3.15: One-loop diagrams contributing to the Higgs pair production
via gluon fusion at the LHC. Only one kind of fermion can run into the
triangle loops in (a) and (b) since the strong interaction is diagonal in the
mass basis, while two different kind of fermions can participate to the box
diagram (c), as denoted by a single and a double line.
168,169,170] shown in fig. 3.15 (a). In composite Higgs models, the process
gg → hh is affected essentially in two ways. First, the nonlinearity of the
strong sector gives rise to a ffhh coupling and thus to a genuinely new
contribution to the amplitude; the corresponding diagram of fig. 3.15 (b) is
absent in the Standard Model. Second, one should take into account the
effects of top partners, which include also new box diagrams involving off-
diagonal Yukawa couplings, as illustrated in fig. 3.15 (c). A first study of
gg → hh in composite Higgs models, neglecting top partners, was performed
in ref. [171], where it was found that an enhancement of the cross section
is possible due to the new tthh coupling (see also ref. [172] for an earlier
study in the context of little Higgs models). A model-independent study of
the process in terms of the parameters a, b, c, . . . of chapter 2 and neglect-
ing again the effects of top partners shows that the Higgs pair production
cross-section is very sensitive to the the coefficient c2 parametrising the tthh
coupling [173]. The effects of top partners in double Higgs production via
gluon fusion are however important, especially since a light composite Higgs
seems to be tightly correlated with the presence of light top partners [174],
and were included for the first time in ref. [2].
Within the framework of the low-energy theorem where all heavy fermions
are integrated out, the amplitude for Higgs pair production is given by the
sum of two diagrams, one with the effective hgg coupling followed by a tri-
linear Higgs coupling, and the second involving the effective hhgg coupling
directly. The result can then be written as
ALET (gg → hh) = αS3piv2 δ
ab (pν1p
µ
2 − p1 · p2 gµν) CLET(sˆ), (3.170)
where p1 and p2 denote the momenta of the incoming gluons, the indices a
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and b are colour indices and the coefficient CLET(sˆ) is defined as
CLET(sˆ) =
3m2h
sˆ−m2h
[
1
2
(
∂
∂(logH)
log detM2(H)
)
H=v
+
(
c6 − 2cH − cr4
) v2
f2
]
+
1
2
((
∂2
∂(logH)2
− ∂
∂(logH)
)
log detM2(H)
)
H=v
− cr
4
v2
f2
=
3m2h
sˆ−m2h
[
1−
(
cy − c6 + 2cH + cr4 − 3cg
y2t
g2ρ
)
v2
f2
]
−
[
1 +
(
cy +
cr
4
− 3cg y
2
t
g2ρ
)
v2
f2
]
(3.171)
with sˆ = (p1 + p2)
2 denoting the partonic centre-of-mass energy. Note that
as expected, the combinations cy−c6+2ch+cr/4 and cy+cr/4 are invariant
under the reparametrisation in eq. (3.137). For v2/f2 → 0, the Standard
Model result in the limit of large top mass is correctly reproduces [175,176]:
CSMLET(sˆ) =
3m2h
sˆ−m2h
− 1. (3.172)
The low-energy theorem result (3.171) also indicates that in models where
the factorisation (3.164) of detM2 holds, the gg → hh cross section is
insensitive to the details of the composite sector, due to a cancellation similar
to the one present in single Higgs production. The equivalent of eq. (3.171)
can also be computed using the effective formalism of chapter 2, where the
effects of top partners are not taken into account, and one finds
CLET(sˆ) =
3m2h
sˆ−m2h
c d3 + 2c2 − c2. (3.173)
The partonic cross section can be computed from the amplitude (3.170), and
reads
σˆgg→hh =
G2Fα
2
s(µ)sˆ
128(2pi)3
1
9
√
1− 4m
2
h
sˆ
C2LET(sˆ), (3.174)
and the hadronic cross section is obtained by convolution with the parton
distribution function fg/P of the gluon in the proton,
σ =
1∫
4m2h/s
dτ
1∫
τ
dx
x
fg/P (x,Q)fg/P (τ/x,Q)σˆgg→hh(τs) (3.175)
where the collider centre-of-mass energy s is related to sˆ by sˆ = τs. The
renormalisation scale µ and the factorisation scale Q are chosen equal to
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the invariant mass of the Higgs boson pair, µ = Q =
√
sˆ. Note however
that in the Standard Model, the limit mt → ∞ gives a cross section in
agreement with the full result only within 20% for mh . 200 GeV, and
moreover produces incorrect kinematic distributions [177]. Thus we expect
the low-energy theorem result for Higgs pair production to be in general less
accurate than for single Higgs production processes. An explicit computa-
tion in section 3.3.7 will indeed confirm this statement.
3.3 The minimal composite Higgs model
We are now ready to apply all the model-independent results discussed so
far to an explicit realisation of a composite Higgs model, and to compare
its prediction to the current bounds provided by experiments. We have seen
above that the minimal choice of symmetry group giving a set of Goldstone
bosons which can be identified with the Higgs and featuring a custodial
symmetry is the coset SO(5)/SO(4), where the electroweak gauge group
SU(2)W ×U(1)Y is a subgroup of the unbroken global symmetry. The only
possible source of electroweak symmetry breaking in such a model is coming
from the fermion sector, mostly from the top quark. Generating a mass for
the fermions while preserving enough of the global symmetry of the strong
sector requires to use the partial compositeness mechanism, in which the
fermion masses are generated through a mixing between elementary and
composite states. The contribution of fermion loops to the Higgs potential
is explicitly dependent on the physics at the strong scale Λ ≈ 4pif , and
cannot be approached in the perturbative way. We will therefore study
a model arising in the holographic picture, where some of the physics at
and above the strong scale can be computed within the five-dimensional
dual description. A realisation of the minimal coset SO(5)/SO(4) turns out
to be compatible with the requirement that the electroweak symmetry is
broken by top quark loops, provided that the strong sector is not exactly
QCD-like [150]. We will consider for simplicity only the first stage in the
tower of Kaluza-Klein of meson resonances: in the holographic picture, this
is found to be as in QCD a vector ρ and an axial-vector a, characterised by
the mass ratio [178]
ma ∼= 53mρ, (3.176)
as opposed to the QCD prediction ma ∼=
√
2mρ obtained from the Weinberg
sum rules (3.42-3.43). Note that the holographic description does not fix the
ratio of the heavy vector resonance mass to the scale f fixing the strength
of the Higgs interactions. The two scale are related as above by a coupling
gρ which remains a free parameter in the theory, up to the requirement of
perturbativity which can be expressed as
gρ ≤ 4pi, ⇔ mρ ≤ 4pi f. (3.177)
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Note also that the desirable hierarchy v ¿ f can only be accounted for
via some fine-tuning of the parameters in the model. A realistic potential
requires for example the introduction of a Higgs quartic coupling at tree-
level [150]. We will not describe explicit solutions to this problem, but
remember that the ratio of scale
ξ =
v2
f2
(3.178)
is a measure of the fine-tuning of the model, and that ξ ¿ 1 is disfavoured
by naturalness arguments.
3.3.1 The SO(5)/SO(4) σ-model
The four Goldstone fields arising from the breaking of the global SO(5)
symmetry to a subgroup SO(4) can be parametrised in terms of a five-vector
subject to a constraint ΣTΣ = 1, as the part of the SO(5) transformations
which do not leave the vacuum invariant,
Σ(x) = exp
[√
2i haˆT aˆ
]
Σ0, 〈Σ(x)〉 = Σ0. (3.179)
Note that the factor
√
2 is purely conventional, chosen in order to have a
useful definition for the generators T aˆ in the following. The T aˆ form a set of
linearly-independent broken generators which do not preserve the vacuum
expectation value Σ0, i.e. T aˆΣ0 6= Σ0. The Goldstone fields ha transforms
non-linearly under a general SO(5) transformation
Σ(x)→ V Σ(x), V = exp [i θaT a/f ] ∈ SO(5), (3.180)
where the θa are real parameters defining the transformation, and the T a
are generators of the SO(5) group. The ten T agenerators can be split into
the subsets {T a} = {T aL, T aR, T aˆ}, where T aL and T aR with a = 1, 2, 3 generate
the subgroup SU(2)L × SU(2)R ∼= SO(4) preserved by the vacuum Σ0, and
the remaining four broken operators are denoted by T aˆ, aˆ = 1, 2, 3, 4. It
is convenient to choose the SO(4) subgroup to live in the upper-left 4 × 4
block of the 5× 5 matrix representation of the generators, defining
(T aL)ij = −
i
2
[
εabcδbi δ
c
j + δ
a
i δ
4
j − δ4i δaj
]
,
(T aR)ij = −
i
2
[
εabcδbi δ
c
j − δai δ4j + δ4i δaj
]
, (3.181)
(T aˆ)ij = − i√
2
[
δaˆi δ
5
j − δ5i δaˆj
]
,
The definition are chosen so as to satisfy the normalisation condition
Tr
(
T aT b
)
= δab, (3.182)
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and such that the T aL and T
a
R form su(2) algebras[
T aL,R, T
b
L,R
]
= i εabc T cL,R. (3.183)
The gauge group can therefore be chosen straightforwardly along the SU(2)L
subgroup and the third generator of SU(2)R. In order to give the correct
hypercharge to the fermions, an additional U(1)X symmetry will be required
in the model, under which the Goldstone field is uncharged. The definition
of the hypercharge generator is then
Y = T 3R +X. (3.184)
As discussed above, before including radiative corrections to the potential
for the fields haˆ, the vacuum state chooses to align with the gauge-preserving
direction, in our case
Σ0 = (0, 0, 0, 0, 1)
T , (3.185)
for which the broken generators used in the parametrisation (3.179) corre-
spond indeed to the definition of eq. (3.181). Note that although the SO(5)
transformation (3.180) acts non-linearly on the Goldstone bosons haˆ, the un-
broken subgroup SO(4) acts linearly on them [76,77], so that the Goldstone
fields {haˆ} transform as a 4 of SO(4), i.e. in the fundamental representation.
Using the definition (3.181) for the generators, the field Σ can be computed
to be
Σ(x) =
(
h1
h
sin(h/f),
h2
h
sin(h/f),
h3
h
sin(h/f),
h4
h
sin(h/f), cos(h/f)
)
,
(3.186)
with h =
√
(haˆ)2. A covariant derivative of the field can be constructed as
DµΣ(x) = ∂µΣ(x)− i
(
gW aµ Q
a + g′Bµ Y
)
Σ(x). (3.187)
Note that since the generators (3.181) are purely imaginary, the covariant
derivative is real, as is the field Σ(x). The σ-model Lagrangian can then
be constructed as the sum of all gauge-invariant operators built out of the
fields Σ(x) and of covariant derivative thereof. Due to the shift symmetry
of the Goldstone bosons, which in this case in manifested by the relation
ΣTΣ = 1, only derivative interactions are present in the Lagrangian. The
lowest order term is simply the kinetic term
LΣ = f
2
4
DµΣTDµΣ, (3.188)
whose coefficient is completely fixed by the canonical normalisation of the
kinetic terms for the Goldstone fields haˆ. Terms with a higher number of
derivatives, starting at order four, are also present in the model but will be
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ignored here due to their negligible role on the low-energy phenomenology.13
The electroweak gauge freedom can be used to rotate the field Σ(x) in a
unitary gauge, where h1 = h2 = h3 = 0 and h4 = H, for which
Σ = (0, 0, 0, sin(H/f), cos(H/f)) . (3.189)
The Lagrangian (3.188) becomes then
LΣ = 12∂µH ∂
µH+ f
2
4
sin2
(H
f
)[
g2W+µ W
µ− +
g2
2 cos θW
ZµZ
µ
]
, (3.190)
and a mass term for the gauge bosons is generated when H gets a vacuum
expectation value. The usual mass relations m2W = g
2v2/4 and m2Z =
(g2+g′2)v2/4 satisfying the custodial symmetry are recovered provided that
the electroweak scale v is identified as
v = f sin
(〈H〉
f
)
= 〈H〉
[
1− 1
6
〈H〉2
f2
+ . . .
]
. (3.191)
The equality 〈H〉 = v happening in the Standard Model is in this case only
valid in the limit f → ∞. Expanding the Higgs field around its vacuum
expectation value, H = v + h, one obtains a Lagrangian including only
a scalar field h, a photon and massive gauge bosons W± and Z0, which
turns out to be identical to the Standard Model description of eq. (2.66)
and (2.67), with the identification of parameters [32]
a =
√
1− ξ,
b = 1− 2ξ,
d3 = (1− 2ξ) /
√
1− ξ,
d4 =
[
1− 283 ξ(1− ξ)
]
/ (1− ξ) .
(3.192)
3.3.2 Fermion masses from a composite sector
In addition to the scalar and gauge sector, the minimal composite Higgs
models contains the same elementary fermion content as the Standard Model,
described by the Lagrangian
Lelementary = i qL /DqL + i tR /DtR + i bR /DbR. (3.193)
We indicated here for simplicity only the quarks of the third generation. The
remaining fermions are irrelevant to our discussion, since their tiny mass
compared to the energy scale of electroweak interactions make them irrele-
vant to Higgs physics. The partial compositeness scenario is then enforced
13A model-independent parametrisation of the chiral Lagrangian in composite Higgs
models including terms up to four derivatives is provided in ref. [179].
105
CHAPTER 3. COMPOSITE HIGGS MODELS
by adding a set of massive, composite fermions with the same quantum
numbers and opposite chirality as the left-handed doublet qL and the right-
handed singlet tR, respectively a new doublet QR = (TR, BR)
T and a new
singlet T˜L. Note that the fermions in the strong sector must therefore also
be charged under the colour gauge group. The mixing between elementary
and composite fermion states arises from the operators
Lmixing = ∆L qLQR +∆R tRT˜L + h.c. (3.194)
where ∆L and ∆R are proto-Yukawa couplings with dimension of mass.
There is no mixing term for the right-handed bottom quark, since the latter
can be considered massless for all our purposes. Note that in general the
mass for the light fermions need not be generated by the same partial com-
positeness mechanism, since they are small enough to arise for example from
contact interactions as in technicolor theories. The composite fermions QR
and T˜L can however not exist alone, but must belong to multiplets of the full
SO(5) global symmetry of the strong sector. Moreover, in order to acquire a
tree-level mass, the composite fermions must be vector-like, i.e. exist in both
chiralities. The SO(5)-invariant Lagrangian describing them is therefore
Lcomposite = i ψL /DψL + i ψR /DψR −M0
(
ψLψR + ψRψL
)
. (3.195)
Up to this point, there are still various possibilities to realise the partial
compositeness scenario: the vector-like fermions ψ can be in any represen-
tation of the SO(5) global symmetry group, with the imperative condition
that a subset of them must transform as a doublet and a singlet under the
electroweak gauge group, and can thus be identified with QR and T˜L.
The simplest choice fulfilling this condition is to embed the fermions
into a spinorial representation of SO(5) [131]. The spinorial representation
decomposes under the SO(4) ∼= SU(2)L × SU(2)R unbroken subgroup as
4 = (2,1)⊕ (1,2) , (3.196)
which indicates that there is one SU(2)W doublet and two singlets. As
mentioned already, the correct hypercharge for them can be obtained by
adding an extra U(1)X , under which the fermion field ψ has a charge X =
1/6. Examining the phenomenology of this model, in turns out however
that a large tree-level correction to the ZbLbL vertex is induced by the
composite fermions, which makes the model incompatible with the precision
measurement related to εb [110].
The next-to-minimal choice of representation for the composite fermions
is the fundamental of SO(5) [180], which decomposes under the unbroken
subgroup as
5 = (2,2)⊕ (1,1) , (3.197)
and also contain the required doublet and singlet. Apart from the latter
two, a new electroweak doublet of fermions is present here. Note that the
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presence of additional fermions is a generic consequence of imposing the tree-
level custodial symmetry in the strong sector of the theory; such fermions
are usually denoted as custodians and play a very important role in the
phenomenology of composite Higgs and little Higgs models [180, 166]. As
for the fermions in the spinorial representation, the correct electric charge for
the fermions in the fundamental can be obtained by simply adding a U(1)X
gauge group to the model, and fixing this time the charge of the composite
fermion five-plet ψ to X = 2/3. The covariant derivative appearing in the
Lagrangian (3.195) is then given by
DµψL,R = ∂µψL,R − i
(
gW aµ T
a
L + g
′Bµ
(
T 3R +
2
3
))
ψL,R. (3.198)
In addition to the fermions in the singlet T˜ and doublet Q = (T,B) which
have the usual electric charge of top and bottom quarks, the additional dou-
blet can be written as X =
(
X5/3, X2/3
)
, where the indices indicate the elec-
tric charge. The model contains therefore apart from required partners for
the top and the bottom quarks an exotic fermion of charge 5/3. Contrarily
to the previous attempt, there is with this choice no tree-level contribution
to the ZbLbL vertex from loops of composite fermions. The reason for this is
the presence of a custodial symmetry protecting in general the vertex Zff ,
where f denotes any elementary fermion, from tree-level corrections arising
from the mixing with composite states [181]. This symmetry is realised if
and only if the elementary fermion f mixes with a composite fermion which
transform in the same representation under SU(2)L and SU(2)R, and whose
quantum numbers under T 3L and T
3
R are the identical. This situation was
not satisfied in the case of composite fermions in the spinorial representa-
tion of SO(5), but can be realised with fermions in the fundamental: both
the singlet T˜ and the bidoublet (Q,X) satisfy the first condition, while the
second condition is only fulfilled by the singlet T˜ and the members B and
X5/3 of the bidoublet. In the minimal composite Higgs model with fermions
in the fundamental representation, there are therefore no tree-level correc-
tions to the vertices ZbLbL nor to ZtRtR, while corrections to ZtLtL can
be important, but are nevertheless not yet relevant to constrain the model
from experimental data.
A proof of the custodial protection described above can be sketched as
follows. Let us consider an elementary fermion fL mixing with a composite
fermion FR, where the latter is massive through its interactions with the
composite fermion of opposite parity, FL. The correction to the coupling
ZfLfL comes not only from FR, although fL naively only mixes with the
latter, but also from FL, whose mixing with FR is induced at tree-level by
the mass termM0(FLFR+h.c.). Corrections to the vertex ZfLfL are there-
fore proportional to Q3L and Q
3
R, which denote the charge of the composite
fermion F under SU(2)L and SU(2)R respectively. By definition, the can-
cellation only works for fermions satisfying Q3L = Q
3
R. At the same time,
107
CHAPTER 3. COMPOSITE HIGGS MODELS
however, the custodial symmetry SU(2)V is an exact global symmetry of the
Lagrangian, even after electroweak symmetry breaking, and its action on the
composite state F must be trivial, hence implying Q3L +Q
3
R = 0. From the
two equalities, one derives Q3L = Q
3
R = 0, which indicates that corrections
to the ZfLfL vertex vanishes. Note that since the custodial symmetry is
broken by the top quark mass, non-zero radiative corrections will appear in
diagrams like fig. 3.12 involving fermions in the loop.
The breaking of electroweak symmetry is introduced in the fermion sector
by a Yukawa-like term of the form
LYukawa = −y∗f
(
ψL · Σ
) (
ΣT · ψR
)
+ h.c. (3.199)
With our definitions of the generators, the five-vector ψ can be decomposed
as
ψL,R =

1√
2
(
B −X5/3)
− i√
2
(
B +X5/3
)
1√
2
(
T +X2/3
)
− i√
2
(
T −X2/3)
T˜

L,R
(3.200)
where we recognise the singlet T˜ mixing with tR, the doublet Q = (T,B)
T
mixing with qL and the custodian doublet X =
(
X5/3, X2/3
)
. In order
to preserve the perturbativity of our theory, the size of the coupling y∗ is
bounded as
|y∗| ≤ 4pi. (3.201)
Note the use of the absolute value, since both signs for y∗ are possible
and will describe very different situations.14 The full Lagrangian of the
minimal composite Higgs model is then simply the sum of its parts given in
eq. (3.188), (3.193), (3.194), (3.195) and (3.199), as
LMCHM = LΣ + Lelementary + Lcomposite + Lmixing + LYukawa. (3.202)
After electroweak symmetry breaking, the last three terms contribute to
give a mass to the top quark. It is convenient to write the mass term in the
matrix notation
Lmass = −ψ−1/3L M−1/3 ψ−1/3R − ψ
2/3
L M2/3 ψ
2/3
R − ψ
5/3
L M5/3 ψ
5/3
R (3.203)
where the fermions are grouped by their electric charge,
ψ
−1/3
L,R =
(
b,B
)T
L,R
, ψ
2/3
L,R =
(
t, T,X2/3, T˜
)T
L,R
, ψ
5/3
L,R =
(
X5/3
)T
L,R
,
(3.204)
14Only the relative sign of y∗ and M0 is actually physical, since they can be both
flipped by a redefinition of the composite fermion field ψ. By convention, M0 is chosen to
be positive here.
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and the mass matrices are defined as
M−1/3 =
 0 ∆L
0 M0
 , M5/3 = (M0), (3.205)
M2/3 =

0 −∆L 0 0
0 M0 + 12s
2
Hy∗f
1
2s
2
Hy∗f
1√
2
sHcHy∗f
0 12s
2
Hy∗f M0 +
1
2s
2
Hy∗f
1√
2
sHcHy∗f
−∆R 1√2sHcHy∗f
1√
2
sHcHy∗f M0 + c2Hy∗f
 , (3.206)
where we used the shordhand notations sH = sin (〈H〉/f) and cH = cos (〈H〉/f).
The mass matrix M2/3 cannot be straightforwardly diagonalised. However,
performing the redefinition qL
QL
→
 cosφL − sinφL
sinφL cosφL
 qL
QL
 , tanφL = ∆L
M0
, (3.207)
 tR
T˜R
→
 cosφR − sinφR
sinφR cosφR
 tR
T˜R
 , tanφR = ∆R
M0 + y∗f
, (3.208)
M−1/3 is rotated into a diagonal matrix
M−1/3 →
 0 0
0 mQ
 (3.209)
and M2/3 into
1√
2
sHcHsLsRy∗f 12s
2
HsLy∗f
1
2s
2
HsLy∗f
1√
2
sHcHsLcRy∗f
1√
2
sHcHcLsRy∗f mQ + 12s
2
HcLy∗f
1
2s
2
HcLy∗f
1√
2
sHcHcLcRy∗f
1√
2
sHcHsRy∗f 12s
2
Hy∗f mX +
1
2s
2
HsLy∗f
1√
2
sHcHcRy∗f
−s2HsRy∗f 1√2sHcHy∗f
1√
2
sHcHy∗f mT − s2HcRy∗f

(3.210)
where we defined
mQ =
√
M20 +∆
2
L =
M0
cL
,
mX = M0, (3.211)
meT =
√
(M0 + y∗f)2 +∆2R =
M0 + y∗f
cR
.
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The rotated form of M2/3 is diagonal in the limit (v/f) ≈ sH → 0, so that
the masses mQ, mX and meT can be identified with the physical mass of the
two heavy doublets and of the singlet in the same limit. The top quark mass
can be read from the first entry of the matrix to be
mt =
√
ξ(1− ξ)
2
sinφL sinφR y∗ f +O
(
ξ3
)
. (3.212)
The top mass — and equivalently the mass of other fermions generated by
the same mechanism — can be made arbitrarily small by choosing small
mixing angles φL and φR. This feature is welcome for light quarks and
leptons, whose compositeness is very much constrained by the size of four-
fermion operators. For the top quark, however, the mixing angles φL and
φR have to be sizable: in the limit v ¿ f , the equivalent of the Standard
Model top Yukawa coupling, defined so that mt = ytv/
√
2, is extracted from
eq. (3.212) to be
yt ∼= sinφL sinφR y∗. (3.213)
Requiring yt ≈ 1 as measured for the top quark and noting that the pertur-
bativity bound (3.201) does not allow for an arbitrarily large coupling y∗,
one finds the constraint
sinφL sinφR &
1
4pi
(3.214)
on the compositeness of the top quark. Large mixing angles are on the other
hand constrained by experimental data, both from flavour physics and from
electroweak precision tests: a large sinφL imply for example a hierarchical
structure among the composite fermions of the bidoublet, as indicated by
eq. (3.211), which creates an important breaking of the custodial symmetry.
A complete study of the radiative corrections induced by composite fermions
on electroweak precision observables is thus needed, and will be performed
in the next section. Note finally that while the mass of the fermion doublet
Q and X is bounded from below by composite mass termM0, this is not the
case for the singlet T˜ , which can become very light in case of an approximate
cancellation y∗f ≈ −M0. Such a cancellation is actually rather natural, since
a naive estimate of the composite mass f . M0 . Λ ≈ 4pif corresponds to
the same naive estimate (in absolute value) of the term y∗f , i.e. 1 . |y∗| .
4pi.
The interaction of the physical Higgs field h with the top quark can be
extracted as well from the Lagrangian (3.202), and matching the result with
our model-independent parametrisation of eq. (2.68), one finds
c = (1− 2ξ) /√1− ξ,
c2 = −2ξ.
(3.215)
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Figure 3.16: A sample of 20 000 points passing the electroweak precision
tests as defined in the text, shown in the plane (R, sinφL) for fixed values
ξ = 0.25 and mh = 125 GeV. The light grey points are excluded by direct
collider constraints, see section 3.3.4. Green and orange points are still
allowed, although the latter will be tested in 2012 by the LHC running at
8 TeV with a total integrated luminosity of 15 fb−1.
Unlike in the Standard Model, a non-vanishing contact interaction tthh is
present in the theory. Note also that around the special value ξ = 12 , the
coupling of one Higgs field to fermions can be drastically reduced compared
to the Standard Model, which corresponds to the so-called fermiophobic
Higgs boson scenario.
3.3.3 Electroweak precision tests
The strongest experimental constraints on the minimal composite Higgs
model still come from the electroweak precision measurements at the Z-pole
mass at LEP. We use the εi parameters defined in section 3.2.2 to constrain
the model. In addition to the Standard Model contribution present in the
decoupling limit f → ∞, there are three different effects contributing to
the ε parameters. First, the modified coupling of the Higgs to W and Z
gauge bosons induces a logarithmically divergent contribution to the oblique
parameters Sˆ and Tˆ , or equivalently to ε1 and ε3. Using the Sˆ dependence
on the Higgs mass derived in eq. (3.86) and recalling that the Higgs coupling
to gauge bosons is rescaled by the parameter a in composite Higgs models,
we find
∆SˆMCHM = ∆SˆMCHMh −∆SˆSMh =
α
48pi sin θW
(
a2 − 1) log(m2h
µ2
)
. (3.216)
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Figure 3.17: Same as fig. 3.16, in the plane (sinφR, sinφL). The black dashed
line corresponds to a correct top mass prediction as given in eq. (3.212) with
the maximal coupling y∗ = 4pi (solid line) and half its value y∗ = 2pi (dashed
line). The value of the compositeness parameter is fixed at ξ = 0.25.
Using the relation derived in eq. (3.192), we find (a2 − 1) = −ξ. The loop
contribution to Sˆ involving a Higgs boson is logarithmically divergent, as
indicated by the dependence on µ2, but is the cutoff by the physical mass
mρ of the first composite vector resonance [182], so that we have finally for
Sˆ and for Tˆ , for which the same argument can be used,
∆εIR1 = −
3α(mZ)
16pi cos2 θW
ξ log
(
m2ρ
m2h
)
, ∆εIR3 =
α(mZ)
48pi sin2 θW
ξ log
(
m2ρ
m2h
)
.
(3.217)
This correction is usually referred to as the infrared one, since it arises from
a modification of the physics at low energy. The second effect on electroweak
precision tests beyond the Standard Model is the direct contribution of the
vector ρ and axial-vector a resonances to the Sˆ parameter, which is exactly
the contribution derived in eq. (3.116),
∆εUV3 =
m2W
m2ρ
(
1 +
m2ρ
m2a
)
∼= 1.36 m
2
W
m2ρ
. (3.218)
The index refers to the ultraviolet origin of this contribution. In the second
equality, we have used the relation ma/mρ ∼= 5/3 of eq. (3.176). The third
and last contribution to electroweak precision parameters comes from the
top partners at one loop, giving contributions both to the Tˆ parameter and
the Zbb vertex, i.e. respectively to ε1 and εb [110,183,1,184]. Computing the
precise value of these contributions requires to the numerical diagonalisation
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Figure 3.18: Same as fig. 3.16, where the mass of the lightest top partner is
shown on the abscissa. The value of the compositeness parameter is fixed
at ξ = 0.25.
of the mass matrix of the top quark and its partners, which depends on the
parameters ∆L, ∆R, M0, y and f . The requirement that the top mass
matches the measured value mt = 173.3 GeV allows, however, to express
the corrections to ε1 and εb in terms of four dimensionless parameters,
∆εfermions1 = f1 (ξ, φL, φR, R) , ∆ε
fermions
b = fb (ξ, φL, φR, R) ,
(3.219)
where ξ, φL, φR are defined above and R = (M0 + yf) /M0. The function
f1 is computed exactly at one loop, while for fb only the longitudinal polar-
isations of the gauge bosons are taken into account in the loop. The values
obtained in this way are consistent with the full one-loop result [184]. The
agreement of the model with experimental data is then assessed through a
χ2 test described in section 3.2.2. Fixing the Higgs mass to mh = 125 GeV,
as indicated by experimental results, the model is completely determined by
the five parameters ξ, φL, φR, R and mρ. The results of a scan over the last
four of these parameters for a fixed value of ξ = 14 is shown in figures 3.16
and 3.17. Note that the value of R is bounded by the requirement y ≤ 4pi,
and the we take mρ ≤ 4pif as required by perturbativity arguments.15 We
impose furthermore the constraint |Vtb| > 0.77 [185], discussed in more de-
tails in section 3.3.5. The mass of the lightest top partner in the allowed
regions of parameter space is shown in fig. 3.18. For comparison, the same
plot is made in fig. 3.19 for a lower value ξ = 0.1, corresponding to a higher
energy scale of the strong sector. As expected, there are more points pass-
15Imposing a lower bound on mρ is not necessary here, since small values are automat-
ically disfavoured by the large contribution to ε3 from eq. (3.218).
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Figure 3.19: Same as fig. 3.18, with a smaller compositeness parameter
ξ = 0.1.
ing the electroweak precision tests, but the fine-tuning required with this
choice is higher. The mass spectrum of the whole fermion sector is shown
in fig. 3.20 for ξ = 0.25. After rotating in the physical basis, it makes not
much sense to distinguish fermions with the same electric charge, since their
mixing can be important. It is however visible in fig. 3.20 that the fermion
B of charge −1/3, shown in green, always come with a fermion of charge
2/3, in blue (partially hidden behind the green region), which can obviously
be interpreted as the T . Similarly, the X5/3 (red points) is accompanied by
a partner of charge 2/3, corresponding to the X2/3. The remaining fermion,
appearing as a blue point well separated from the green and red regions,
can therefore be interpreted as the SO(4) singlet T˜ . There are two ‘natural’
regions of the allowed parameter space with light top partners. The first
one corresponds to low values of the top compositeness angle φL, where the
lightest top partner is generically the singlet T˜ . In this case the fermion
bidoublet is always heavier than 1.5 TeV and decouples. The important
mass hierarchy between the singlet and the bidoublet can only be explained
by a cancellation M0 ≈ −y∗f , as shown in fig. 3.16. Note that the right-
handed top must then be very composite in order to yield the correct top
Yukawa coupling yt (see fig. 3.17). The second region with light top part-
ners corresponds to large values of sinφL, for which the top-bottom doublet
becomes fully composite. In this second region, the custodian doublet X is
very light, having a mass well below a TeV. Since the X doublet contains an
exotic charge 5/3 fermion (which turns out to be the lightest new fermion
for large sinφL), this region is very sensitive to direct collider constraints, as
will be discussed in the next section. An intermediate region with moderate
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Figure 3.20: Mass spectrum of the composite fermions for a sample of points
passing the electroweak precision tests. Each set of parameters corresponds
to five fermions: the bottom partner B is shown in green, the exotic-charge
X5/3 is shown in red, and the three top partners T , X2/3 and T˜ are shown
in blue. The value of the compositeness parameter is fixed at ξ = 0.25.
values of sinφL is also allowed by precision data, although all new fermions
are rather heavy, above 1 TeV. In most regions of the allowed parameter
space, the coupling y∗ must be close to its maximal value of 4pi in order to
compensate for the values of sinφL and sinφR which are preferably small,
as shown in fig. 3.17. A notable exception to this rule happens at values of
sinφL very close to one, which are nevertheless fully excluded by direct col-
lider constraints. Note finally that the constraints on the parameter space
from electroweak precision data can be significantly relaxed by extending
the fermion sector of the model [184].
3.3.4 Direct experimental constraints
Expanding the composite Higgs coupling to fermions, we obtain the leading
interactions between one heavy fermion and two SM particles, which mediate
the decay of the heavy states. After the rotations (3.207) and (3.208) are
performed, one finds
L ⊃ y∗sLcR
(
bLpi
− + tL
h− i pi0√
2
)
T˜R
+y∗sR
(
−X5/3L pi+ +X2/3L
h+ i pi0√
2
)
tR (3.220)
+y∗sRcL
(
BLpi
− + TL
h− i pi0√
2
)
tR + h.c.
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The branching ratios of composite fermions into Standard Model particles
can then be deduced from the Goldstone equivalence theorem, in the limit
mψ À mZ ,mh, for which we find for the top partners,
BR(T˜ →Wb) = 12 , BR(T˜ → Zt) = BR(T˜ → ht) = 14 ,
BR(X2/3 →Wb) = 0, BR(X2/3 → Zt) = BR(X2/3 → ht) = 12 ,
BR(T →Wb) = 0, BR(T → Zt) = BR(T → ht) = 12 ,
(3.221)
while the partner of the bottom quark and the exotic new fermion can only
decay to a W±t final state, hence
BR(X5/3 →Wt) = 1, BR(B →Wt) = 1. (3.222)
For a decent analysis of the electroweak and collider constraints, one needs
however to use the exact branching ratios, obtained by performing a full
numerical diagonalisation of the mass matrix in the top sector and comput-
ing the couplings of the mass eigenstates to gauge bosons and to the Higgs
boson in the unitary gauge. The interaction of the Higgs boson with top
partners can be read from the Lagrangian (3.199), expanding Σ(x) in powers
of the gauge fields. One obtains
L ⊃ −y∗hψ2/3L Ghffψ2/3R −
y∗
2f
h2ψ
2/3
L Ghhffψ
2/3
R + h.c., (3.223)
where the coupling matrices Ghff and Ghhff are defined as
Ghff =

0 0 0 0
0 sHcH sHcH 1√2
(
c2H − s2H
)
0 sHcH sHcH 1√2
(
c2H − s2H
)
0 1√
2
(
c2H − s2H
)
1√
2
(
c2H − s2H
) −2sHcH
 , (3.224)
Ghhff =

0 0 0 0
0 c2H − s2H c2H − s2H −2
√
2sHcH
0 c2H − s2H c2H − s2H −2
√
2sHcH
0 −2√2sHcH −2
√
2sHcH −2
(
c2H − s2H
)
 . (3.225)
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After performing the rotations (3.207) and (3.208), the matrixGhff becomes
1√
2
sLsR
(
c2H − s2H
)
sLsHcH sLsHcH
1√
2
sLcR
(
c2H − s2H
)
1√
2
cLsR
(
c2H − s2H
)
cLsHcH cLsHcH
1√
2
cLcR
(
c2H − s2H
)
1√
2
sR
(
c2H − s2H
)
sHcH sHcH
1√
2
cR
(
c2H − s2H
)
−2sRsHcH 1√2
(
c2H − s2H
)
1√
2
(
c2H − s2H
) −2cRsHcH
 ,
(3.226)
The first row and column indicate respectively the couplings of left- and
right-handed top partners T , X2/3 and T˜ to a top quark and a Higgs boson,
which are relevant to their decay into Standard Model particles. At leading
order in v/f , one has therefore
λThtL
∼= 0, λThtR ∼= 1√2y∗cLsR,
λX
2/3
htL
∼= 0, λX2/3htR ∼= 1√2y∗sR,
λ
eT
htL
∼= 1√
2
y∗sLcR, λ
eT
htR
∼= 0.
(3.227)
Working in the physical mass basis requires to diagonalise the mass matrix
M2/3 to all orders in v/f , a task which can in general only by realised
numerically. We define the rotation matrix UL, UR ∈ O(4) such that
M2/3 → UTLM2/3UR = diag (mt,mT1 ,mT2 ,mT3) , (3.228)
where the masses of the top partners are ordered as mT1 < mT2 < mT3 and
are all positive by convention. Note that since the sign of the determinant
of the mass matrix M2/3 depends on the sign of y∗ and of the mass scale
M0 + y∗f , this might require detUL = −1 or detUR = −1. In this exact
basis, the coupling of the lightest top partner T1 to a Higgs boson and a top
quark becomes
λT1htL = y∗
(
UTLGhffUR
)
12
, λT1htR = y∗
(
UTLGhffUR
)
21
. (3.229)
The width of the decay T1 → ht is therefore readily computable to be
Γ (T1 → ht) = mT132pi
√
ζht
[(
λ2htL + λ
2
htR
)(
1 +
m2t
m2T1
− m
2
h
m2T1
)
+4
mt
mT1
λhtLλhtR
]
, (3.230)
where
ζht = 1− 2m
2
t +m
2
h
m2T1
+
(
m2t −m2h
)2
m4T1
. (3.231)
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In order to compute the decay width of the lightest top partner into final
states involving gauge bosons, one has to determine the relevant couplings.
From the kinetic term of the fermions, one obtains the terms
L ⊃ g
cW
Zµ
(
ψ
2/3
L γ
µGZ Lψ
2/3
L + ψ
2/3
R γ
µGZ Rψ
2/3
R
)
, (3.232)
where the coupling matrix GZ are defined as
GZ L = diag
(
1
2 ,
1
2 ,−12 , 0
)− 23s2W14×4,
GZ R = diag
(
0, 12 ,−12 , 0
)− 23s2W14×4. (3.233)
Note that since the rotations (3.207) and (3.208) only involve particles with
the same quantum numbers under the electroweak gauge group SU(2)W ×
U(1)Y , the matrices GZ L and GZ R are left invariant under this very rota-
tion. As a consequence, there are no off-diagonal couplings of the Z0 boson
to fermions at leading order in v/f . The leading couplings can be obtained
from the equivalent description in terms of the Lagrangian (3.221), and
are indeed suppressed by ratio of the Z0 mass over the mass of the heavy
fermion,
λTZtL
∼= 0, λTZtR ∼= 1√2y∗cLsR
mZ
mQ
,
λX
2/3
ZtL
∼= 0, λX2/3ZtR ∼= 1√2y∗sR
mZ
mX
,
λ
eT
ZtL
∼= 1√
2
y∗sLcRmZm eT , λ
eT
ZtR
∼= 0.
(3.234)
The general result is again proportional to the rotation matrices UL and UR,
and reads
λT1ZtL =
g
cW
(
UTLGZ LUL
)
12
, λT1ZtR =
g
cW
(
UTRGZ RUR
)
12
. (3.235)
The decay T1 → Zt has then the width
Γ (T1 → Zt) = mT132pi
√
ζZt
[(
λ2ZtL + λ
2
ZtR
) m2T1
m2Z
·m
2
Z
(
m2T1 +m
2
t
)
+
(
m2T1 −m2t
)2 − 2m4Z
m4T1
−12 mt
mT1
λZtLλZtR
]
, (3.236)
where
ζZt = 1− 2m
2
t +m
2
Z
m2T1
+
(
m2t −m2Z
)2
m4T1
. (3.237)
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The decay Ti →W+b is characterised by the width — neglecting the bottom
quark mass —
Γ
(
T1 →W+b
)
=
mT1
32pi
λ2WbL
m2T1
m2W
(
1− 3m
4
W
m4T1
+ 2
m6W
m6T1
)
. (3.238)
Working at leading order in v/f , the coupling λW L is vanishing since only
the top quark couples to the bottom. The leading order coupling are thus
given by the Lagrangian (3.221), and read
λTWbL
∼= λX2/3WbL ∼= 0, λeTWbL ∼= y∗sLcRmWmeT . (3.239)
The all-order result is in this case simply
λT1WbL =
g√
2
(UL)12 . (3.240)
The decay widths of fermions with other electric charges can be derived
in the same way:
Γ
(
B →W−t) = mQ
32pi
√
ζWt
[(
λB 2WtL + λ
B 2
WtR
) m2Q
m2W
·
m2W
(
m2Q +m
2
t
)
+
(
m2Q −m2t
)2 − 2m4W
m4Q
−12 mt
mQ
λBWtLλ
B
WtR
]
, (3.241)
with
ζWt = 1− 2m
2
t +m
2
Z
m2T1
+
(
m2t −m2Z
)2
m4T1
, (3.242)
and similarly for Γ
(
X5/3 →W+t), replacing mQ by mX and λB by λX5/3 .
The couplings are given by
λBWtL =
g√
2
(UL)21 , λ
B
WtR =
g√
2
(UR)21 , (3.243)
λX
5/3
WtL =
g√
2
(UL)31 , λ
X5/3
WtR =
g√
2
(UR)31 , (3.244)
and can be estimated at leading order in v/f by the coefficients in the
Lagrangian (3.221) to be
λBWtL
∼= 0, λBWtR ∼= y∗sRcL
mW
mQ
, (3.245)
λX
5/3
WtL
∼= 0, λX5/3WtR ∼= y∗sR
mW
mX
. (3.246)
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Figure 3.21: Branching ratio of the lightest top partner into a W± and
a bottom quark for a sample of points passing the electroweak precision
tests. Points satisfying the condition |M0 + y∗f | < |M0|, corresponding
approximately to the region in which the singlet T˜ is the lightest top partner
are shown in pink; the purple satisfy |M0 + y∗f | ≥ |M0|.
The formulae for the partial decay widths given here are consistent at leading
order in v/f with those obtained in ref. [186]. The branching ratios can then
be computed numerically for a given set of parameters, and the results for
a sample of points passing the electroweak precision tests discussed in the
previous section are shown on fig. 3.21, 3.22 and 3.23, as a function of the
mass of the lightest top partner and for ξ = 0.25. A different colour scheme
is used for the points in which a cancellation of the mass of the singlet T˜
happens. Compared to the approximate formulae obtained by at leading
order in ξ, the branching ratios into ht are a bit enhanced while the ones
into Zt are somewhat reduced.
In certain regions of the parameter space, some fermionic resonances
can be very light, thus rendering constraints from direct searches for heavy
fermions at the LHC and Tevatron relevant. The experimental collabo-
rations have performed several searches for pair-produced heavy fermions,
with subsequent decay into the final states WbWb, ZtZt, WtWt [187, 188,
189,190,191,192,193,194,195,196,197]. Since pair-production of the heavy
fermions is a purely QCD process, the cross section σ(pp, pp→ ψψ), where
ψ is a generic heavy fermion, only depends on its mass mψ. The constraint
from a search for ψψ → XX, where X denotes one of the final states Wb,
Zt, ht or Wt, will be given by
σQCD(pp→ ψψ) · BR(ψ → X)2 ≤ σexp
(
ψψ → XX) (3.247)
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Figure 3.22: Same as fig. 3.21 for the branching ratio of the lightest top
partner into a top quark and a Z0 boson.
Figure 3.23: Same as fig. 3.21 for the branching ratio of the lightest top
partner into a top quark and a Higgs boson.
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Figure 3.24: Cross-section for QCD production of heavy fermions at ap-
proximate NNLO, at the Tevatron, and the LHC with a centre-of-mass en-
ergy of 7 and 8 TeV, computed using the program HATHOR [198] and the
MSTW2008 parton distribution functions [199].
where σexp is the upper bound on the cross section, as provided by the experi-
ment for several values of the heavy fermion mass. The QCD pair-production
cross sections can be obtained at approximate next-to-next-to-leading order
(NNLO) [198] and are shown in fig. 3.24. Note that the branching rations
are non-trivial only for the top partners T,X2/3 and T˜ , whereas B and X5/3
decay with unity branching ratio into W±t. We summarise in table 3.3 all
the searches for pair-produced heavy fermions which we included in our
analysis. The analyses of tWtW final states, although intended by the ex-
periments to be searches for heavy charge −1/3 quarks such as the B, apply
straightforwardly also to the X5/3, which decays into the same final state.
The decay products of BB and X5/3X5/3 have a different kinematics — for
example same-sign leptons both originate from the same X5/3 particle in
the second case, while they have to be produced one by each of the B in
the first case — but since current searches only apply basic cuts, there is no
sensitivity to kinematical effects.
The region of the parameter space corresponding to sinφL ∼ 1 is the
most constrained by direct searches. The lightness of the X5/3 fermion in
this case (see fig. 3.20) is prohibited by both Tevatron and LHC searches in
WtWt final states. For a lower degree of compositeness of the left-handed
top quark, the lightest top partner is generically the singlet T˜ , which decays
in all three final states Wb, Zt and ht. The Tevatron only has enough
sensitivity to exclude top partners below 300 GeV, while the relevant LHC
constraints — the ones including the full luminosity of 5 fb−1 — start
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exp. final state L [fb−1] mass range [GeV] ref.
CMS
WbWb (1 lepton) 4.7 400− 625 [187]
WbWb (2 leptons) 5.0 350− 600 [188]
WtWt 1.14 350− 550 [189]
WtWt 4.9 450− 650 [190]
ZtZt 1.14 250− 550 [191]
ATLAS
WbWb 1.04 250− 500 [192]
WqWq 1.04 300− 500 [193]
WtWt (1 lepton) 1.04 300− 600 [194]
WtWt (2 leptons) 1.04 300− 600 [195]
CDF
WbWb 5.6 180− 500 [196]
WtWt 4.8 260− 425 [197]
Table 3.3: List of experimental searches for pair-produced heavy fermions
included in our analysis.
only at 350 GeV. This leaves a region of the parameter space in the range
meT ∈ [300, 350] GeV which is not directly excluded by present constraints,
as can be seen in fig. 3.18 and 3.19.
In addition to the present exclusion limits, we show in fig. 3.16–3.19 an
estimate of the reach of the LHC in 2012. The increase in energy enhances
significantly the production cross section of heavy fermion pairs, as shown in
fig.3.24. On the other hand, the present exclusion limits quoted by ATLAS
and CMS will be modified due to the changes in the background and to the
additional integrated luminosity. Backgrounds in searches for top partners
are dominated by top quark pair production, which is increased by 42% when
going from 7 to 8 TeV c.m. energy at the LHC. The search strategy relies on a
cut on the tt invariant mass, whose distribution is not significantly affected
by the increase in energy, as explicitly checked using MadGraph 5 [200].
The upper limit on the top partner production cross section is therefore
softened in the Gaussian approximation by a factor
√
1.42 ∼= 1.19. The
total luminosity of 15 fb−1 expected to be attained in 2012 is nevertheless
tightening the limit on the cross section, lowering it by a square root factor
of the luminosity in every channel. More refined searches after the LHC
upgrade to 14 TeV will be needed in order to explore the full parameter
space [201, 202]. Among the most interesting strategies belong the same-
sign dilepton final states arising from the decay of a X5/3 fermion [203], and
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final states with multiple bottom quarks [204] or leptons [205].
3.3.5 Flavour physics
Additional constraints from past experiments come from flavour physics.
As any strongly-interacting model of electroweak symmetry breaking, com-
posite Higgs models give rise to four-fermion operators which contribute
to flavour-changing processes and to electric dipole moments. Low values
of the compositeness scale f as required by naturalness are only allowed if
the strong sector is flavor-symmetric, hence effectively implementing min-
imal flavour violation [206]. The hierarchy among the quark and lepton
masses and the mixing angles in the CKM matrix have as a unique origin
the hierarchical structure of the proto-Yukawa couplings ∆L,R of the type
of eq. (3.194), or equivalently of the mixing angle φL,R defined in eq. (3.207)
and (3.208). In this case both flavor-changing processes and electric dipole
moments are automatically inhibited. The large compositeness of the top
quark might nevertheless affect the Vtb entry of the CKM matrix. The part
of the Lagrangian involving top and bottom quarks can be written as
L ⊃ fψ−1/3L Gtbψ2/3R , (3.248)
where the coupling matrix is defined as
Gtb =
 0 0 0 0
0 1√
2
y∗sH 1√2y∗sH y∗cH
 . (3.249)
After rotation in the mass basis and upon identification with the Standard
Model definition of Vtb, one obtains
Vtb =
v√
2mt
(
U
−1/3T
L GtbUR
)
11
(3.250)
where U−1/3TL is the rotation matrix associated with the rotation (3.207) in
the bottom quark sector,
U
−1/3
L =
 cL −sL
sL cL
 . (3.251)
At leading order in v/f , one finds therefore
Vtb ∼= v√
2mt
(sLsRy∗sH) ∼= 1 (3.252)
where in the second equality we used the top mass (3.212). Computing Vtb
with the full dependence in v/f is however necessary in order to compare
124
3.3. THE MINIMAL COMPOSITE HIGGS MODEL
Figure 3.25: |Vtb| as a function of the mass of the lightest top partner, as
computed from eq. (3.250). The meaning of the colours is the same as in
fig. 3.16 to 3.19.
it with the experimental constraints. The result are shown in fig. 3.25 for
the same sample of points used above in the study of electroweak precision
tests. The result turns out to be very dependent on the mass of the lightest
top partner: significant deviations from unity are only seen for low values of
mT1 , where the direct collider constraints are most severely constraining the
parameters space. The experimental bound of |Vtb| > 0.77 [185] does not
actually constraint the parameter space more than our previous analysis.
The assumption of minimal flavour violation in the strong sector require
nevertheless a non-zero degree of compositeness also for light quarks, which
is very much constrained by experimental data. The latter can be described
in an effective formalism, in which four-fermion operators arise after inte-
grating out the vector resonances. The most relevant operator is
g2ρ
4m2ρ
(sinφL)
4 (qLγ
µtaqL) (qLγµt
aqL) , (3.253)
which imposes a constraint on the size of the mixing angle φL. From the
most recent experimental dijet angular distribution [207], the bound is
g2ρ
4m2ρ
(sinφL)
4 . 2pi
(7.5 TeV)2
⇒ (sinφL)2 . f1.5 TeV , (3.254)
or equivalently sinφL . 0.6 for ξ = 0.25 and sinφL . 0.7 for ξ = 0.1. Similar
bounds apply to the compositeness of right-handed quarks. Note that the
recent proposal of using dijet observables may enhance even more the limit
on four-fermion operators [208]. An even more stringent constraint arises
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from the compositeness of the left-handed bottom quark, which affects the
mass splitting between neutral B mesons, yielding the bound [157]
ξ (sinφL)
4 . 2 · 10−3. (3.255)
Flavor constraints are therefore strongly disfavouring the region of the pa-
rameter space where sinφL ≈ 1. They rely nevertheless on a number of
estimates, and we will therefore not consider this region as fully excluded in
our analysis of Higgs physics.
3.3.6 Single Higgs production
The cross section for single Higgs production can be readily estimated using
the low-energy theorem of section 3.2.6. Note that the Higgs kinetic term is
canonically normalised, so that only the term log det
[M†(H)M(H)] must
be evaluated. Only the top partners of charge 2/3 have a non-vanishing
interaction with the Higgs field H in the limit where the remaining quarks
and leptons are massless, and we have
det
[
M2/3†(H)M2/3(H)
]
=
1
8
∆2L∆
2
R (y∗f)
2M20 sin
2
(
2
H
f
)
. (3.256)
The determinant satisfies the factorisation condition (3.164). We obtain
therefore A1 = (2/v)(1− 2ξ)/
√
1− ξ, where we have used ξ = sin2(〈H〉/f),
and the modification of the cross-section with respect to the Standard Model
value is directly found to be
σ(pp→ h)
σ(pp→ h)SM =
(1− 2ξ)2
1− ξ , (3.257)
which is valid to all orders in ξ and is independent of the details of the
fermion spectrum. While this result holds exactly only in the low-energy
theorem limit, as discussed in section 3.2.6 we expect that retaining the full
mass dependence will give corrections to the cross section at most of a few
percent. This is confirmed by a full computation of the cross section in which
the dependence on the fermion masses is retained, as shown in fig. 3.26. The
figure shows the cross section of single Higgs production through gluon fu-
sion including new fermionic resonances, normalised to the SM cross section
computed with finite mt, as a function of the mass of the lightest reso-
nance. Note that the important K-factors arising from QCD corrections
cancel out under the assumption that the higher order corrections are the
same in both cases [165]16 A parameter scan has been performed, selecting
16This assumption is actually only valid at next-to-leading order (NLO). Effects due
to the presence of different mass scales can play a role at NNLO. It was shown however
that for parameters similar to the one used here the differences in the K-factors are of the
order of a few percent only [165], so that the SM NNLO K-factor can safely be applied
also to this composite Higgs model.
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Figure 3.26: The cross-section for single Higgs production via gluon fusion
including the exact dependence on the top and its heavy partners, nor-
malised to the SM cross section (computed retaining the mt dependence),
as a function of the mass of the lightest fermion resonance mT1 . The com-
positeness parameter has been fixed to ξ = 0.25. Green points are allowed
by all present experimental data, grey points are excluded by current collider
constraints, and orange points will be tested by the LHC run of 2012. For
comparison, the cross section ratio computed with the low-energy theorem,
eq. (3.257), is shown as a black line.
only points passing the electroweak precision tests. The agreement with the
prediction of the low-energy theorem confirms that the cross section is to
an excellent approximation independent of the details of the spectrum, and
is fixed only by the composite scale f , or equivalently by the parameter ξ.
The sensitivity to the composite couplings is at most 2%×σSM for light top
partners, in agreement with our previous estimate, and vanishes for heavy
partners.
Note however that additional operators have been omitted in the defi-
nition of our minimal composite Higgs models: the Lagrangian can be aug-
mented with the operators
L ⊃ i y′L
(
ψL · Σ
)
/D
(
ΣT · ψL
)
+ i y′R
(
ψR · Σ
)
/D
(
ΣT · ψR
)
, (3.258)
where the SO(5)-invariant combinations (Σ · ψ) is only charged under the
U(1)X gauge group, so that the covariant derivative reads Dµ = ∂µ −
i g′ 23 Bµ. The new operators introduce in principle a rescaling of the ki-
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Figure 3.27: Cross-section for the process pp→ hh at the LHC with a centre-
of-mass energy of 14 TeV, as computed in eq. (3.259) from the low-energy
theorem, normalised to the Standard Model cross-section also computed
in the low-energy limit mt → ∞. The minimal composite Higgs model
discussed in this section is denoted MCHM5. For the details of the compu-
tation in a model with fermions in the spinorial representation (MCHM4)
and within the littlest Higgs model, see ref. [2].
netic term for the Higgs, and may affect its physics. It is however possible
to perform a redefinition of the fermion fields for which the Higgs remains
canonically normalised even in the presence of the operators (3.258) [166],
and for which the factorisation condition (3.164) of the mass matrix deter-
minant is preserved, so that the amplitude for the process gg → h remains
insensitive to the coefficient y′L and y
′
R.
On the other hand, the Higgs derivative interactions in eq. (3.258) con-
tribute in general to the pair production process, since they enter box di-
agrams. Therefore the cross section for gg → hh will be sensitive to y′L,R .
We will however only consider the minimal Lagrangian, setting y′L,R = 0.
3.3.7 Double Higgs production
From the determinant of the fermion mass matrix (3.256), one derives A2 =
(−2/v2)/(1 − ξ), which determines the hhgg coupling via fermion loops.
Together with the form of A1 previously derived and with the coefficient c2
in eq. (3.215), this allows us to write down the amplitude for gg → hh at all
orders in ξ as
CLET(sˆ) =
3m2h
sˆ−m2h
(
1− 2ξ√
1− ξ
)2
− 1
1− ξ . (3.259)
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As for single Higgs production, the cross-section derived from the low-energy
theorem is insensitive to the details of the heavy fermion spectrum, and is
fixed only by the compositeness scale ξ. The corresponding pp → hh cross
section at the LHC with nominal energy is shown in fig. 3.27: the limit
ξ → 0 reproduces the Standard Model cross-section as expected, while a
large enhancement is visible for non-zero values of ξ.
As anticipated in section 3.2.6, the low-energy theorem is expected to
deviate from the numerical result retaining the full dependence on fermion
masses: in single Higgs production, the expansion parameter is trulym2h/m
2
t
and hence works extremely well; in double Higgs production on the other
hand, the expansion parameter is given by sˆ/(4m2t ) with 4m
2
t ≤ sˆ ≤ (14 TeV)2,
which is not anymore a small parameter. The discrepancy in the Standard
Model is about 20%, but become worse in composite Higgs models due to
the presence of the non-linear coupling of two Higgs bosons to the fermion
loop, shown in fig. 3.15 (b), which does not vanish at large sˆ contrarily to
the triangle diagram involving the virtual Higgs boson exchange. An es-
timate of the importance of this diagram can be made by considering the
full dependence on the top quark, but without including the top partners
in the spectrum. A computation in this limit shows that the low-energy
theorem underestimates the ratio σ/σSM by about 50% [171]: for ξ = 0.25,
applying eq. (3.259) gives a cross section of 2.6 times the SM, whereas the
enhancement factor is 3.6 when including the effects of the top quark.
Including heavy top partners in the fermion loop shows in addition that
although the factorisation condition (3.164) of the mass matrix determinant
is satisfied at all orders in ξ, there is a non-negligible dependence on the pa-
rameters of the strong sector, as shown in fig. 3.28 and 3.29 for two different
values of the compositeness parameter ξ. The details of the full computation
are given in ref. [2]. Heavy fermions decouple as expected when they become
really heavy, and the limit obtained taking only the top to run in the loop is
recovered with a reasonable accuracy. This is not the case however for light
top partners. To estimate the reach of the 14 TeV run of the LHC on Higgs
pair production, we focus on the final state hh→ bbγγ, which was shown to
be the most promising for a light Higgs boson [177,209,210,211]. Assuming
a luminosity of 600 fb−1, a benchmark computation showed that 6 signal
events could be obtained after all cuts, with a background of 11 events [211].
The number signal events in the minimal composite Higgs model can be es-
timated by computing σ(pp → hh) · BR(hh → bbγγ) for each point in the
parameter space, taking into account the QCD production K-factor of 1.9
and the non-standard Higgs branching ratios, and multiplying it times the
acceptance for all cuts as computed in ref. [211] for the Standard Model.
It is given on the right-hand side of fig. 3.28 and 3.29, also quoting the
number of events needed for a 3σ (5σ) evidence with a luminosity of 300
(3000) fb−1, based on the background estimate of ref. [211], which is likely
to be conservative.
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Figure 3.28: The cross-section for Higgs pair production via gluon fusion in-
cluding the exact dependence on the top and its heavy partners, normalised
to the SM cross section (computed retaining the mt dependence), as a func-
tion of the mass of the lightest fermion resonance mT1 . The compositeness
parameter has been fixed to ξ = 0.25. Green points are allowed by all present
experimental data, grey points are excluded by current collider constraints,
and orange points will be tested by the LHC run of 2012. The result of the
low-energy theorem, eq. (3.259), is shown as the dashed line. The solid line
is the result of integrating out the heavy fermions but keeping the exact top
mass dependence. The sample of points is separated in two sets correspond-
ing to different values of the left-handed top compositeness, as indicated on
the upper and lower panels. The estimated number of events shown on the
right axis corresponds to the LHC running at 14 TeV with a luminosity of
300 fb−1 (see ref. [2] for details).
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Figure 3.29: Same as fig. 3.28, for a different value of the compositeness
parameter ξ = 0.1. The estimated number of events is based in this case on
a luminosity of 3000 fb−1.
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3.4 Little Higgs models
Our discussion on composite Higgs models demonstrated that while the
latter are still well compatible with the most recent experimental data, they
are in many phenomenological areas dangerously close to the current limits.
This is particularly true for electroweak precision data, constraints on direct
detection of fermion and vector resonances, and flavour physics in general.
If the LHC does not observe any new physics beyond the Standard Model,
the current models will be excluded within a few years. All potential issues
mentioned during the discussion above arise from a single problem, namely
that the manifestation of the strong scale is naturally happening at too low
energy. Formulated the other way around, if a small ratio ξ = v2/f2 could
be naturally generated, composite Higgs models would probably become the
most appealing solution to the hierarchy problem.
In this spirit, one can try and implement additional symmetries in the
strong sector in order to justify a suppression of the scale v compared to
f . The only known solution to this problem so far proceeds through the
mechanism of collective symmetry breaking, and models defined in this way
are supposed to feature a little Higgs much lighter than the strong scale.
Reviews on little Higgs models can be found in ref. [212,213].
3.4.1 Collective symmetry breaking
As discussed in section 3.2.3, the difficulty in generating a small value of v
compared to the compositeness scale f is related to the problem of generating
a small quadratic (mass) term in the Higgs potential while keeping the Higgs
quartic coupling large. The second part of this problem will be discussed in
the next section. First of all, the central ingredient in little Higgs model is to
reduce the value of the Higgs quadratic term. As soon as the Goldstone shift
symmetry is broken by any kind of phenomena — for example top quark
or gauge boson loops — no remaining symmetry can protect a quadratic
term of the form (H†H), since the latter has the quantum properties of the
vacuum and can be generated at all loop orders. Note however that we
do not want to eliminate completely the quadratic term, only to reduce its
size: cancelling the one-loop corrections from the top and gauge boson loop
which are shown in fig. 2.3 would therefore be sufficient, pushing the leading
contribution to the quadratic term to the two-loop order, and effectively
gaining a loop factor of 1/(4pi)2 in the relative ration of v/f .
A complete cancellation of the Higgs potential at one-loop is actually
not possible: the efforts of theorists concentrate therefore on cancelling the
quadratically divergent contributing to it, which permits already to improve
the ratio v/f by a significant factor. The latter is possible through the col-
lective symmetry breaking mechanism, in which the electroweak symmetry
breaking is only introduced through the interplay of two different operators,
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but is absent if any of the two operators vanishes [214, 215]. The diagrams
of fig. 2.3 all involve a single vertex — or twice the same vertex — and
their contribution to the Higgs potential will therefore be zero with this new
symmetry. We focus first on the gauge sector of the theory, in which the
freedom of adding new fields is limited: all unobserved gauge bosons must
either not couple at all to the Standard Model fields or be eaten and get a
mass proportional to the compositeness scale f . Implementing the collective
symmetry breaking mechanism in the top Yukawa sector is made easier by
the possibility to give tree-level masses to new fermions.
There are two slightly different possibilities of implementing a collective
symmetry breaking in the gauge sector. The first option is to consider
a single Goldstone field Σ(x) but two different gauge groups. A simple
example is given by the littlest Higgs model [216], in which the scalar field
Σ(x) is a 5× 5 symmetric matrix, transforming in the two-index symmetric
representation of SU(5) as
Σ(x)→ U · Σ(x) · UT , U ∈ SU(5). (3.260)
When the field Σ(x) acquires a vacuum expectation value 〈Σ〉 = 15×5, the
global symmetry is broken to the real subgroup SO(5), and 14 Goldstone
bosons appear in the low-energy spectrum. The gauge group is chosen to be
a [SU(2)× U(1)]2 subgroup of the global SU(5) symmetry, such that the
vacuum state cannot be aligned in a direction preserving all of it. Only a
diagonal subgroup SU(2)×U(1) is preserved, which is to be identified with
the electroweak gauge group, and the four gauge bosons associated with
broken gauge generators eat four Goldstone bosons and become massive,
with a mass fixed by f much above the electroweak scale. The remaining
ten Goldstone bosons transform under the electroweak group as a complex
doublet, the Higgs boson, and an additional complex triplet. More details
on the model are given below in section 4.5. The presence of a collective
breaking mechanism appears when looking at the symmetries of the model.
The true global symmetry after gauge interactions are taken into account is
only given by the gauge subgroup [SU(2)× U(1)]2, which is spontaneously
broken down to its diagonal subgroup. There are therefore only four ex-
act Goldstone bosons, all of which are eaten by the gauge bosons of the
broken SU(2) × U(1) gauge group. This indicates that the remaining 10
pseudo-Goldstone bosons are charged under the electroweak gauge group
and might acquire a mass from radiative corrections. However, when taking
to zero the gauge couplings of one of the SU(2) × U(1) gauge subgroups,
the true global symmetry is enhanced to a SU(3)×SU(2)×U(1) subgroup
of SU(5), which is spontaneously broken to SU(2) × U(1) by the vacuum
expectation value 〈Σ〉. There are thus 8 exact Goldstone bosons in this case,
only four of which are eaten: the remaining four are exact in this limit, and
actually corresponds to the Higgs doublet. As a consequence, all diagrams
including only one set of SU(2) × U(1) gauge boson do not contribute to
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Figure 3.30: Quadratic (a) and (b) and logarithmic (c) divergent contribu-
tions to the Higgs potential in the littlest Higgs model. Diagram (a) and
(b) only contribute a constant term since the include only one gauge field.
the Higgs potential; this applies to the quadratically divergent loops shown
in fig. 3.30 (a) and 3.30 (b). The first non-zero contribution appearing at
the one-loop level is that of fig. 3.30 (c), which includes two different gauge
bosons. The mandatory presence of two different gauge boson propagators
in any diagram contributing to the Higgs potential imply that the leading
contribution arises only from logarithmically divergent diagrams. Note that
although fig. 3.30 (c) seems to have four external Higgs legs, the field de-
picted there is a non-linear representation of the Higgs, which contribute
both to the quadratic and to the quartic interactions of the physical Higgs
doublet. In this sense, the suppression of the quadratically divergent contri-
bution to the Higgs potential does not yet explain the smallness of the ratio
v/f .
A second version of the collective symmetry breaking mechanism can be
realised with only a single entity of the electroweak gauge group, but with
two Goldstone fields Σ1(x) and Σ2(x). This setup is realised in the sim-
plest little Higgs model [217,218]. Both fields Σ1(x) and Σ2(x) are 3-vectors
transforming in the fundamental representation of SU(3); the whole SU(3)
symmetry is then gauged. Both scalar fields acquires a vacuum expectation
value, each of them breaking the global and gauge SU(3) symmetry down to
SU(2)×U(1).17 The vacuum expectation values of the two fields tend to be
aligned in order to preserve the largest possible gauge symmetry. Each scalar
field describes four Goldstone bosons, and only four linear combinations of
them remain massless before electroweak symmetry breaking, the orthog-
onal combinations being eaten by the massive gauge fields. The collective
symmetry breaking mechanism is again manifest when the gauge coupling
to either Σ1 or Σ2 are turned to zero: in this case, the scalar fields with
non-vanishing gauge couplings to the gauge bosons are all eaten during the
spontaneous breaking of the gauge symmetry, while the scalars with vanish-
ing gauge couplings remains obviously massless even after electroweak sym-
17For the spontaneous symmetry breaking to preserve not only a SU(2) subgroup of
SU(3) but also a U(1) associated with the electroweak hypercharge, an additional U(1)X
gauge symmetry must be added to the model. It plays no role in the mechanism of
collective symmetry breaking and is therefore just ignored in our discussion.
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Figure 3.31: Quadratic (a) and (b) and logarithmic (c) divergent contribu-
tions to the Higgs potential in the simplest little Higgs model. Diagram (a)
and (b) only contribute a constant term since the include only one of the
two scalar fields.
metry breaking. As for the model previously described, quadratically diver-
gent diagrams contributing to the Higgs potential involve only one species of
Goldstone fields and are therefore vanishing, as illustrated in fig. 3.31 (a) and
3.31 (b), while logarithmically divergent diagrams involving both Σ1(x) and
Σ2(x) contribute to the Higgs quadratic and quartic terms, see fig. 3.31 (c).
Note that all little Higgs models must not fall into one or the other category
of collective symmetry breaking mechanism described above, but might also
feature a hybrid situation with multiple Goldstone fields and in which the
gauge symmetry is enlarged compared to the Standard Model. This is the
case of “moose” models inspired by dimensional deconstruction [219,220].
Implementing the mechanism of collective symmetry breaking in the
fermion sector follows the same lines: the key ingredient is to use two cou-
plings for each fermion, and chose the symmetries appropriately so that the
loop of fermions contributing to the Higgs potential vanishes in the limit
where either of the two couplings is taken to zero. Note that since only
the top quark gives a non-negligible contribution to the Higgs potential, we
will only refer to it and forget about the other quarks and leptons. In the
simplest little Higgs model, which corresponds to the second case discussed
above, the cancellation of quadratic divergences is simply obtained by pro-
moting the SU(2) doublet of left-handed fermions qL = (tL, bL) to a SU(3)
triplet ψL = (tL, bL, TL), where TL is a new fermion identical to the top
quark so far. Two different Yukawa term can be written down, each involv-
ing one of the two scalar fields Σ1(x) and Σ2(x), which require as well to
introduce two right-handed fermion singlets t1R and t
2
R,
L ⊃ λ1f
(
ψL · Σ1
)
t1R + λ2f
(
ψL · Σ2
)
t2R, (3.261)
where λ1 and λ2 are the two couplings mentioned above. After spontaneous
symmetry breaking in the strong sector, and expanding the Goldstone fields
in terms of the Higgs doublet H, the Yukawa terms become
L ⊃ λT f TLTR + λt qLHtR +O
(
H†H
)
, (3.262)
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where the right-handed fields tR and TR are linear combinations of t1R and
t2R, and the couplings λt and λT are fixed by λ1 and λ2. The fermion
spectrum of the model contains therefore one massless fermion, the bottom
quark, and two massive ones, one of which is the top quark t, whose mass is
generated at the electroweak scale v after electroweak symmetry breaking,
and the other is its partner T , whose mass is fixed by the strong scale. In the
limit where any of the two couplings λ1 or λ2 goes to zero, the corresponding
Goldstone field Σ1 or Σ2 does not couple to the fermions and remains exactly
massless — ignoring the effects of gauge fields — while the other scalar field
gets a potential from its interactions with the fermions: the presence of
a massless Higgs doublet is guaranteed in both cases. Subsequently, only
diagrams involving both coupling λ1 and λ2, i.e. both Goldstone fields Σ1
and Σ2, contribute to a potential for the true Higgs doublet. Such diagrams
are at most logarithmically divergent as wanted. A similar mechanism can
be used to generate fermion masses in the littlest Higgs model, which was
discussed in our first example above. The minimal choice is again to enlarge
the Standard Model doublets into a triplet ψL = (tL, bL, TL). Although
not trivial to see, such a triplet can be contracted with two entities of the
Goldstone field Σ(x) into a gauge-invariant product, adding the following
operators to the Lagrangian:
L ⊃ λ1f
(
ψL × Σ× Σ
)
t1R + λ2 TLt
2
R. (3.263)
The leading order terms in the Higgs field are then
L ⊃ λtqLH tR + λT qLH TR + λ′fTLTR +O
(
H†H
)
, (3.264)
which contains in addition to the top Yukawa interaction and the mass term
for the field T an interaction between qL and TR. Going to the mass basis
requires an additional field redefinition after the Higgs doublet gets a vacuum
expectation value, but it is obvious from the form of the Lagrangian that one
of the mass eigenstates is generated with a mass close to the compositeness
scale f , while the other is proportional to the electroweak scale v. The limit
λ1 → 0 is trivial in this case since it removes all interactions of the Higgs
field to the fermions. In the opposite limit λ2 → 0, the Higgs interacts
with fermions but is protected by a SU(3) shift symmetry which imply the
cancellation of quadratic divergences between the loop diagram involving
the quarks t and T , so that the leading contribution to the Higgs potential
is again arising as a logarithm divergent diagram.
3.4.2 Higgs quartic and dangerous singlets
The realisation of a collective symmetry breaking mechanism requires to
extend the global and local symmetries of the theory compared to the mini-
mal composite Higgs models described before, which is not an easy task but
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finds a satisfactory solution in different realisations. The most constraining
task in the process of building a little Higgs model is actually the imple-
mentation of a large quartic coupling. In the general procedure described
in the previous section, quadratic divergences in the Higgs potential are all
removed at a time by the collective symmetry breaking mechanism, so that
not only the Higgs quadratic term is naturally reduced, but also the quartic
term. The large mass hierarchy between the scales v and f was seen to be
natural only in the limit where the quartic term is more important than
the quadratic one. Equivalently, the experimentally measured value of the
Higgs mass requires imperatively an important quartic coupling in the Higgs
potential.
Different solutions to this problem are provided in various realistic mod-
els, but often requires to extend the particle content of the model. In the
simplest little Higgs model described above, it turns out that a Higgs quartic
cannot be generated collectively: the model may still be viable in fine-tuned
regions of the parameter space [218], but is not properly a true realisation
little Higgs scenario in the original sense. A way out consists in extending
the global symmetry from SU(3) to SU(4) [217], which also involve ad-
ditional particles in the low-energy spectrum. An alternative solution to
the quartic problem in this model was realised by adding a third copy of
the global symmetry SU(3) [221], but turns out not to work properly due
to quadratically divergent contributions to the Higgs mass from a pseudo-
Goldstone singlet [222]. The idea to extend the number of Goldstone fields
is also the one used in product group models. Note that in the presence
of two fields Σ1 and Σ2, the only non-trivial combination of them is of the
form Σ†1 ·Σ2, which does not generate a quartic term alone but also a mass
term in the Higgs potential. Adding more Goldstone fields, whose contrac-
tion two-by-two is forbidden by the symmetry, permits to solve the problem:
“plaquette” operators involving four fields can be written down, including
terms of the form Σ1 ·Σ2 ·Σ3 ·Σ4 and similar terms with permutations of the
Σi [219]. The situation is better in the littlest Higgs model, where a quartic
term is automatically generated when the physical complex triplet among
the Goldstone fields is integrated out [216].
The collective generation of a quartic Higgs coupling realised in the lit-
tlest Higgs model is actually an indication of the crucial role played by addi-
tional Goldstone bosons which are not the Higgs doublet [222]. This result
can be explained in the following way: in the presence of a Higgs doublet
H alone, the symmetry respected by the scalar, the gauge and the fermion
sectors can act on the Higgs doublet as a shift symmetry parametrised by a
small parameter ε with the quantum numbers of a Higgs doublet,
δH = ε+ . . . (3.265)
where the dots indicate a possible non-linear dependence on the Higgs field
itself. Either the symmetry is preserved at the one-loop level, in which
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case any term is forbidden in the Higgs potential, or it is somehow broken,
allowing for a Higgs quartic term but at the same time for a quadratic term
as well. This problem can only be solved if there is an additional Goldstone
field φ, and two different symmetries acting on it under which the Higgs
transforms as above and φ is shifted as
δφ± = ±H · ε+ ε ·H
f
+ . . . (3.266)
The two shift symmetries with opposite sign cannot be realised simulta-
neously, but can exist in two different limits in the model. Consider for
example the Lagrangian
Lquartic = −λ1f2
∣∣∣∣φ+ H ·Hf + . . .
∣∣∣∣2 − λ2f2 ∣∣∣∣φ− H ·Hf + . . .
∣∣∣∣2 . (3.267)
If either λ1 or λ2 is put to zero, one of the shift symmetries acting simul-
taneously on H and φ is realised, and no potential for the Higgs can be
generated, even radiatively. When both terms proportional to λ1 and λ2
are present at the same time, however, none of the two shift symmetries is
preserved. The Lagrangian can be rewritten as
Lquartic = − (λ1 + λ2) f2
[
φ+
λ1 − λ2
λ1 + λ2
H ·H
f2
]2
+
4λ1λ2
λ1 + λ2
(H ·H)2 + . . .
(3.268)
and one can see that upon integrating out the field φ, only a quartic term
for H remains. Quadratically divergent diagrams generated radiatively only
include one type of vertex, either including λ1 or λ2 but not both, and are
therefore vanishing since protected by the shift symmetries. Only logarith-
mically divergent diagrams which involve both couplings are then generating
a mass term for the Higgs doublet, whose size is then naturally suppressed
compared to the tree-level quartic coupling.
Note that for such a scenario to be realised, φ must have the quantum
numbers of a Higgs bilinear H ·H. The meaning of the dot product was left
undefined on purpose: the Higgs bilinear can be a either a real singlet or
a real or complex triplet under the electroweak gauge group. If it happens
to be a singlet, which is only realised by the combination H†H of Higgs
doublets, then φ has the quantum numbers of the vacuum, and tadpole
diagrams can be generated, which induce radiatively the presence of the
operators
L ⊃ λ1f Λ
2
4pi2
(
φ+
H†H
f
)
− λ2f Λ
2
4pi2
(
φ− H
†H
f
)
(3.269)
in the Lagrangian. Such operators yield eventually a divergent mass term for
the Higgs doublet, and spoil the success of the collective symmetry breaking
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mechanism. Note that if only one of those operators were present, the Higgs
quadratic divergence could be absorbed in a field redefinition of φ, but this
is not the case when both operators are generated. The presence of singlets
carrying no electroweak quantum numbers is therefore dangerous in little
Higgs models. This pathology is present in the extension of the simplest little
Higgs model to the global symmetry breaking pattern SU(9)/SO(8) [221],
as well as in the attempt to implement a custodial symmetry in the littlest
Higgs model based on the group structure SO(9)/(SO(5) × SO(4)) [223]:
both model fail to properly implement the collective symmetry breaking
mechanism and require therefore the introduction of fine-tuning.
In the presence of one Higgs doublet, the only possibility to generate
collectively a Higgs quartic is therefore to have a physical Higgs triplet, either
real or complex. The latter case is realised in the littlest Higgs model, while
there exist no model based on a real triplet yet. The situation is slightly
better in models featuring two Higgs doublets. In this case a singlet can
carry an additional Z2 symmetry associated with the sign flip of the two
Higgs doublets with respect to each other, which prevent the singlet from
generating quadratic divergent contribution to the Higgs potential through
tadpole diagrams. The “antisymmetric condensate” model based on the
breaking pattern SU(6)/Sp(6) [224] and the “bestest little Higgs” [220] are
examples of models realising this possibility.
3.4.3 Phenomenology
Little Higgs models feature a natural hierarchy between the electroweak
scale v and the compositeness scale f . However, the construction of realistic
models seems to indicate that a scale f À 1 TeV still requires some fine-
tuning, the natural scale for f being around the TeV scale. The deviations
from the Standard Model at low energy due to the new physics are then of
order of a few percents, and can therefore still be very much constrained
by the electroweak precision data gathered at LEP. In the littlest Higgs
model, for example, new physics effects require f > 4 TeV [225, 226, 227].18
The main issue in this model is arising from the tree-level contribution to
the Tˆ parameters due to the mixing of the two U(1) gauge bosons. The
extension of the symmetry breaking pattern to SO(9)/(SO(5) × SO(4)) in
order to preserve a custodial symmetry yields a model which suffers from
the dangerous singlet pathology [223], and is therefore unsatisfying. A sim-
ilar tension in the electroweak precision observables is present in different
18The lightness of the gauge boson associated with the broken U(1) symmetry may in
this case even be sensitive to the direct detection bounds; it might therefore be conve-
nient to consider a variation of the littlest Higgs model in which the problematic gauge
boson is removed, i.e. the gauge symmetry before spontaneous symmetry breaking is
[SU(2)]2 × U(1) [228]. Radiative corrections arising from the U(1) gauge boson are thus
not suppressed by the collective symmetry breaking mechanism, but are sufficiently small
so as not to destabilise the hierarchy v ¿ f .
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realisations of the little Higgs idea [229]. The necessity of having a elec-
troweak triplet in the spectrum, and more importantly the fact that this
triplet must acquire a non-zero vacuum expectation value, lead to impor-
tant breaking of the custodial symmetry even in models where it is imposed
at the Lagrangian level.19 A similar problem appears in the extension of
the “moose” model [219] in which the global symmetry group, appearing in
multiple copies, is enlarged from SU(3) to SO(5) [231]: a custodial symme-
try is present in the model, but the required misalignment of the vacuum
expectation value of both Higgs doublets is inducing large corrections to
it. A solution can be found when extending the global symmetry even fur-
ther to SO(6) [220]. Other models with two little Higgs doublets, such as
the SU(6)/Sp(6) “antisymmetric condensate” model [224] are doing better
when confronting electroweak precision tests.
Models with a single little Higgs doublet can nevertheless be delivered
from tree-level contributions to the gauge boson form factors by a different
mechanism: many model permit the implementation of a discrete Z2 sym-
metry called T-parity, under which all Standard Model fields are even —
including the Higgs boson – while all new particles introduced in the model
are odd [232, 233]. In this case, no physical process can involve only one
heavy field from the new physics sector, but at least two of them are re-
quired. Tree-level contributions to the electroweak parameters Sˆ and Tˆ are
therefore prohibited. The implementation of such a parity cannot be realised
in models with a simple gauge group: at least two copies of SU(2)×U(1) are
needed, which break down into the T-even W± and Z0 gauge bosons, and a
new set of four T-odd massive gauge bosons, W ′a and Z ′. The difficulty in
building models with a T-parity comes from the fermion sector, since it is
not trivial to add fermions as eigenstates of the T-parity. The most obvious
choice to introduce them as transforming under the unbroken global sym-
metry group [234] lead to an important tension between the required large
mass for the top partners and the vertex corrections involving the set of
new fermions [235].20 Realistic models need to introduce two different type
of fermions, some of them transforming under the global symmetry group
present before the spontaneous symmetry breakdown, and others belonging
to the unbroken subgroup but transforming therefore non-linearly under the
overall global symmetry [234,236]. The presence of numerous new fermions
beyond the Standard Model ones lead to a rich phenomenology [237], but
is an important drawback in the quest of finding an elegant model with
minimal content.
The presence of T-parity in little Higgs models has also very dramatic
consequences for cosmology: the lightest T-odd particle turns out to be
19A small breaking of the custodial symmetry might actually be favoured by precision
data, and could be generated by the vacuum expectation value of a triplet [230].
20The realisation of ref. [234] also require to enlarge the symmetry group of the model.
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stable due to the absence of possible decay products, and can therefore
become a promising dark matter candidate provided it is electrically neu-
tral [238, 239, 240, 241, 242]. In all little Higgs models discussed so far, T-
parity is however only an accidental symmetry of the low-energy effective
description and is broken by anomalies which arise in the effective description
from a Wess-Zumino-Witten term [243, 244]. As a consequence, the light-
est T-odd particle can generically decay into gauge bosons [245,246], and its
ability in playing the role of dark matter is spoiled. Note that the anomalous
breaking of T-parity can be counteracted in some realisations of the little
Higgs idea by the presence of additional discrete symmetries [247]: specific
models featuring a stable dark matter candidate have been built [248, 249].
Alternatively, the presence of a weakly-coupled, anomaly-free UV comple-
tion of the model could prevent the presence of a Wess-Zumino-Witten term.
Such a UV completion exists for example for the littlest Higgs model [250],
but requires the introduction of a very large number of new fields, hence
missing the requirement of minimality. Note that such a UV completion
reintroduces the hierarchy problem between the “little Higgs scale” of a few
TeV and the Planck scale. Other weakly coupled UV completions aiming
at solving this problem use many copies of the little Higgs mechanism in
order to explain the smallness of the electroweak scale. Most little Higgs
models are however meant as being the low-energy description of a strongly-
interacting theory, either purely in four-dimensional space-time [251] or in
a holographic description [252,253].
Note finally that the current status of little Higgs theories is somewhat
disappointing: only the littlest Higgs model provide a single Higgs doublet
and fully realises the cancellation of quadratic divergences in the Higgs po-
tential, which was the original goal of little Higgs theories. The model is at
the same time only viable in the presence of a T-parity, introducing there-
fore mild issues in the fermion sector. It will be moreover shown in the next
chapter that strongly-coupled UV completion of the littlest Higgs model
have to deal with a much worse problem, the presence of an electrically
charged stable particle in their spectrum. A minimal and fully viable little
Higgs model is thus still missing. If such a model exists, it must probably
possess apart from the Higgs doublet only a real triplet in its spectrum,
and possibly implement a custodial symmetry in its construction. The coset
SO(7)/G2 mentioned in table 3.2 might provide a good candidate, and is
currently under scrutiny of the author.
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The Skyrme Model and its Applications
The previous chapter was dedicated to showing that electroweak symmetry
breaking can arise from a strongly-coupled sector added to the Standard
Model. Among the models realising this possibility, only the ones contain-
ing a pseudo-Goldstone Higgs doublet were in agreement with experimental
data in the perturbative regime. An important number of assumptions came
from extrapolating the knowledge of low-energy QCD to the electroweak
scale, since the former is up to now the only known strongly-coupled the-
ory in particle physics. There is however a point that we overlooked so far:
the immense majority of particles present in the visible universe appear in
QCD as baryons, which are not describe in terms of Goldstone bosons like
the mesons are. The most striking consequence of adding a new, strongly-
interacting sector to the Standard Model could therefore in principle be the
presence of new, stable, heavy objects, the equivalent of protons and neu-
trons in QCD. While these hypothetical new particles could maybe explain
the missing mass in our universe, usually denoted by dark matter, they are
above all subject to very stringent constraints. If such particle exists, they
must interact with the Standard Model quarks and leptons at most through
the weak or colour interaction, but should definitely be electrically neutral,
hence not coupling directly to the photon. Moreover, their relic density must
obviously not exceed that of the dark matter. Alternatively, if the strongly-
coupled theory of the electroweak symmetry breaking is not QCD-like, the
possibility exists that no stable, heavy bound state are created.
These issues are precisely going to be investigated in this chapter. Note
however that we want again to take an effective approach to the theory
of electroweak symmetry breaking, which departs from our discussion of
QCD made in chapters 2 and 3. For QCD, we started with a theory of
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fundamental fermions — the quarks — and demonstrated that the theory
is confined, hence leading to the presence of mesons and baryons as the
low-energy degrees of freedom. Such an approach permits to learn a lot
about the physics of baryons and their interactions, but cannot be used for
composite Higgs and little Higgs models when one takes above perspective
of being agnostic about the UV completion of these models. In analogy with
QCD, our task is therefore to study the physics of baryons while using only
information taken from the meson sector.
Interestingly, there exists such a description of baryons in QCD, in which
they arise as the topological solitons of the σ-model describing pions and
kaons. This is the so-called Skyrme model described below in section 4.1.
After reviewing the model, its methods and its predictions, we will show
that it can be extended to fit the requirements of composite Higgs and little
Higgs theories, and study its phenomenological consequences. The content
of sections 4.1 and 4.2 is based on reviews of the Skyrme model given in
textbooks [254, 255, 14], as well as on research papers cited directly in the
text. Sections 4.3, 4.4 and 4.5 are directly taken from the original work of
the author, published in ref. [5, 3, 4].
4.1 Skyrmions as the baryons of QCD
Before studying the topological solitons directly in composite Higgs models,
we review the results obtained in QCD. Our starting point is therefore the
low-energy theory describing the Goldstone modes only, given by the non-
linear σ-model Lagrangian of eq. (3.14). We will see that solitons arise in
this model — requiring however to include other terms irrelevant in the
perturbative approach — and compute their properties.
4.1.1 Topological charge and baryon number
Let us consider a general theory describing a field Φ(x) ∈ SU(N), and where
the vacuum state corresponds to the identity matrix 〈Φ(x)〉 = 1N×N . The
field Φ(x) contains N2 − 1 degrees of freedom, and describes therefore a set
of scalar fields pia, related to the SU(N)-valued field through the generators
T a of the group as
Σ(x) = exp [i pia(x)T a/fpi] . (4.1)
Assuming that the generators satisfy Tr
(
T aT b
)
= 12δ
ab, the canonically-
normalised kinetic term for the fields pia is then
L2 = f
2
4
Tr
(
∂µΦ†∂µΦ
)
. (4.2)
Note that since Φ†Φ = 1, no potential can be written for the fields pia;
they can be seen as Goldstone bosons, although this characteristic is not
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necessary in our approach. Any other operators written in terms of the field
Σ(x) contain at least four space-time derivatives, and are thus subdominant
at very low energy.
We are now interested in studying static field configurations, i.e. time-
independent solutions to the equations of motion for the field Σ(x). In
order to have a finite energy, any such field configuration must be in the
vacuum at the boundaries of the three-dimensional space, i.e. the energy
must be localised somewhere in space. The field considered at the moment
can therefore be described by the mapping
Φ :
R3 → SU(N)~x 7→ Φ(~x) with Φ(|~x| → ∞) = 1N×N . (4.3)
Upon these requirement, any field configuration can be characterised by an
integer number
B(Φ) = − 1
24pi2
εijk
∫
d3x Tr(Φ†∂iΦ)(Φ†∂jΦ)(Φ†∂kΦ) ∈ Z. (4.4)
This integral has very special properties. First, it is a topological quantity
in the sense that it is invariant under any infinitesimal transformation of Φ.
Second, the integral (4.4) is additive with respect to multiplication of two
fields Φ1(x) and Φ2(x): an explicit computation gives
B(Φ1Φ2) = B(Φ1) +B(Φ2)−
∫
d3x ∂iΩi, (4.5)
where
Ωi =
1
8pi2
εijk Tr(Φ
†
1∂jΦ1)(Φ2∂kΦ
†
2). (4.6)
The last term above is a surface term and therefore vanishes provided that
the fields are in the vacuum at the spatial boundaries. Note also that the
integral is zero when evaluated on the vacuum state, B(1) = 0, and that
the relation B(Φ†) = −B(Φ) follows from the unitarity of the matrix Φ ∈
SU(N). From these properties, the integral (4.4) must takes its values in
a finite set of numbers, symmetric around zero. There must therefore be a
field configuration Φ0 for which B(Φ0) is the closest possible to zero, and
such that other non-zero values for B can be generated as integer multiples
of it. The normalisation in eq. (4.4) was actually chosen such that the lowest
possible value of the integral is one, so that B takes indeed its values in the
set of integer numbers Z. B(Φ) is therefore called the winding number of
the field Φ ∈ SU(N). This denomination comes from the fact that the
three-dimensional space R3 can be identified with the three-sphere S3 when
the requirement (4.3) is satisfied: in this case, all points at spatial infinity
take the same vacuum value in SU(N) and can therefore be identified to
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a unique point, for example through the use of a stereographic projection.
The field Σ can thus be seen mathematically as a mapping S3 → SU(N),
which is characterised by the third homotopy group of SU(N),
pi3
(
SU(N)
)
= Z. (4.7)
In the low-energy limit of QCD, where the meson fields were described by
a SU(N) valued matrix U(x) in eq. (3.13) — N corresponding then to the
number of light quark flavours — the winding number integral (4.4) matches
exactly the baryon number, written in terms of the field U(x) in eq. (3.62).
This finally explains our statement made in section 3.1 that the baryon
number is a topological quantity.
Field configuration of different winding number — i.e. belonging to differ-
ent homotopy classes — cannot be continuously deformed one into another.
The lightest configuration in each homotopy class is therefore absolutely sta-
ble over time. If all minima are degenerate in energy, then they all represent
a vacuum state of the theory, and we recover a typical θ-vacuum situation
similar to the one discussed in section 2.1.1. If on the contrary not all the
minima have the same energy, then only the lightest one will be the true
vacuum of the theory; in this case, the lightest field configuration belonging
to a homotopy class which do not include the true vacuum will appear as a
stable, massive object in the complete theory, with finite size and finite en-
ergy. It corresponds then to a topological soliton. Determining which of the
two situations is realised in our theory requires to look at the Hamiltonian
of the system. For the Lagrangian (4.2), the latter is
H2 =
f2
4
∫
d3x
[
Tr
(
∂0Φ†∂0Φ
)
+Tr
(
∂iΦ†∂iΦ
)]
≥ 0 (4.8)
and indicates that the energy of the system is bounded below by zero. The
bound is saturated by our choice 〈Φ〉 = 1N×N , which indicates that it is
indeed the true vacuum of the theory. The homotopy class corresponding to
B(Φ) = 0 is therefore called topologically trivial. In this simple case, how-
ever, field configurations with non-zero winding number can also saturate
the bound on the energy, as proved by Derrick’s theorem [256]: in our 3+ 1
dimensional world, under a rescaling of the spacetime coordinates x→ λx,
the energy associated with the kinetic term scales as H2 → λH2 and can
thus be made arbitrarily small. The mass and size of any soliton satisfying
B(Φ) 6= 0 can shrink to zero, and all homotopy classes contain excitations
of arbitrarily small energy. Derrick’s theorem can nevertheless be evaded by
adding terms with more derivatives to the Lagrangian. As a first step, one
can add the terms with four derivatives, which were given in eq. (3.23) and
are reminded here:
L4 = c1Tr
(
∂µΦ†∂µΦ ∂νΦ†∂νΦ
)
+ c2Tr
(
∂µΦ†∂νΦ ∂µΦ†∂νΦ
)
+c3
[
Tr
(
∂µΦ†∂µΦ
)]2
. (4.9)
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Since the field Φ(x) is itself invariant under rescaling, adding more deriva-
tives changes the overall scaling of the energy: the Hamiltonian associated
with L4 scales as H4 → (λ)−1H4, and prevents the size of an hypothetical
soliton to shrink to zero in the limit λ→ 0. In the presence of both terms L2
and L4, the energy of the system is bounded by a minimum reached when
the respective Hamiltonians H2 and H4 contribute equally.
4.1.2 The Skyrme model
The Skyrme model corresponds to a particular choice among the operators
of dimension four in the Lagrangian (4.9), under which the solitons has pe-
culiar properties. Note first that the third homotopy group pi3(SU(N)) is
identically equal to the set of integers for any N ≥ 2. The reason for this is
that the winding number integral (4.4) actually counts the number of wind-
ings around an SU(2) subgroup of SU(N), as will be discussed below, such
that all information about the solitons appearing as topologically non-trivial
field configurations can be learnt — at least at the classical level — from
the case N = 2. The latter case corresponds also to the natural choice in
the low-energy theory of QCD, since the up and down quark masses are
much lighter than the strange quark’s one. As discussed in the previous
chapter, there are only two linearly-independent operators with four deriva-
tives of the field Φ(x), so that the term proportional to the coefficient c3 in
eq. (4.9) can be dropped. The second crucial choice made in the definition
of the Skyrme model is to limit the number of time derivatives to two, so
that a Hamiltonian can be easily constructed and a canonical quantisation
performed. This requirement is achieved by building the dimension four
operator as an antisymmetric product of identical Lorentz structure: the
so-called Skyrme model can then be written with the help of commutators
as [257]
LSkyrme = f
2
pi
4
Tr
(
∂µΦ†∂µΦ
)
+
1
32e2
Tr
[
Φ†∂µΦ,Φ†∂νΦ
] [
Φ†∂µΦ,Φ†∂νΦ
]
, (4.10)
and corresponds to the special choice c1 = −c2 = −1/(16e2). The model will
turn out to provided a good, yet very simple, description of the baryons as
topological solitons. The only parameter entering the model apart from the
dimensionful constant fpi fixed by pion interactions is the Skyrme parameter
e, which is naively of order unity. For a static field configuration such as the
ones discussed in the previous section, the total energy of the system can be
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written as
E(Φ) =
∫
d3x
{
f2
4
Tr
(
∂iΦ†∂iΦ
)
(4.11)
+
1
16e2
[
Tr
(
∂iΦ†∂iΦ∂jΦ†∂jΦ
)
−
(
∂iΦ†∂jΦ∂iΦ†∂jΦ
)]}
.
It will be convenient in the following to introduce dimensionless units x˜ =
(fe)x, for which the dependence of the energy on the parameters fpi and e
can be factorised out of the integral, and becomes
E(Φ) =
f
e
∫
d3x˜
{
1
4
Tr
(
∂iΦ†∂iΦ
)
(4.12)
+
1
16
[
Tr
(
∂iΦ†∂iΦ∂jΦ†∂jΦ
)
−
(
∂iΦ†∂jΦ∂iΦ†∂jΦ
)]}
The integrand is then a dimensionless quantity and can be directly computed
from the shape of the field Φ(x˜). The notation x˜ will often be implicit in
the rest of this chapter. A very crucial feature of the Skyrme model is
that this energy is bounded below by a positive, non-zero quantity for field
configuration with non-trivial topology, B(Φ) 6= 0. This is better seen by
defining a quantity
K±i = i
[
f
2
Φ†∂iΦ± 14eεijk ∂jΦ
†∂kΦ
]
, (4.13)
which is Hermitian by definition,
(
K±i
)† = K±i , so that its square is positive
definite. Computing explicitly the trace of the operator (K±i )
2, one finds
Tr
(
K±i K
±
i
)
= E(Φ)± 6pi2 f
e
B(Φ) ≥ 0, (4.14)
where the right-hand side of the equality is written in terms of the energy
density (4.11) and of the winding number (4.4). Since this quantity is posi-
tive for both signs K+i and K
−
i , one can write down a lower bound on the
energy as
E(Φ) ≥ 6pi2 f
e
|B(Φ)| . (4.15)
This inequality reminds of the BPS bound [258,259] on the mass of ’t Hooft-
Polyakov monopoles [58,59] mentioned in chapter 2, and is accordingly often
called the Bogomolny bound.1 The presence of this bound unambiguously
lifts the degeneracy among the ground states of each homotopy class, so that
only the state 〈Φ〉 is the true vacuum of the theory, while other configurations
1Note however that the bound was already derived many years earlier by Skyrme in
its own work [257].
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minimising the energy (4.11) corresponds to solitons, called in this case
skyrmions.
An interesting comment on the scaling of meson and baryon masses
with the number of colours Nc of the underlying theory can be made here.
As explained in eq. (3.7), the pion decay constant fpi scales proportionally
with the square root of the number of colours, fpi ∝ (Nc)1/2. At leading
order, the Skyrme terms yields a four-pions interaction with a coupling
proportional to 1/(f4pie
2). From the required scaling of pion interactions as
given in eq. (3.9), one finds the relation e ∝ (Nc)−1/2, or more importantly,
f/e ∝ Nc. The latter indicates that the mass of the skyrmion scales with
one power of Nc. On the contrary, the size of the skyrmion is fixed only by
the interplay of the two terms in the integrand of eq. (4.12), and is therefore
independent of the number of colours. The skyrmion’s scaling properties
match therefore exactly the ones of the baryons obtained in the quark picture
in section 3.1.2. Together with the observation that the winding number
integral (4.4) corresponds exactly to the baryon number in QCD, there is
a strong evidence that the skyrmions represent indeed baryon states in the
low-energy picture of QCD [260].
Note finally that in order to account for a realistic theory of both mesons
and baryons, a mass term breaking the chiral symmetry must be added to
the Lagrangian, as in eq. (3.51):
Lmass = 14m
2
pif
2
pi
[
Tr(Φ) + Tr(Φ†)− 4
]
. (4.16)
Such a term is only present in the theory of pions with N = 2, although
other terms might be constructed for a field Φ ∈ SU(N) with N > 2. It
also formally breaks the Bogomolny bound (4.15), although it will be seen
in the next section that the skyrmion masses only increase with mpi 6= 0.
4.1.3 The hedgehog ansatz
It is well accepted that for solitons, the field configurations of highest symme-
try tend to yield the lowest energy solutions to the field equations. This is the
case of the ’t Hooft-Polyakov monopole [58,59], of the Julia-Zee dyon [261],
and of the original skyrmion solution which will be presented here. All these
solitonic field configurations are spherically symmetric, reflecting the rota-
tional invariance of the Lagrangian density. Notice however that this is not
the case for solitons of winding number larger than one. For monopoles, it
has been proved in ref. [262] that only the unit winding number solutions
preserve the spherical symmetry, since the mass of a spherically symmetric
configuration of magnetic charge n > 1 is larger than n times the mass of the
solution of magnetic charge one. A similar behaviour is found for skyrmions,
where the solutions of multiple winding number will be shortly discussed in
section 4.1.6.
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In the Skyrme model, the solution of unit winding number with the
lowest energy is found using the hedgehog ansatz [263]
Φh = exp
[
2i F (r) xˆi T i
]
, (4.17)
where F (r) is a function of the radial variable r =
√
x2i , the xˆi = xi/r are
angular coordinates, and the T i are generators of SU(N) satisfying a proper
normalisation condition and simultaneously forming a su(2) algebra,
Tr
(
T aT b
)
=
1
2
δab,
[
T i, T j
]
= i εijk T k. (4.18)
The boundary condition for F at spatial infinity is fixed without loss of
generality to F (∞) = 0 in order to recover the vacuum Φ(x → ∞) = 1.
Definiteness at the origin requires on the other hand F (0) be an integer
multiple of pi, F (0) = kpi. The hedgehog ansatz is built so that a spatial
SO(3) rotation of the coordinates xi → Rijxj is equivalent to a SU(2) ⊂
SU(N) transformation Φ→ UΦU †, where the equivalence between the two
formulations is given by
Rij = 2Tr
(
TiUTjU
†
)
. (4.19)
Since the Skyrme Lagrangian above is symmetric under diagonal SU(N)
transformations — even in the presence of a mass term for the pions —
and hence under any SU(2) subgroup, it is also invariant under spatial
rotations. For this reason, the skyrmion built using this hedgehog ansatz
is said to be spherically symmetric. An important point about the SU(N)
skyrmion construction is that it only makes use of a SU(2) subgroup of the
target space. This is the minimal choice, as proved in a theorem due to
Bott [264,265]: the winding number integral (4.4) is actually only counting
the number of times the field is winding around any SU(2) subgroup of
SU(N), which makes it sufficient to embed all the non-trivial components
of the field Φ(x) into a SU(2) subgroup, while the other can be taken in
the vacuum. In the absence of interactions with gauge or matter fields, the
embedding of the SU(2) subgroup can be chosen without loss of generality
to be in the upper-left 2× 2 block of the SU(N) matrix as
Φ(x) =
Φ0(x)
1N−2
 , (4.20)
where Φ0(x) is the SU(2) hedgehog ansatz, given in terms of Pauli matrices
σi as
Φ0(x) = exp [i F (r) xˆi σi]
= cosF (r)12×2 + i sinF (r) xˆiσi. (4.21)
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The energy (4.12) of a field configuration, as well as the winding number
(4.4) can then be evaluated with this ansatz. Note that all terms can be
expressed in terms of the current
Φ†∂iΦ = 2i
[
sinF cosF
r
(δij − xˆixˆj) + F ′(r)xˆixˆj − sin
2 F
r
εijkxˆk
]
T j .
(4.22)
One obtains then straightforwardly
B(Φ) = − 2
pi
∞∫
0
dr F ′ sin2 F =
sinF cosF − F
pi
∣∣∣∣F=0
F=kpi
= k, (4.23)
which takes integer values as expected. Choosing k = 1 or equivalently
the boundary conditions F (0) = pi ensures a unit winding number. Note
that the solution with winding number −1, obtained from the boundary
condition F (0) = −pi, corresponds simply to exchanging Φ ↔ Φ† in the
Lagrangian, and is therefore equivalent in all characteristics to the solution
of positive winding number. The equivalence of the solution with opposite
winding numbers holds as well for B > 1.
The energy density (4.12) becomes as well a functional of the profile
function F (r), and reads
E[F ] = 4pi
fpi
e
∞∫
0
dr
[(
r2 + 2 sin2 F
)
F ′2 +
(
2r2 + sin2 F
) sin2 F
r2
]
, (4.24)
where we used the dimensionless units defined above. As expected, there
is no explicit dependence on the angular coordinates due to the spherical
symmetry of the ansatz. The energy is minimised when F (r) is a solution
of the Euler-Lagrange equation
∂
∂r
(
∂E[F ]
∂F ′
)
− ∂E[F ]
∂F
= 0, (4.25)
which becomes in our case(
r2 + 2 sin2 F
)
F ′′ + 2rF ′ + sin 2F
(
F ′2 − 1− sin
2 F
r2
)
= 0. (4.26)
Solving this highly non-linear equation subject to the boundary conditions
F (0) = pi and F (r → ∞) = 0 is a non-trivial task, and can only be re-
alised numerically, as explained in the appendix. The function F (r) solving
the equation (4.26) is shown on fig. 4.1. Plugging this solution in the en-
ergy density (4.24), one finds the distribution shown in fig. 4.2, which upon
integration gives the classical skyrmion mass
M0 = 72.9
f
e
. (4.27)
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Figure 4.1: The profile function F (r) solving eq. (4.26). The discontinuous
lines corresponds to the solution in the presence of the pion mass term (4.32),
with mpi = 0.3fpie (dashed) and mpi = fpie (dotted).
Note that the terms with two and four powers of the spatial derivative
both contribute half the mass of the skyrmion, as illustrated in fig. 4.2.
They follow however different distribution along the radial direction, which
stabilises the size of the skyrmion against rescaling x→ λx.
The physical radius of the skyrmion can be defined in different ways. An
obvious choice is to take the mean square value of the energy density as
〈r2〉E = 1
M0
∞∫
0
dr r2
∂E[F ]
∂r
(4.28)
where E[F ] is the energy found in eq. (4.24). The numerical value obtained
in this way is
〈r2〉E =
(
1.46
1
fe
)2
. (4.29)
The skyrmion’s size relevant to its interactions with fields other than gravity
is however not provided by its energy, but rather by the distribution of
its baryon number in space. The latter is shown in fig. 4.3, plugging the
numerical solution for F (r) in the baryon charge defined in eq. (4.23). This
definition of the radius, which can be made clearer using the topological
current of eq. (4.78), is then
〈r2〉B =
∫
d3x r2B0 =
(
1.06
1
fe
)2
, (4.30)
and is found to be slightly smaller than the previous one.
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Figure 4.2: The radial energy density of the skyrmion of unit winding num-
ber, corresponding to the integrand of eq. (4.24). The dashed and dotted
line represent the relative contributions of the kinetic and Skyrme term re-
spectively; both contribute exactly to half the total energy.
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Figure 4.3: The radial distribution of the baryon density, given as the inte-
grand of eq. (4.23).
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Figure 4.4: Classical mass of the skyrmion in terms of the ratio (mpi/fpie).
The mass (4.27) is recovered in the limit mpi → 0.
The classical energy of the skyrmion is obviously affected by the presence
of the pion mass term (4.16). The presence of the additional parameter mpi
in the model does not allow to factorise the parameter dependence out of
the integral over space as before. The solution in this case is still provided
by the hedgehog ansatz [266], under which the pion mass term reads
Lmass = m2pif2pi (cosF − 1) , (4.31)
and gives a contribution to the energy functional (4.24) as
∆E[F ] = 4pi
fpi
e
(
mpi
fpie
)2 ∞∫
0
dr r2 (1− cosF ) ≥ 0. (4.32)
Note that as indicated, this quantity is always positive. The Euler-Lagrange
equation for F (r) will also be enhanced by a term proportional to the dimen-
sionless coefficient (mpi/fpie), and differs from the case mpi = 0 as shown in
fig. 4.1. With the physical value ofmpi, fpi and choosing e ≈ 5 — shown later
to be a reasonable choice — one finds as a typical value (mpi/fpie) ≈ 0.3.
The dependence of the skyrmion’s classical mass on this coefficient is only
mild, as illustrated in fig. 4.4. Nevertheless, the presence of the pion mass
term has a dramatic consequence on the asymptotic behaviour of the profile
function F (r): while in the case mpi = 0 the function decreases as 1/r2 at
large r (see appendix), the decrease is exponential when a non-zero pion
mass is taken into account, F ∝ e−mpir/r.
Before proceeding to the quantisation of the classical skyrmion solution,
not that there is no formal proof that the hedgehog ansatz provides the
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lightest energy configuration. The mass (4.27) is nevertheless relatively close
to the Bogomolny bound (4.15), and it is a fact that the latter cannot be
saturated in the Skyrme model. It will also be shown in section 4.1.6 that
naively adding angular dependence to the function F in the hedgehog ansatz
can only lead to an increase in energy.
4.1.4 Zero-mode quantisation and static properties
The static solution found with the hedgehog ansatz is invariant under spa-
tial translations and rotations, as well as under global symmetry transfor-
mations. Such transformations are called zero-modes. There is therefore
an energy degeneracy, which will be removed once the theory is quantised.
The quantisation procedure consists in promoting the zero-mode transforma-
tions to time-dependent ones parametrised by collective coordinates, then
compute the Hamiltonian of the system, and finally perform a canonical
quantisation of the collective coordinates [263]. The Lorentz translations
and boosts lead to the quantisation of the skyrmion momentum and are not
interesting in this context, as we want to derive the static properties of the
skyrmion Moreover, for the simplicity of the argument, we will restrict our
analysis to the case N = 2.2 Among the relevant symmetry transforma-
tions are the global SU(2) transformations which can be parametrised by
a matrix A = exp[i αiσi/2] depending on the three collective coordinates
αi, with Φ transforming as Φ → AφA†. The quantisation procedure then
promotes the global transformation parameters αi to dynamical variables
αi(t). The other class of transformations playing a role in the quantisation
procedure is the rotation in physical space. However, as explained above,
the latter are equivalent to global SU(2) transformations and it is therefore
not necessary to introduce additional collective coordinates at this point.
The time-dependent ansatz for Φ is then
Φ(x, t) = A(t)Φ(x)A(t)†, (4.33)
where A ∈ SU(2) was defined above. It will be convenient for our com-
putation to define a different set of collective coordinates than the αi(t),
describing the matrix A(t) in terms of Euler angles θi as
A(t) = exp
[
i θ1(t)
σ3
2
]
exp
[
i θ2(t)
σ2
2
]
exp
[
i θ3(t)
σ3
2
]
. (4.34)
Plugging this ansatz into the Lagrangian of the theory, one can see that the
time dependence only appears in factors of A†∂0A. An explicit computation
yields
LSkyrme = −M0 + ΛTr
(
∂0R∂0R
†
)
= −M0 + 12Λ
(
θ˙2i + 2θ˙1θ˙3 cos θ2
)
, (4.35)
2A complete treatment of the case N = 3 can be found for example in ref. [14].
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Figure 4.5: Radial distribution of the moment of inertia Λ given by the
integrand in eq. (4.36).
where M0 corresponds to the energy of the static skyrmion solution given
in eq. 4.27, and Λ is quantity which can be identified with the moment of
inertia of the classical solution, given by
Λ =
8pi
3
1
fpi e3
∞∫
0
dr r2 sin2 F
((
F ′
)2 + 1 + sin2 F
r2
)
. (4.36)
The distribution of the integrand with the numerical solution for F (r) is
shown in fig. 4.5, and upon integration gives the value
Λ = 53.4
1
fpi e3
(4.37)
The Hamiltonian of the system is obtained by performing a Legendre trans-
formation of the Lagrangian: the canonical momenta reads
Θi =
∂L
∂θ˙i
= Λ

θ˙1 + θ˙3 cos θ2
θ˙2
θ˙3 + θ˙1 cos θ2

i
(4.38)
and we find, inverting the previous equality,
H = Θiθ˙i −L =M0 + 12Λ
[
1
sin2 θ2
(
Θ21 − 2Θ1Θ3 cos θ2 +Θ23
)
+Θ22
]
(4.39)
Upon canonical quantisation, the collective coordinates θi and momenta Θi
are promoted to operators, and do not commute anymore. Using the usual
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identification Θi → −i∂/∂θi, the Hamiltonian can be written as a differential
operator as
H = E0 − 12Λ
[
1
sin2 θ2
(
∂2
∂θ21
+
∂2
∂θ23
− 2 cos θ2 ∂
2
∂θ1∂θ3
)
+
1
sin θ2
∂
∂θ2
sin θ2
∂
∂θ2
]
. (4.40)
which turns out to be the Laplacian on a three-sphere, whose eigenfunctions
are the Wigner D-functions Djmm′(θi) with eigenvalues
Ejmm′ = E0 +
j(j + 1)
2Λ
. (4.41)
The operators Θi are actually related to the physical spin and isospin of
the skyrmion. The SU(2) isospin transformation δaΦ = i[T a,Φ] is associ-
ated with the Noether current
Iµk = −i
f2pi
2
[
Tr
(
T kΦ†∂µΦ
)
+Tr
(
T kΦ∂µΦ†
)]
+
i
8e2
(
Tr[T k,Φ†∂νΦ][Φ†∂µΦ,Φ†∂νΦ] (4.42)
+ Tr[T k,Φ∂νΦ†][Φ∂µΦ†,Φ∂νΦ†]
)
.
The conserved charge defined as the spacetime integral of the zeroth com-
ponent of this current is nothing but the isospin of the skyrmion. Plugging
in the time dependent ansatz (4.33) and neglecting the terms cubic in time
derivatives (in the semiclassical limit the skyrmion rotates slowly, so the
higher order terms in time derivatives are subdominant), we obtain:
Ik =
∫
d3x I0k = iΛTr
(
A∂0A
†T k
)
, (4.43)
where Λ is defined as above. Similarly, computing the spin charge Jk, one
obtains
Jk = −iΛTr
(
A†∂0AT k
)
. (4.44)
The two operators obey the SU(2) commutation relations
[Ii, Ij ] = i εijkIk, [Ji, Jj ] = i εijkJk, (4.45)
and are related to each other via a rotation as
Ik = −ΩklJl, (4.46)
where Ω is a time-dependent rotation matrix defined as
Ωkl =
1
2
Tr
(
T kAT lA†
)
∈ SO(3). (4.47)
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This relation is particularly important, since it implies that physical skyrmion
states have the same total spin and isospin quantum numbers,
I2 = J2. (4.48)
The operator I2 = J2 turns out to be exactly the differential operator
in (4.40), so that the Hamiltonian of the system can be rewritten as
H =M0 +
1
2Λ
J2 (4.49)
with eigenvalues j(j + 1). The Hilbert space of the quantum theory is
therefore described in terms of states
|i = j;m,m′〉, (4.50)
where j corresponds to the total spin (or isospin) of the physical state,
taking either integer or half-integer values, depending if the skyrmion is a
boson or a fermion. The quantum numbers m and m′ have to be identified
subsequently with the eigenvalues of the operators I3 and J3 respectively
and run from −j to +j in integer steps. Note that they do not contribute to
the energy of the skyrmion, but imply a certain degeneracy in energy among
the skyrmion’s spectrum, which can eventually be lifted by interactions with
gauge fields. Note that due to the different scaling of the termsM0 and 1/Λ
in eq. (4.41) with respect to the Skyrme parameter e, the mass of the lightest
skyrmion state is bounded from below if the skyrmion is a fermion (j = 12):
in this case, the minimal energy is 12.7f , for e ∼= 7.7. All energy states are
displayed in fig. 4.6 as a function of e, for both cases where the skyrmion is
a boson or a fermion.
The skyrmion cannot however take any spin value in general. In theories
where the path integral is double-valued, the wavefunction of a skyrmion
moving along a closed path in configuration space can pick up a phase of
−1 when the path is non-contractible, but is left unchanged when the path
is contractible [267]. In this case, the spin statistics of the skyrmion is a
free parameter of the theory. Such a property of the path integral can only
happen if the fourth homotopy group pi4 of the target space contains a Z2
subgroup. This is actually the case in QCD with two flavours, but does not
extend to the general case with Nf ≥ 3, pi4
(
SU(2)
)
= Z2,
pi4
(
SU(N)
)
= 0 for N ≥ 3.
(4.51)
Quantising the skyrmion using the Finkelstein-Rubinstein rule [267] is there-
fore usually not considered as a valid attitude in QCD, and the bosonic or
fermionic nature of the skyrmion is completely fixed by the theory. Although
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Figure 4.6: The mass of the bosonic (solid line) and fermionic (dotted line)
skyrmion states as a function of the parameter e, in units of fpi, as given by
eq. (4.41).
the σ-model described here contains only bosonic degrees of freedom, there
is still the possibility for the skyrmion to be quantised as a fermion: in the
presence of a Wess-Zumino-Witten term (3.54), an adiabatic 2pi rotation
of the skyrmion in space adds to the action a constant term ∆S = iNcpi,
where Nc is the coefficient of the Wess-Zumino-Witten term, equal to the
number of colours in the underlying strongly-interacting theory. If Nc is
odd, the wavefunction of the skyrmion picks a minus sign when rotated in
space, which indicates a fermionic nature. On the contrary, if Nc is even,
the skyrmion is a boson. In QCD, with Nc = 3, the skyrmion is there-
fore a fermion, and the lightest skyrmion states form an isospin doublet,
corresponding to the proton and the neutron.
Note that the Wess-Zumino-Witten term neither contributes to the en-
ergy of the skyrmion field configuration, nor to the isospin current (4.42), so
that all the results obtained above still hold. It can play however a crucial
role for symmetries that are hidden in our σ-model formalism, but which
are present in the underlying theory. This is the case for example of hyper-
charge in QCD: at the quark level, both the left- and right-handed quarks
are charged under the U(1)Y gauge group, but the field Φ has a trivial trans-
formation rule under this very symmetry. This can be seen when looking at
the generator of the electric charge as given in eq. (3.25): in the two-flavour
case, one has
Q =
 23
−13
 = T 3 + Y, (4.52)
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and as suggested by the notation, Q can be split in a part T 3 coming from
the SU(2) isospin symmetry and a hypercharge generator Y , which are
respectively defined as
T 3 =
 12
−12
 , Y = 1
6
12×2. (4.53)
Under an electromagnetic gauge transformation, δΦ ∝ [Q,Φ], only the
isospin part of Q plays a role, since the hypercharge generator commutes
with the field Φ independently of its space-time configuration. Similarly,
the electromagnetic Noether current is given by the equivalent of the isospin
current (4.42), with the generator Q replacing T a, but essentially only the
part T 3 of it contributes. With the hedgehog ansatz, we find according to
eq. (4.43)
I3 =
∫
d3x I03 = iΛTr
(
A∂0A
†T 3
)
=
1
2
Θ1, (4.54)
which as expected takes the value ±12 when applied on the physical proton
and neutron states. The radial distribution of the isospin charge around the
spherically symmetric skyrmion can be written as
ρI(r) =
1
Λ
4pi
3fpi e3
r2 sin2 F
((
F ′
)2 + 1 + sin2 F
r2
)
(4.55)
which is normalised such that
∫∞
0 dr ρI(r) =
1
2 . In our naive approach,
since the hypercharge of the field Φ is vanishing, one would expect the two
lightest skyrmion states to have electric charges ±12 , as given by the isospin
component. This is however not what is observed in nature, and the reason
is the presence of the Wess-Zumino-Witten term (3.54). Under a vector
transformation δΦ ∝ [T,Φ], the non-local, five-dimensional Wess-Zumino-
Witten term induces a Noether current of the form
JµWZW =
Nc
48pi2
εµνρσ
[
TrT (Φ†∂νΦ)(Φ†∂ρΦ)(Φ†∂σΦ)
− TrT (Φ∂νΦ†)(Φ∂ρΦ†)(Φ∂σΦ†)
]
. (4.56)
This quantity vanishes when T is taken to be a generator of SU(2), hence
confirming that the Wess-Zumino-Witten term do not contribute to the
isospin current (4.42). Surprisingly, there is however a non-zero contribution
from the U(1)Y hypercharge generator: taking T = 1, although the field Φ
is left unchanged, the current JµWZW is non-vanishing
Jµ1 =
Nc
24pi2
εµνρσ Tr(Φ†∂νΦ)(Φ†∂ρΦ)(Φ†∂σΦ), (4.57)
and induces a conserved charge
J1 =
Nc
24pi2
εijk
∫
d3x Tr(Φ†∂iΦ)(Φ†∂jΦ)(Φ†∂kΦ) = NcB(Φ), (4.58)
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which turns out to be exactly Nc times the winding number integral of
eq. (4.4). With the definition Y = 16 1, the Wess-Zumino-Witten term
contributes to the electric charge of all skyrmion states of unit winding
number, independently of their quantum numbers, with a charge
JY =
Nc
6
, (4.59)
which is exactly 1/2 in QCD. The isospin doublet found to be the lightest
skyrmion state is therefore composed of two skyrmions of charge +1 and
0, corresponding respectively to the proton and the neutron. The non-
trivial character of the charge cancellation inside a neutron appears here
clearly from the requirement that the electric charge generator Q is written
in integer multiples of 1/Nc, so that the hypercharge of the skyrmion arising
from the Wess-Zumino-Witten term takes half-integer values as the isospin
does. The radial distribution of the hypercharge is then given by the baryon
number distribution of eq. (4.23), namely
ρY (r) = − 1
pi
F ′ sin2 F. (4.60)
The radial distribution of the electric charge in protons and neutrons can
then be written as
ρP (r) = ρI(r) + ρY (r), ρN (r) = −ρI(r) + ρY (r), (4.61)
and are shown in fig. 4.7. A number of physical observables can be extracted
from the quantised skyrmions, which turns out to be in reasonable agree-
ment with the proton and neutron’s properties determined experimentally.
The success of the model is undeniable if one considers one the one hand
the number of predictions which are given an correct order-of-magnitude
estimate, and on the other hand that the model contains only one free pa-
rameter, the Skyrme coupling e. The best fit between experiment and theory
is provided by e ≈ 4.5. Note that there exist many possibilities to improve
the model by adding more input parameters (see ref. [14] for a review). Im-
portant corrections to the skyrmions’ mass and static properties are also
generated by radiative corrections [268].
4.1.5 Long-range interactions
The interactions between skyrmions depend of course of their charge under
the electroweak gauge group, which can be derived from the quantisation
presented in the next section. There is however also a contribution arising
from strong-interactions, which as we saw in section 3.1.2 is dominated by
the exchange of light mesons. With the hedgehog ansatz derived above,
the skyrmion are very much localised in space, but still contain a non-zero
component of the meson field Φ(x) up to arbitrarily large distances from the
161
CHAPTER 4. THE SKYRME MODEL AND ITS APPLICATIONS
0 1 2 3 4 5
-0.2
0.0
0.2
0.4
0.6
0.8
r @1 fΠeD
dQ
Figure 4.7: Radial distribution of the electric charge in a proton (red) and a
neutron (green) as given by eq. (4.61). Upon integration over r, the curves
yield respectively the value +1 and 0.
skyrmion centre. As long as the distance between two skyrmions is much
larger than their radius, we can assume that they behave locally like single
skyrmions, and that the overall field configuration can simply described by
a multiplicative ansatz [269]
Φ×(x;x1, x2) = Φ(x− x1)Φ(x− x2), (4.62)
where Φ(x − x0) describes a hedgehog configuration centred at the space
point x0. This approximation only holds if the distance between the two
points x1 and x2 is large, otherwise the presence of one skyrmion will signif-
icantly distort the field Φ(x) around to the other skyrmion from its hedgehog
shape. At short distances, two skyrmions of opposite winding number can
annihilate into a topologically trivial final state, but this process cannot be
described in the static approach used here. If the two skyrmions both have
winding number +1, they might or might not form a bound state of winding
number +2. This subject will be discussed in the next section. At large dis-
tances, however, the potential energy between the two skyrmions can simply
be estimated as the difference in energy between the product ansatz (4.62)
and the energy of two isolated skyrmions, as
V (|x1 − x2|) = E[Φ×]− 2E[Φ]. (4.63)
At large distances, for the hedgehog solution of section 4.1.3 and in the
absence of a pion mass term, the profile function F (r) follows asymptotically
a power law,
F (r) r→∞−−−→ α
r2
(4.64)
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where α is a constant whose numerical value is computed in the appendix.
The current Φ†∂iΦ of eq. (4.22) goes therefore to zero as
Φ†(x)∂iΦ(x) = 2i
α
r3
(δij − 3xˆixˆj)T j , (4.65)
at large r. The leading term in the energy E[Φ×] of the multiplicative
ansatz is given by the kinetic term for the field Φ(x), which is quadratic in
the current (Φ†∂iΦ) and decreases therefore as 1/r6. The potential becomes
then
V (|x1 − x2|) ∼= fpi2
∫
d3xTr
(
Φ(x−x1)†∂iΦ(x−x1)
)(
Φ(x−x2)†∂iΦ(x−x2)
)
.
(4.66)
In the multiplicative ansatz (4.62), we have implicitly chosen the isospin
orientation of both skyrmions to be aligned. This is not true in general,
and the potential should actually not only be a function of the distance be-
tween the two skyrmions, but also of their relative orientation. Since isospin
transformations acts as spatial rotations on the hedgehog solution, one can
consider without loss of generality to rotate one of the two skyrmions, re-
placing Φ(x − x2) by Φ
(
R · (x − x2)
)
, where R is an SO(3) matrix which
can be parametrised in terms of three angles β1, β2 and β3 as
R =

c1c2c3 − s1s3 s1c2c3 + c1s3 −s2c3
−c1c2s3 − s1c3 −s1c2s3 + c1c3 s2s3
c1s2 s1s2 c2
 . (4.67)
Note that we used the shorthand notation ci = cosβi, si = sinβi. With this
choice, after integration over space, the potential between the two skyrmions
is found to be
V (d, βi) =
8pi
3
α2
f2e4
1
d3
[2 cosβ2 − (1 + cosβ2) cos(β1 + β3)] . (4.68)
This potential can be both attractive or repulsive, and is vanishing when
both skyrmions are aligned, corresponding to βi = 0. Interpreting this
potential in terms of exchange of light particle states goes beyond the scope
of this work. However, the dependence with the cube of the inverse of the
distance shows that the attraction force between skyrmions vanishes very
rapidly at large distances, so that no macroscopic force can be observed
between well-separated nucleons. Note finally that the hedgehog solution
obtained in the presence of pion masses yield a very different large-distance
behaviour due to the exponential asymptotic behaviour. Since pions are
indeed massive in nature, the suppression of strong forces between nucleons
is even more drastic than in eq. (4.68).
163
CHAPTER 4. THE SKYRME MODEL AND ITS APPLICATIONS
0 1 2 3 4 5
0
50
100
150
200
r @1feD
dE
@f
e
D
Figure 4.8: The radial energy density as a function of r, for an hedgehog
ansatz with boundary condition F (0) = 2pi. The dashed and dotted line
represent the relative contributions of the kinetic and Skyrme term respec-
tively.
4.1.6 Skyrmions of higher winding number
Skyrmion solutions with winding number larger than one are more difficult
to construct. We show here as an example the construction of the skyrmion
of winding number B = 2, which gives a satisfying picture of the deuteron,
bound state of one proton and one neutron, and will also be relevant to our
discussion in section 4.3.
A naive choice to construct the skyrmion of winding number two is to use
the hedgehog ansatz (4.17) and adapt the boundary condition to F (0) = 2pi
in order to get the correct winding number from eq. (4.23). The energy den-
sity is identical to the one given in eq. (4.24), but the function F (r) is now
required to solve the Euler-Lagrange equation (4.26) with the new boundary
condition mentioned above. The energy is found numerically to follow the
distribution in fig. 4.8, and corresponds to a total mass of 217 f/e. The two
peaks visible in the energy distribution seems to indicate that this configu-
ration corresponds to two skyrmions superimposed at the same place, one
having a slightly larger radius than the other. Note that this configuration
is nevertheless unstable, since its energy is much above the energy of two
single skyrmions. It does not therefore represent a physical state.
The description of a system of winding number two requires to abandon
the spherical symmetry of the hedgehog ansatz. However, one can expect
to preserve an axial symmetry, since the true solution interpolates between
a situation where two skyrmions are well separated, hence defining an axis
of symmetry, and a (unphysical) situation where the two units of baryonic
164
4.1. SKYRMIONS AS THE BARYONS OF QCD
charge are located at the same point in space. An general axially symmetric
ansatz can be made in terms of the spherical coordinates (r, θ, ϕ) defined as
(x1, x2, x3) ≡ (r sin θ cosϕ, r sin θ sinϕ, r cos θ) (4.69)
in the form [270]
Φ‖ = exp
[
−imϕσ
3
2
]
· exp
[
i F (r, θ)
(
sinG(r, θ)
σ1
2
+ cosG(r, θ)
σ3
2
)]
· exp
[
imϕ
σ3
2
]
(4.70)
where m is an integer, which will turn out to give the winding number of the
ansatz, and F (r, θ) and G(r, θ) are two unknown functions of two variables.
The ansatz built in this way is obviously invariant under a rotation along
the angle ϕ, since the latter is explicitly written as a diagonal SU(2) trans-
formation, preserved by the Skyrme Lagrangian. The boundary conditions
are chosen as F (0, θ) = pi,F (∞, θ) = 0,
G(r, 0) = 0,G(r, pi) = pi, (4.71)
such that the vacuum state is recovered at spatial boundaries, Φ‖(r →∞) =
1. The boundary condition for F 6= 0 at r = 0 forces the field to have a
non-trivial topology, and pi is the lowest possible value for F compatible
with the requirement that the field is singled-valued at the origin. Similarly,
the boundary conditions for G fulfil the requirement that Φ is well-defined
along the axis of symmetry θ = 0, pi, and such that G is forced to take
non-vanishing values. With this ansatz, the winding number integral (4.4)
becomes
B
(
Φ‖
)
=
m
pi
∞∫
0
dr
pi∫
0
dθ sin2 F sinG (∂rF∂θG− ∂rG∂θF ) . (4.72)
The integrand can be rewritten as a difference of two surface terms
1
2
∂r [(F − sinF cosF ) sinG∂θG]− 12∂θ [(F − sinF cosF ) sinG∂rG] .
(4.73)
The second term above is vanishing upon integration due to the value sinG =
0 at the θ-boundaries. Performing the integration over r on the first term,
one gets, using the boundary values for F at r = 0 and r →∞,
B
(
Φ‖
)
=
m
pi
pi∫
0
dθ
(
−pi
2
sinG∂θG
)
= m. (4.74)
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Figure 4.9: The numerical solution for F in the deuteron case, in the plane
(x, y) = (r˜ sin θ, r˜ cos θ).
m is thus as announced fixing the winding number of the field Φ‖. Plugging
the ansatz (4.70) into the energy density (4.12), one obtains
E[F,G] = 2pi
fpi
e
∞∫
0
dr
pi∫
0
dθ r2 sin θ
{(
1 +m2
sin2 F sin2G
r2 sin2 θ
)
(4.75)
·
[
(∂rF )2 +
1
r2
(∂θF )2 + sin2 F
(
(∂rG)2 +
1
r2
(∂θG)2
)]
+
1
r2
(∂rF∂θG− ∂rG∂θF )2 +m2 sin
2 F sin2G
r2 sin2 θ
}
.
Although much more complicated than for the hedgehog ansatz, the min-
imisation of the energy proceeds similarly: Euler-Lagrange equations can
be derived for F and G and solved numerically with the proper boundary
conditions (4.71). For m = 1, the numerical solution takes a familiar form:
F has no dependence on the angle θ, i.e. F (r, θ) = F (r), and G is found to
take the value G(r, θ) = θ. Looking at the energy density, one can see that
it is then exactly equivalent to eq. (4.24) giving the energy of the hedgehog
ansatz of unit winding number. This shows once again that the solution of
minimal energy chooses automatically the largest possible symmetry, in this
case a spherical one.
The skyrmion of winding number two can similarly be obtained by min-
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Figure 4.10: The numerical solution for the difference G − θ (right) in the
deuteron case, in the plane (x, y) = (r˜ sin θ, r˜ cos θ).
imising the energy functional (4.75) with m = 2. The solution for F and G
are shown respectively on fig. 4.9 and 4.10. The total energy of the solution
obtained in this way gives the mass of the B = 2 skyrmion as
MB=2 = 139.6
f
e
, (4.76)
and its distribution, shown in fig. 4.11 is not anymore spherical symmetric.
Note that the energy of the field Φ‖ is interestingly vanishing on the axis
of symmetry of the solution, most of it being located along a torus. The
solution obtained in this way is stable, since its energy (4.76) is slightly
more than twice the energy (4.27) of a single skyrmion. The deuteron arises
therefore in the Skyrme model as a weakly-bounded composite state of two
nucleons, corresponding to the situation observed in nature.
Skyrmions with winding number larger than two lose the remaining axial
symmetry of the deuteron solution. They can be built in general using the
rational map ansatz of ref. [271], and solutions up to very high winding
numbers have been found numerically [272]. For a review on the subject,
see for example ref. [273]. Note that the presence of a pion mass can alter the
very structure of the skyrmion for solutions of high winding numbers [274].
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Figure 4.11: The energy density of the deuteron solution in a plane contain-
ing the axis of symmetry of the skyrmion (located along x = 0).
4.2 Extensions of the Skyrme model
The simple model used so far was sufficient to gain a qualitative under-
standing of baryons as topological solitons in the low-energy limit of QCD.
Turning to our main concern, which is the presence of baryon-like state in
composite Higgs models, requires however to extend or modify the Skyrme
model in a number of ways, which may or may not influence the classical and
quantum properties of the skyrmion. We will first discuss the presence of
additional terms in the Lagrangian, including operators of dimension higher
than four and gauge interactions, and then turn to completely different re-
alisations of the Skyrme model, where the symmetry structure is not any
more that of QCD.
4.2.1 Stabilisation through higher-order terms
The Skyrme model described above contains only two operators in its La-
grangian. In a general SU(N) non-linear σ-model, an infinity of terms can be
present. While in the perturbative regime only the terms with a low number
of derivatives are present, all terms could potentially play an important role
in the non-perturbative description of baryons. The requirement from Der-
rick’s theorem is that at least two operators with different classical scaling
dimensions are present in the Lagrangian, so that the balance between their
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scaling can define a preferred scale for the skyrmion size. It is important
to note here that there exists models in which none of these higher-order
terms is present, and for which no stable skyrmions can be formed. This
scenario is realised when the scalar field Φ(x) is a elementary field, as for
example in some little Higgs models where the scalar field playing the role
of the Higgs is described before spontaneous symmetry breaking by a linear
sigma-model [275,250]. In this case, however, the lightness of the electroweak
scale is not explained anymore by the presence of a natural scale fixed by
strong dynamics, and the hierarchy problem is reintroduced in the theory.
Introducing for example supersymmetry at a higher scale could solve the
problem. Models realised following this path are non-minimal and won’t be
discussed further in this thesis.
If one wants to keep the property of the Skyrme model that higher-
dimensional operators involve at most two time derivatives, then the struc-
ture of the Lagrangian is importantly constrained. No additional term can
be added to the Skyrme Lagrangian up to operators with six space-time
derivatives. At this level, a simple term can be added which uses two
instances of the completely antisymmetric tensor εµνρσ: this term, often
present as an alternative to the Skyrme term or in addition to it [276, 277],
is then proportional to the square of the topological current Bµ, as
L6 = −c6 BµBµ, (4.77)
where Bµ is defined as the integrand of eq. (3.61),
Bµ = 1
24pi2
εµνρσ(Φ†∂νΦ)(Φ†∂ρΦ)(Φ†∂σΦ). (4.78)
For a static configuration, only the component B0 of the current is non-
vanishing. With the hedgehog ansatz (4.17), B0 can be read directly from
eq. (4.23) to be
B0 = − 2
pi
F ′
sin2 F
r2
, (4.79)
so that the Lagrangian L6 contributes to the energy as
H6 =
16
pi
∞∫
0
dr
(
F ′
)2 sin4 F
r2
. (4.80)
Note that since the operator (4.77) preserves all the symmetries of the
Skyrme Lagrangian, the spherical symmetry of the hedgehog ansatz is pre-
served. Both the energy (4.24) and the moment of inertia (4.36) are affected
by the presence of the higher-order term and take therefore different numer-
ical values in this case, the quantum numbers of the skyrmion states derived
from the canonical quantisation procedure remains unchanged. This exam-
ple illustrates an very important point about skyrmions: while the exact
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form of the Lagrangian — which remains in principle unknown, even in the-
ories with a well-defined UV completion — decides of the mass, radius and
other static properties of the skyrmion, it has no effects on its symmetries
nor on its quantum properties. This statement will play a crucial role be-
low, when discussing the skyrmion appearing in composite Higgs models:
while their mass can only be estimated roughly, important constraints on
the models will arise from the skyrmion quantum numbers, which can be
computed exactly.
4.2.2 Gauge interactions
The second important modification of the Skyrme model consists in adding
gauge interactions. As seen already in section 3.1, the non-linear σ-model
describing meson interactions can be augmented to include electromagnetic
interactions. Before discussing them in the next-section, we want to address
the more general case where all the global symmetries of field Φ(x) are
promoted to local ones. This trick was used already in our discussion on
vector mesons in QCD, and will be proved useful also in the following. Let
us therefore consider general SU(N)L×SU(N)R transformations associated
with gauge field Lµ, Rµ ∈ SU(N), with the transformation properties
Φ(x) → UL(x)†Φ(x)UR(x),
Lµ(x) → UL(x)†Lµ(x)UL(x)− i
gL
UL(x)†∂µUL(x), (4.81)
Rµ(x) → UR(x)†Rµ(x)UR(x)− i
gR
UR(x)†∂µUR(x).
These transformations define a local symmetry of the Skyrme Lagrangian,
provided that the space-time derivatives are replaced by covariant ones,3
DµΦ = ∂µΦ− i gL LµΦ+ i gRΦRµ, (4.82)
and adding to the Lagrangian a kinetic term for the gauge fields
LYM = −12 Tr (LµνL
µν)− 1
2
Tr (RµνRµν) , (4.83)
where the field strength tensors associated with the SU(N)L and SU(N)R
gauge symmetries are defined as
Lµν = ∂µLν − ∂νLµ − i gL [Lµ, Lν ] , (4.84)
Rµν = ∂µRν − ∂νRµ − i gR [Rµ, Rν ] . (4.85)
3Note that the sign of the terms LµΦ and ΦRµ is chosen so as to get a canonical form
for the field strength tensors in eq. (4.84) and (4.85).
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The normalisation of LYM is chosen such that for gauge fields defined as
Lµ(x) = Laµ(x)T
a and Rµ(x) = Raµ(x)T
a, where the T a are SU(N) genera-
tors satisfying the normalisation Tr
(
T aT b
)
= 12δ
ab, then the kinetic terms
for Laµ(x) and R
a
µ(x) are canonically normalised.
While promoting the Skyrme Lagrangian to a gauge-invariant theory is
rather straightforward, the situation is different for the winding number.
The integrand in the definition (4.4) is obviously not invariant under gauge
transformations, and simply promoting the derivative to covariant ones adds
new terms in the integral which are not topologically invariant. However,
one can consider a gauge-invariant variation of the topological current (4.78),
B
µ =
1
24pi2
εµνρσ
[
Tr
(
Φ†DνΦDρΦ†DσΦ
)
(4.86)
+
3i
2
gL Tr
(
LνρΦDσΦ†
)
− 3i
2
gR Tr
(
RνρΦ†DσΦ
)]
.
The charge associated with this current can be written as
B =
∫
d3x B0 = B(Φ) +
1
2
[n(Rµ)− n(Lµ)] +
∫
d3x ∂iΩi, (4.87)
where B(Φ) is the winding number (4.4) for the scalar field Φ,
Ωi =
1
8pi2
εijk
[
i gL Tr
(
LjΦ∂kΦ†
)
− i gR Tr
(
RjΦ†∂kΦ
)
+ 3 gL gR Tr
(
LjΦRkΦ†
) ]
(4.88)
and n(Aµ) is a quantity including only gauge fields and defined as
n(Aµ) =
g2
8pi2
εijk
∫
d3x
[
Tr (∂iAj Ak)− 2i3 g Tr (AiAjAk)
]
=
g2
16pi2
ω3(Aµ). (4.89)
The notation ω3 refers to the Chern-Simons three-form which appeared al-
ready in eq. (2.10). n can be rewritten as integral between a reference time
far in the past to the present time t,
n(Aµ) =
g2
16pi2
t∫
0
dt˜
∫
d3x Tr
(
FµνF˜
µν
)
. (4.90)
This quantity is exactly the winding number of the gauge field identified
in eq. (2.13), and counts the number of instantons between the two time
boundaries of the integral. The last term on the right-hand side of (4.87) is
a surface term, and vanishes provided that the fields are in the vacuum at
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the spatial boundaries.4 The gauge-invariant charge B splits therefore into a
term involving only the scalar field Φ, which turns out to be the topological
index B(Φ), and a term involving only gauge fields and counting the number
of instantons in the theory. In the absence of gauge fields, the charge B
reduces to the winding number of the field Σ. It is therefore the correct
definition of the baryon number — or skyrmion number — of the theory. B
is moreover conserved over time when “simple”, topologically trivial gauge
field configurations are taken into account. Only when instantons appear in
the theory can B be modified over time. The way B is affected by instantons
is better understood in terms of vector and axial gauge fields, defined as
gV Vµ(x) = gLLµ(x) + gRRµ(x), (4.91)
gAAµ(x) = gLLµ(x)− gRRµ(x), (4.92)
and for which the covariant derivative becomes
DµΦ = ∂µΦ− i gV [Vµ,Φ]− i gA {Aµ,Φ} . (4.93)
In this case, computing explicitly the value of the charge B, one finds
B = B(Φ)− n(Aµ). (4.94)
B is therefore conserved in time if only vector fields are present in the theory,
and the existence of such a quantity ensures the presence of stable skyrmions.
On the contrary, gauge fields associated with an axial symmetry lead to the
non-conservation of the charge B, hence modifying the topological structure
of the theory and leading to skyrmion decay, via an instanton [279]. Note
that axial gauge symmetries are broken by the vacuum expectation value
〈Φ〉 = 1, so that they do not provide light gauge bosons in the spectrum of
the theory and might remain hidden at low energies, but still play a very
important role regarding the stability of skyrmions.
Skyrmion decay occur nevertheless only through instanton effects, which
are strongly suppressed at low temperature [279, 23, 280]: A field configu-
ration given at some time by the hedgehog solution presented above an
vanishing gauge fields is actually equivalent upon a non-trivial gauge trans-
formation to another configuration with vanishing winding number B(Φ),
but with non-zero gauge fields. The latter can then tunnel via an instanton
into a new state in which the gauge fields are again vanishing, but for which
the winding number B(Φ) is now zero as well. In other words, the skyrmion
can unwind with the help of an instanton, but the tunnelling probability for
such a process to occur is found in the semiclassical approximation is found
to be
exp(−8pi2/g2), (4.95)
4This is only valid as long as no singularities are present; topological defects such
as monopoles can induce a non-vanishing surface term, hence breaking the topological
invariance of the charge B and leading to skyrmion decay [278].
172
4.2. EXTENSIONS OF THE SKYRME MODEL
hence a very tiny number. The lifetime of the skyrmion can therefore be
estimated using this result as
τ =
1
Γ
∼ e
16pi2/g2
M0
À τuniverse, (4.96)
such that the skyrmion can be considered as stable on cosmological timescales
even in the presence of axial gauge fields. Note that the estimate performed
here can be dramatically enhanced if the skyrmion mass is as large as the
energy required by the tunnelling process [281, 282]. We do not consider
those effects here, since in the concerned region of small e, the skyrmion
mass is largely reduced due to the presence of gauge fields as will be seen in
the following sections.
Before moving to the explicit construction of a skyrmion solution in the
presence of gauge fields, there is a last issue that need to be addressed regard-
ing, namely the gauging of the Wess-Zumino-Witten term (3.54) present in
the Skyrme model. The difficulty resides in the non-local, five-dimensional
nature of this operator: While the field Φ(x) can obviously be extended to a
fifth dimension — which once again has no effects on its equations of motion
— since it is a Lorentz scalar, defining a gauge field in five dimensions re-
quires the introduction of additional degrees of freedom, and is not desirable
here. The latter is however actually unnecessary, since although the Wess-
Zumino-Witten term (3.54) is not gauge invariant, its variation under gauge
transformations is local and can be written as a four-dimensional quantity,
which can then be compensated by local operators written in terms of gauge
fields and of the Goldstone field Φ(x) [283]. We give here the example of a
vector gauge transformation
Φ→ UΦU †, U ∈ SU(N), (4.97)
under which the variation of the five-dimensional action ΓWZW can be writ-
ten as a total derivative:
δΓ5 =
iNc
48pi2
∫
M5
d
[
Tr
(
U †dU ΦdΦ†dΦdΦ†
)
+
1
2
Tr
(
U †dU ΦdΦ†U †dU ΦdΦ†
)
+Tr
(
U †dU ΦU †dU Φ†dΦdΦ†
)
+Tr
(
U †dU dU †dU ΦdΦ†
)
+Tr
(
dU †dU ΦU †dU dΦ†
)
+Tr
(
U †dU dU †dU ΦU †dU Φ†
)
+Tr
(
U †dU ΦU †dU Φ†U †dU ΦdΦ†
)
(4.98)
+
1
4
Tr
(
U †dU ΦU †dU Φ†U †dU ΦU †dU Φ†
)
−
(
Φ↔ Φ†
)]
.
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We have used here the language of differential forms, i.e. dΦ = ∂µΦdxµ,
dU = ∂µU dxµ, and the antisymmetrisation of indices is implicitly under-
stood. Using Stokes’ theorem, and since the boundary of M5 is the usual
Minkowski space M4, δΓ5 can be expressed as a four-dimensional integral.
A gauge invariant form of the Wess-Zumino-Witten can thus be obtained by
adding a four dimensional action written in terms of the scalar field Φ and
of the gauge field A = Aµ dxµ, transforming under the SU(N) vector gauge
transformation as
A→ UAU † + i
g
UdU †. (4.99)
The strategy to determine this gauge counterterm is to write all possible
4-forms in terms of Φ and A, and to choose the coefficients of each of them
so that the total variation exactly cancels δΓ5. We find in this way
Γ4 =
iNc
48pi2
∫
M4
[
igTr
(
AΦ†dΦ dΦ†dΦ
)
+ g2Tr
(
(dAA+AdA)Φ†dΦ
)
+g2Tr
(
dAdΦ†AΦ
)
+ g2Tr
(
AΦ†AΦdΦ†dΦ
)
+
1
2
g2Tr
(
AΦ†dΦAΦ†dΦ
)
+ ig3Tr
(
A3ΦdΦ†
)
+ig3Tr
(
(dAA+AdA)ΦAΦ†
)
+ ig3Tr
(
AΦAΦ†AΦdΦ†
)
+g4Tr
(
A3ΦAΦ†
)
+
1
4
g4Tr
(
AΦ†AΦAΦ†AΦ
)
−
(
Φ↔ Φ†
)
+c1 g2Trd
(
A2Φ†dΦ
)
+ c2 g2Trd
(
A2ΦdΦ†
)
+c3 g2Trd
(
dAΦ†AΦ
)
+ c4 g2Trd
(
dAΦAΦ†
)
(4.100)
+c5 g3Trd
(
A2Φ†AΦ
)
+ c6 g3Trd
(
A2ΦAΦ†
)
+c7 g2Trd
(
AΦ†AdΦ +AΦAdΦ†
)
+ c0 g2Tr
(
F ΦF Φ†
) ]
,
where F = dA − igA2 is the field strength tensor. The eight coefficients
ci can in principle be chosen freely, since the variation of the corresponding
operators is zero (for the c0 term) or vanish upon integration (c1 to c7 terms).
The total Wess-Zumino-Witten action
ΓWZW + Γ4 (4.101)
is then gauge-invariant. The Noether currents associated with a global
SU(N)V infinitesimal transformation defined as
δΦ = i [T,Φ] and δAµ = i [T,Aµ] , (4.102)
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where T is some generator of SU(N), is then
JµWZW =
Nc
48pi2
εµνρσ
[
Tr
(
T Φ†∂νΦ ∂ρΦ†∂σΦ
)
+ igTr
(
T Aν∂ρΦ ∂σΦ†
)
+igTr
(
T ∂νΦ†Aρ∂σΦ
)
+ igTr
(
T ∂νΦ ∂ρΦ†Aσ
)
+igTr
(
T ΦAνΦ†∂ρΦ ∂σΦ†
)
+ igTr
(
T Φ ∂νΦ†AρΦ ∂σΦ†
)
+igTr
(
T Φ ∂νΦ†∂ρΦAσΦ†
)
+ g2Tr
(
T AνAρΦ ∂σΦ†
)
+g2Tr
(
T AνΦ†∂ρΦAσ
)
+ g2Tr
(
T Φ ∂νΦ†AρAσ
)
+g2Tr
(
T AνΦ†Aρ∂σΦ
)
+ g2Tr
(
T Aν∂ρΦAσΦ†
)
+g2Tr
(
T Φ ∂νΦ†AρΦAσΦ†
)
+ g2Tr
(
T ΦAνΦ†∂ρΦAσΦ†
)
+g2Tr
(
T ΦAνΦ†AρΦ ∂σΦ†
)
+ g2Tr
(
T AνΦ ∂ρAσΦ†
)
+g2Tr
(
T ΦAνΦ†∂ρAσ
)
+ g2Tr
(
T ΦAν∂ρAσΦ†
)
+g2Tr
(
T Φ ∂νAρAσΦ†
)
+ ig3Tr
(
T AνAρΦ†AσΦ
)
+ig3Tr
(
T AνΦAρΦ†Aσ
)
+ ig3Tr
(
T Φ†AνΦAρAσ
)
+ig3Tr
(
T Φ†AνAρAσΦ
)
+ ig3Tr
(
T Φ†AνΦAρΦ†AσΦ
)
−
(
Φ↔ Φ†
) ]
. (4.103)
We recover in the first term of the integrand the expression of eq. (4.56)
coming from the five-dimensional part of the action. All remaining terms
arise directly from Γ4. Note that for a field configuration Φ0 which is not
charged under the generator T , i.e. satisfying [T,Φ0], the variation δΦ0 van-
ishes, and so do all the terms in the current coming from the local part of
the Wess-Zumino-Witten action. However, the five-dimensional terms can
still give a contribution. Similarly, taking T = 1 generates a transforma-
tion under which the field Φ(x) is invariant, but still the Noether current
(4.103) does not vanish due to the non-local part of the action, and yield
the current of eq. (4.57), which corresponds to a charge proportional to the
winding number of the field Φ(x).
4.2.3 The U(1) gauged skyrmion
Our treatment of gauge interactions in the Skyrme model followed so far the
historical developments, but doing so was missing an important point. We
presented explicitly the construction of a solution of unit winding number
in the absence of gauge fields in section 4.1.3, then quantised it, and finally
derived the interactions of this skyrmion with gauge fields from its quantum
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numbers only. It was shown however in the previous section that gauge
fields can play a more fundamental role in the Skyrme model. They can
affect the stability of the skyrmion, and we will now see that they should
also be taken into account in the construction of the skyrmion itself.
We start the discussion by considering only an abelian gauge field Aµ,
since in the low-energy theory of QCD only electromagnetism is present as
a gauge group. Our conventions are taken from section 3.1.4. Since electro-
magnetism is embedded in the model as a subgroup of the conserved vector
symmetry, it preserves the topological properties of the skyrmion. The fact
that it is an abelian U(1) group prevents anyway from the presence of in-
stantons. Interestingly, an inequality similar to the Bogomolny bound (4.15)
can be derived in the presence of gauge fields, following the procedure out-
lined in section 4.1.2. In this case, one can define three gauge-independent
and Hermitian quantities,
K
(1)
i = i
[
c1Φ†DiΦ+ c2εijkDjΦ†DkΦ
]
, (4.104)
K
(2)
ij =
[
c3 Fij + c4εijk Φ†DkΦ
]
, (4.105)
K
(3)
ij =
[
c5 Fij + c6εijk Φ†DkΦ
]
, (4.106)
where the coefficients ci are real numbers. The sum of these quantities
squared is therefore positive definite, and adjusting the coefficients properly,
can be written as the energy density of the model and a term proportional to
the gauge-invariant topological charge (4.87), yielding finally a lower bound
on the energy [284]
E(Φ) ≥ 6pi2 f
e
|B|
[
1 +
(
3g
2e
)2]− 12
, (4.107)
where g denotes here the electric charge and B is the topological charge
for the field Φ. In the limit g → 0, the usual Bogomolny bound (4.15) for
an ungauged skyrmion is recovered. Note that this bound is weaker than
eq. (4.15), which seems to indicate that the classical skyrmion mass can be
lowered in the presence of gauge fields. This is indeed the case, as presented
now.
We are interested in finding a field configuration with unit winding num-
ber for the scalar field Φ(x), i.e. B(Φ) = 1, but with topologically trivial
gauge fields, n(Aµ) = 0. Note that the latter condition implies that one can
always perform a gauge transformation A0 → UA0U † + iU∂0U † = 0 where
U is time-dependent and topologically trivial, so that the winding number
of the gauge field is unchanged. In other words, we can always work in the
temporal gauge A0 = 0. Note that skyrmions build with non-vanishing field
A0 6= 0 can be constructed and correspond to electrically charged states,
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but they are not the lightest states in the skyrmions’ spectrum [284]. The
presence of an electromagnetic field associated with a generator Q ∈ SU(2)
implies that a given direction in the SU(2) target space is treated differently
than the other two. It is therefore natural to make an ansatz preserving an
axial symmetry along the ungauged directions, but which does not preserve
the full spherical symmetry of the original hedgehog ansatz [284]. The ansatz
for the field Φ(x) can be made as
Φ(x) = exp
[
i Fa(x)
σa
2
]
, (4.108)
where 
F1(x) = F (r, θ) sinG(r, θ) cosϕ,
F2(x) = F (r, θ) sinG(r, θ) sinϕ,
F3(x) = F (r, θ) cosG(r, θ),
(4.109)
and F and G are two unknown functions. This ansatz is equivalent to the
one of eq. (4.70) with m = 1, which was used to construct the solution of
winding number two. Note also that one recovers the hedgehog ansatz (4.17)
if F is only dependent on the radial coordinate r and G is fixed to G = θ.
The three non-zero components of the gauge fields can be parametrised in
an axially symmetric way as
A1 = − a(r, θ)
g r sin θ
sinϕ+
b1(r, θ)
g r sin θ
cosϕ, (4.110)
A2 = a(r, θ)
g r sin θ
cosϕ+
b1(r, θ)
g r sin θ
sinϕ, (4.111)
A3 = b2(r, θ)
g r
. (4.112)
This ansatz can now be plugged into the Lagrangian, and the energy density
can be written down as a functional of the unknown functions F , G, a, b1
and b2. Computing the Euler-Lagrange equations for the latter two indicates
that the energy is minimised if they are identically set to zero, b1(r, θ) =
b2(r, θ) = 0. The energy functional in terms of the remaining three functions
can then be written as
E[F,G, a] = 2pi
∞∫
0
dr r2 sin θ [H2 +H4 +HYM ] , (4.113)
where H2, H4 and HYM denote respectively the Hamiltonian density ob-
tained from the kinetic term for the field Φ, from the Skyrme term and from
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the kinetic term for the gauge fields, and read
H2 = 12
[(
(∂rF )2 +
1
r2
(∂θF )2
)
+ sin2 F
(
(∂rG)2 +
1
r2
(∂θG)2
)]
+
(1 + a)2 sin2 F sin2G
2r2 sin2 θ
, (4.114)
H4 = (1 + a)
2 sin2 F sin2G
2r2 sin2 θ
·
[(
(∂rF )2 +
1
r2
(∂θF )2
)
+ sin2 F
(
(∂rG)2 +
1
r2
(∂θG)2
)]
+
sin2 F
2r2
(∂rF∂θG− ∂rG∂θF )2 , (4.115)
HYM = 18g2r2 sin2 θ
(
(∂ra)2 +
1
r2
(∂θa)2
)
. (4.116)
A solution with winding number one is obtained by imposing same boundary
conditions on F and G as for the deuteron solution in section 4.1.6. The
requirement n(Aµ) = 0 is automatically satisfied by the ansatz made above.
Having a well-defined gauge field everywhere requires nevertheless to impose
boundary conditions on the function a(r, θ) as
a(0, θ) = a(r, 0) = a(r, pi) = 0, ∂ra(∞, θ) = 0. (4.117)
From the explicit form of the energy density defined above, it can be seen
that the constant value value a(r, θ) = −1 would minimise the energy den-
sity, but is not however consistent with the boundary condition. There is
therefore a tension, which is materialised in the observation that a solution
with non-vanishing gauge field is favoured, independently of the strength of
the gauge coupling. The energy density obtained after the numerical reso-
lution of the problem can be expressed as a function of the dimensionless
quantity (g/e), and will be later shown in fig. 4.20. The deviations with
respect to the ungauged hedgehog solution are nevertheless very small, and
using the latter in the computation of the skyrmion’s static properties was
shown to be a valid approximation [284].
4.2.4 The SU(2) gauged skyrmion
There is however a different gauging of the Skyrme model which has more
dramatic effects on the classical solution, namely when gauging a diagonal
SU(2) subgroup of the global symmetry, i.e. when promoting the space-time
derivative to a covariant one,
DµΦ = ∂µΦ− i g [Wµ,Φ] , (4.118)
where an SU(2)-valued gauge field Wµ = W aµ
σa
2 was introduced. The same
arguments as in the previous section can be used to derive a lower bound on
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Figure 4.12: The functions F and a minimising the energy functional (4.120)
for different values of the Skyrme coupling e, while g = 0.653 is fixed. The
grey solid line corresponds to e = 0.2 when the SU(2) breaking term (4.167)
is turned on (with ε = 0.1).
the energy, and turns out to be exactly the quantity defined in eq. (4.107),
where the gauge coupling g refers now to the SU(2) gauge group [285,286].
The main difference with respect to the U(1) gauged skyrmion is that an
ansatz can be made including non-vanishing gauge fields while preserving the
spherical symmetry of the field configuration. This is the so-called Skyrme-
Wu-Yang ansatz, which takes for the field Φ the form of the hedgehog ansatz
(4.17) and for the SU(2) gauge field [285,286],
W ai =
a(r)
2gr
εiak xˆk, W
a
0 = 0, (4.119)
where a(r) is a function playing the same role as F (r). The boundary
conditions for a(r) have to be fixed to a(0) = 0 for definiteness at the
origin, while at spatial infinity a(r) is only required to take a constant
value, i.e. a′(∞) = 0. Using the Skyrme-Wu-Yang ansatz, the energy of
the skyrmion configuration can be written as a functional of F (r) and a(r),
independent of the angular variables, as
E[F, a] = 2pi
f
e
∞∫
0
dr
[
e2
g2
(
2
(
a′
)2 + a2(a+ 2)2
r2
)
+
(
r2 + 2(1 + a)2 sin2 F
) (
F ′
)2 (4.120)
+(1 + a)2 sin2 F
(
2 + (1 + a)2
sin2 F
r2
)]
.
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Figure 4.13: Energy of the skyrmion configuration given by eq. (4.120) as a
function of the Skyrme parameter e, compared to the ungauged solution of
eq. (4.27) (dashed line). The light grey line corresponds to the Bogomolny
bound given in eq. (4.107).
The functions F and a minimising this integral for different values of the
Skyrme coupling e are shown on figure 4.12. In the limit of vanishing gauge
coupling, or equivalently for a large e/g ratio, F tends towards the ungauged
solution, while a remains small. On the contrary, for values of e/g . 1, the
gauge potential decreases as 1r , as the function a goes asymptotically to
the constant value −1. In the latter case the SU(2) gauge field mimics at
large distances the field induced by a magnetic monopole. The energy of
the skyrmion configuration is shown on figure 4.13, where g was fixed to
the value of the electroweak SU(2)W gauge coupling at the Z-pole mass.
Note that the gauged skyrmion solution found here does not have a direct
application in models of low-energy QCD, since there is no such gauge group
there, but will be very useful when applying the Skyrme model to composite
Higgs and little Higgs models.
4.2.5 Other group structures
Our goal in this chapter is to study extensively the presence of skyrmions
in composite Higgs and little Higgs models. As it was discussed in chap-
ter 3, most existing models are not QCD-like, but rely on a very different
symmetry breaking pattern. The presence of skyrmions in the low-energy
description of QCD is due to the fact that the vacuum manifold — the space
in which the Goldstone bosons live, in this case SU(Nf ) — has a non trivial
topology. We want to consider now different theories, also described at low-
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pi2 pi3 pi4
SU(N)
N = 2 0 Z Z2
N ≥ 3 0 Z 0
N = 3, 5 0 Z Z2
SO(N) N = 4 0 Z⊕ Z Z2 ⊕ Z2
N ≥ 6 0 Z 0
Sp(2N) 0 Z 0
G2 0 Z 0
Table 4.1: Homotopy of different simple Lie groups [12].
energy by a non-linear σ-model, but with arising from a different symmetry
breaking pattern. The presence of skyrmions and their stability in a given
theory depends of course on many details of the theory, but a necessary
condition is that the third homotopy of the vacuum manifold is non-trivial,
which can be studied purely on the mathematical side.
In general, the vacuum manifold can be a simple Lie group, for exam-
ple SU(N) or SO(N). This is the case in little Higgs models based on
product groups, in which a vector subgroup GV of the product G × G is
preserved by the vacuum, while the axial subgroup GA is broken and cor-
responds to the vacuum manifold. Homotopy classes of simple groups can
be found in the literature, and are summarised here in table 4.1. The third
homotopy group pi3 is the one playing the deciding role about the presence
of skyrmion: any non-trivial structure corresponds to the conservation of a
topological quantity, hence guaranteeing the presence of skyrmion provided
that they are properly stabilised in the physical theory. Also important is
the fourth homotopy pi4, which if it contains a Z2 subgroup permits to quan-
tise the skyrmion freely as a fermion or a boson, following the Finkelstein-
Rubinstein rule [267]. It is actually a general rule that all simple, compact
Lie group have Z as a third homotopy classes, and models based on product
groups generically contain skyrmions [12].
A large class of models of electroweak symmetry breaking does not how-
ever rely on product groups, but rather on cosets of simple groups, a number
of them being referenced in table 3.2. In this case, the third and fourth ho-
motopy groups can be calculated from the exact homotopy sequence relating
the homotopy of simple groups and quotient of them in the following way:
. . .→ pik(H)→ pik(G)→ pik(G/H)→ pik−1(G)→ pik−1(H)→ . . . (4.121)
The sequence of maps is exact in the mathematical sense that the image
of each map is precisely equal to the kernel of the map following it. As an
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example, we proceed in calculating pi3 and pi4 for the coset SU(N)/SO(N),
on which e.g. the littlest Higgs model was based. We denote the maps
belonging to the exact homotopy sequence by αi, and one has then
. . . → pi4
(
SU(N)
) α1−→ pi4(SU(N)/SO(N)) α2−→ pi3(SO(N))
α3−→ pi3
(
SU(N)
) α4−→ pi3(SU(N)/SO(N)) α5−→ pi2(SO(N))→ . . .
(4.122)
The exactness of the sequence means explicitly that imα1 = kerα2, and
so on. Using this important piece of information together with the ho-
motopy classes of simple groups given in table 4.1, one can derive the
unknown pi3(SU(N)/SO(N)) and pi4(SU(N)/SO(N)). First we use the
fact that both SU(N) and SO(N) have non-trivial third homotopy groups,
pi3(SU(N)) = pi3(SO(N)) = Z. Since we know already an expression for
the winding number of a field Φ(x) ∈ SU(N) as an integral over space, one
can use this tool and evaluate the same integral on SO(N)-valued fields.
The SO(N) configurations of lowest-possible winding number turns out to
have winding number two in SU(N) for N ≥ 4 and winding number four for
N = 3 [265]. All possible non-trivial field configurations can then be gener-
ated by multiplying copies of the configurations of lowest winding number.
The mapping denoted α3 in the sequence (4.122) is therefore simply a mul-
tiplication in the form
α3 : Z → Z
k 7→ p k
with p =
 4 for N = 3,2 for N ≥ 4, (4.123)
the image of which can be used to gain information about the following
mapping α4 as
kerα4 = imα3 = p · Z. (4.124)
α4 maps therefore every p-th integer to zero, and must be identified with
the modulo operation as
α4 : Z → pi3
(
SU(N)/SO(N)
)
k 7→ k mod p
(4.125)
On the far right-hand side of the homotopy sequence (4.122), pi2(SO(N)) = 0
is trivial — as for the second homotopy group any simple Lie group. From
the exactness of the homotopy sequence, the kernel of the mapping α5 must
be all of the group pi3(SU(N)/SO(N)), and thus
imα4 = kerα5 = pi3
(
SU(N)/SO(N)
)
. (4.126)
The latter can then be read directly from the definition of α3 above to be
the cyclic group
pi3
(
SU(N)/SO(N)
)
= Zp. (4.127)
182
4.2. EXTENSIONS OF THE SKYRME MODEL
pi3 pi4
SU(N)/SO(N)
N = 3 Z4 0
N ≥ 4 Z2 0
SU(N)/SU(N − 1) 0 0
SO(N)/SO(N − 1) 0 0
SU(2N)/Sp(2N) 0 0
Table 4.2: Third and fourth group of homotopy of different quotient groups
G/H [265].
The same procedure can be used to determine the fourth homotopy group
of this coset. The mapping α3 as defined above as a trivial kernel, hence
imα2 = kerα3 = 0. (4.128)
Since α2 maps every element to zero, pi4(SU(N)/SO(N)) is exactly the
kernel of α2
pi4
(
SU(N)/SO(N)
)
= kerα2 = imα1. (4.129)
On the other hand, since pi4(SU(N)) is trivial for any N ≥ 3, the im-
age of the mapping α1 has to be trivial as well, and one obtains finally
pi4(SU(N)/SO(N)) = 0. This results are reported in table 4.2, together
with the third and fourth homotopy groups of various cosets. Among all
cosets under consideration, only SU(N)/SO(N) is found to have a non-
trivial topology. Constructing the skyrmion solution in this case will be the
subject of section 4.3.
4.2.6 The holographic skyrmion
Before moving to the explicit study of skyrmions in non-QCD-like models,
it is worth mentioning recent results obtained in the holographic description
of QCD already discussed in section 3.2.4. An important drawback of the
Skyrme model in four dimensions is that the skyrmion mass and size are
affected by all higher-order operator in the non-linear σ-model, and there is
no guarantee that the quantities computed in section 4.1.3 properly describe
the skyrmion’s properties. The issue can actually be seen from the fact that
the skyrmion size is similar as the cutoff length 1/(4pifpi), so that short-
distance operators involving more derivatives will play an important role as
well. In a five-dimensional theory, the validity of the σ-model description
extends beyond the four-dimensional cutoff Λ4 ≈ 4pifpi, and a skyrmion
configuration can be build which has a size much larger than the typical
range of interactions arising from higher-order terms.
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A holographic skyrmion is present in a model with a gauge symmetry
SU(2)L × SU(2)R in the bulk, broken down by boundary conditions to the
diagonal subgroup SU(2)V on the IR brane [287]. The low-energy physics
of such a theory is described by a SU(2) non-linear σ-model in five dimen-
sions, which possesses stable skyrmion solutions like its four-dimensional
counterpart. Analogously to the original four-dimensional Skyrme model,
the presence of just the kinetic term for the gauge fields in the bulk is actu-
ally not sufficient to stabilise the size of the skyrmion. One needs to add an
additional term localised on the IR brane. In the absence of such a term,
the five-dimensional skyrmion take the form of a four-dimensional instanton
of arbitrarily small size. A brane-localised term stabilises the size of the
skyrmion. If the latter is small, the shape of the skyrmion is close to that
of an instanton, while in the opposite limit, when the boundary term domi-
nates, the holographic skyrmion tends to the solution obtained in a variation
of the Skyrme model not discussed in this thesis, in which the skyrmion’s
size is stabilised by the presence of vector mesons only [288].
The holographic skyrmion obtained in this way is providing a valid de-
scription of the baryon in the AdS/QCD formalism [289, 290], and permits
for example a perturbative computation of nucleon form factors [291]. The
model can also be easily extended to include pion masses [292], and the
global agreement with experimental data is good in both meson and baryon
sectors. In the effective field theory spirit of this thesis, we will restrict our-
selves to the four-dimensional description of skyrmions in composite Higgs
model. Extending this study to the extra-dimensional picture is nevertheless
a interesting subject which deserves to be investigated in the future.
4.3 SU(N)/SO(N) skyrmions
The coset SU(N)/SO(N) was shown in section 4.2.5 to have a non-trivial
topology,
pi3(SU(N)/SO(N)) = Zp, p =
 4 for N = 3,2 for N ≥ 4. (4.130)
leading to the possible presence of skyrmion in models based on this sym-
metry breaking pattern. Composite Higgs models can be built in this
form, but require N ≥ 5 in order to permit the embedding of a Higgs
doublet [130]. The littlest Higgs model [216] is precisely such a realisa-
tion with N = 5, for which skyrmions are present [244] and can even
act as dark matter [293, 294, 5].5 Before studying the latter in detail in
5The non-trivial topology of the SU(5)/SO(5) coset also induces the presence of
other topological defects in the littlest Higgs model, such as cosmic strings and Z2
monopoles [295].
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section 4.5, we discuss here the classical properties of skyrmion arising in
SU(N)/SO(N) cosets for both cases N = 3 and N ≥ 4. In general, the
SU(N)/SO(N) symmetry breaking pattern can be obtained from a strongly
interacting theory with Weyl fermions in the adjoint representation of the
gauge group [296,297,298,299].
4.3.1 The SU(N)/SO(N) σ-model
We consider a σ-model defined by the Lagrangian density
LSkyrme = f
2
4
Tr
(
∂µΣ†∂µΣ
)
+
1
32e2
Tr
[
Σ†∂µΣ,Σ†∂νΣ
] [
Σ†∂µΣ,Σ†∂νΣ
]
, (4.131)
where Σ(x) is a SU(N) symmetric matrix. The model has a global SU(N)
symmetry under which Σ(x) transforms in the two-indices symmetric rep-
resentation as
Σ 7→ UΣUT , U ∈ SU(N). (4.132)
The vacuum state is obtained by taking a constant value for the field Σ(x).
Here we choose it to be the identity matrix
〈Σ〉 = 1N×N . (4.133)
This vacuum expectation value spontaneously breaks the global SU(N) sym-
metry down to SO(N), since only the SO(N) subgroup of SU(N) leaves the
vacuum unchanged under the transformation rule (4.132). As a consequence
the Goldstone field Σ(x) takes its values in the coset SU(N)/SO(N).
The Lagrangian (4.131) is identical to the one of the Skyrme model (4.10)
describing the low-energy chiral limit of QCD, in which f is identified with
the pion decay constant and e is a parameter depending on the high-energy
behaviour of the theory, found empirically to be e ∼= 5 [263]. The notable
difference is that in the original Skyrme model the field transforms in the
adjoint representation of SU(Nf )L × SU(Nf )R, where Nf is the number of
light flavours, and a global diagonal SU(Nf )V symmetry is preserved after
spontaneous symmetry breaking.
The presence of skyrmions in the model (4.131) is due to the fact that
the third homotopy group pi3 of the target space is non-trivial and from the
presence of a four-derivative term L4 stabilising the skyrmion’s size. For
simplicity, we will always consider static solutions — moving skyrmions can
be obtained by applying a Lorentz boost — and work in dimensionless units
x˜ = (fe)x, hence having an energy density in the form of eq. (4.12).
The elements Σ(x) of the coset SU(N)/SO(N) can be parametrised by
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the Cartan embedding [265,296], starting from a matrix Φ(x) in SU(N), as
SU(N) → SU(N)/SO(N),
Φ(x) 7→ Σ(x) = Φ(x)Φ(x)T .
(4.134)
The matrix Φ(x) is only defined up to right-multiplication with an SO(N)
matrix. The advantage of this embedding is that the winding number of
a field configuration Φ(x) in SU(N) is then simply given in terms of an
integral over space by eq. (4.4).
The winding number of Σ(x) can then be straightforwardly identified
with the winding number of the field Φ(x) used to construct it. However,
this mapping is not unique: the multiplication of Φ(x) from the right with
an SO(N) matrix R(x) leaves Σ(x) unchanged, but not the winding num-
ber (4.4), which is raised or lowered as B(ΦR) = B(Φ)+B(R). The crucial
point here is that B(R) cannot take an arbitrary integer value, since the
winding number integral (4.4) evaluated on an element of SO(N) gives an
integer multiple of 4 for N = 3 and of 2 for N ≥ 4 [265]. Therefore the
winding number of an element in the coset SU(N)/SO(N) is only defined
modulo a factor of 4 or 2, for N = 3 and N ≥ 4 respectively. Moreover,
two field configuration Σ1(x) and Σ2(x) built respectively from SU(N) fields
Φ1(x) and Φ2(x) differing by one unit of winding number cannot be con-
tinuously transformed into another and thus belong to different homotopy
classes. This is an immediate consequence of the statement made above
that pi3(SU(3)/SO(3)) = Z4 and pi3(SU(N)/SO(N)) = Z2 for N ≥ 4. The
winding number for the field Σ(x) = Φ(x)Φ(x)T can thus be expressed un-
ambiguously as
B(Σ) = B(Φ) mod p, (4.135)
where p is defined as in eq. (4.130).
With the help of the Cartan embedding (4.134), the challenge of con-
structing a field configuration in each of the homotopy classes of the coset
space reduces to finding an appropriate configuration Φ(x) in SU(N) with
the desired winding number. A naive choice consists in taking the light-
est SU(N) skyrmion solution of a given winding number and building the
corresponding SU(N)/SO(N)-valued field directly out of it. For B = 1
the lightest solution is known to be the hedgehog configuration (4.17) with
spherical symmetry and mass M0 = 72.9 fe given in eq. (4.27). The Car-
tan embedding of this solution yields a skyrmion of mass 4M0 = 291.7 fe
whose symmetry is however only axial. This is a hint that the hedgehog
ansatz might not yield the lightest field configuration, as we shall see. For
B = 2, the SU(N) skyrmion has a toroidal shape, and its mass of 139.6 fe
was obtained in eq. (4.76). The naive Cartan embedding of this B = 2
configuration gives a mass of 599.0 fe for the corresponding SU(N)/SO(N)
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field. We can therefore infer the following upper bounds on the skyrmion
masses:
MB=±1 ≤ 291.7 f
e
, MB=2 ≤ 599.0 f
e
. (4.136)
We are actually going to show in the next sections that the true skyrmion
solutions have masses much below these naive bounds.
Note that in this case one cannot use the alternative term (4.77) to
stabilise the skyrmion size: the equivalent of the topological current (4.78)
with the field Σ(x) replacing Φ(x) vanishes identically due to the structure of
the coset, so that the Lagrangian term (4.77) is automatically absent of the
theory. For the same reason, the usual Bogomolny bound [258] for the mass
of a SU(N) skyrmion of winding number B, MB ≥ 6pi2|B|fe , does not apply
since the component B0 of the topological current (4.78) is zero. A crucial
consequence is that the mass of the skyrmion is not necessarily increasing
with increasing winding number. Indeed, we shall see in the following that
for N = 3 the B = 2 skyrmion is lighter than the B = ±1 ones.
4.3.2 The skyrmion for N > 3
As shown in section 4.1.3, the construction of the lightest skyrmion solution
makes use only of a subgroup of SU(N) satisfying a su(2) algebra. We
postulate here that this rule can also be applied to the construction of the
SU(N)/SO(N) skyrmion, so that in general the field Φ(x) can be written
as Φ(x) = exp[i fi(x)Ti], where the Ti are generators of a SU(2) subgroup of
SU(N). However, while in the original Skyrme model the relevant subgroup
could be trivially chosen to live in the upper-left 2×2 block of the matrix Φ,
this is not the case in the coset, where not every choice of SU(2) subgroup
is equivalent: among the diagonal SU(N) transformations Φ→ UΦU †, only
the ones satisfying U †〈Σ〉 = 〈Σ〉UT are symmetries of the model. The form
of the ansatz (4.20) is nevertheless very useful to ensure a correct winding
number by construction, so instead of considering a different ansatz for Φ we
keep this form and work in a different basis where the vacuum expectation
value is not necessarily diagonal. The most general form of the Cartan
embedding (4.134) is Σ(x) = Φ(x)Σ0Φ(x)T , where Σ0 = 〈Σ〉 denotes the
vacuum state.
A second crucial point which can be learnt from the construction of the
SU(N) skyrmion is the requirement of a spherical symmetry. We have seen
that this is possible if the transformation Φ0 → U0Φ0U †0 is a symmetry of
the Lagrangian. This SU(2) transformation of Φ0 can be promoted to a
SU(N) transformation by considering Φ→ UΦU †, with
U =
U0
V
 , U0 ∈ SU(2), V ∈ SU(N − 2). (4.137)
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As discussed above, this transformation is a symmetry of the Lagrangian
only if it satisfies
U †Σ0 = Σ0UT . (4.138)
Since U †0 and U
T
0 live respectively on the left- and right-hand side of eq. (4.138)
and cannot be related by multiplication with a matrix Σ0 for arbitrary values
of U0, the equation can only be fulfilled if the (N − 2)-dimensional matrix
V is proportional to U∗0 . From this point, we have to consider two sepa-
rated cases: for N = 3, the one-dimensional matrix V is fixed to V = 1,
hence eq. (4.138) cannot be satisfied and the SU(2) transformation rule of
Φ0 cannot be promoted to a symmetry of the Lagrangian, independently
of the basis. Thus we conclude that there exist no spherically symmetric
ansatz of unit winding number in the coset SU(3)/SO(3). On the contrary,
for N ≥ 4, choosing
Σ0 =

12
12
1N−4
 , U =

U0
U∗0
1N−4
 , (4.139)
the transformation Φ → UΦU † acts on Φ0 as a diagonal SU(2) transfor-
mation Φ0 → U0Φ0U †0 and simultaneously preserves the vacuum, so that
the Lagrangian can be made spherically symmetric. This is the most gen-
eral choice of basis, up to global SU(N) transformations, and we expect
therefore to build the lightest skyrmion configuration with the help of this
ansatz.
With the choice of basis (4.139), we have just proved that the skyrmion
can be made spherically symmetric. Indeed, an important property of the
Skyrme Lagrangian (4.131) is that it can be expressed in terms of the cur-
rents Σ†∂µΣ, which take in this case a block diagonal form,
Σ =

Φ0
ΦT0
1N−4
 , (4.140)
hence
Σ†∂µΣ =

−
(
Φ0∂µΦ
†
0
)T
Φ†0∂µΦ0
0N−4
 , (4.141)
so that each of the two 2×2 blocks contributes equally to the energy density,
which becomes twice the functional (4.12) expressed in terms of the SU(2)-
valued field Φ0(x),
E[Σ] = 2E[Φ0]. (4.142)
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Figure 4.14: The profile functions F and χ for the N = 4, B = 1 and N = 3,
B = 2 skyrmions respectively.
Hence the mass of the SU(N)/SO(N) skyrmion with N ≥ 4 is exactly
twice the mass of the original SU(2) skyrmion. The solution minimising the
energy E[Φ0] is obtained using the hedgehog ansatz (4.17), and was found in
eq. (4.27) to corresponds to an energy E[Φ0] = 72.9 f/e. We find therefore
for the SU(N)/SO(N) skyrmion
MN=4,B=1 = 145.8
f
e
. (4.143)
This mass is exactly twice the mass of the SU(N) skyrmion, and only half
the value of the upper bound (4.136) found from the naive Cartan embed-
ding of the original solution. We do not have a proof that it is indeed the
lightest topologically non-trivial field configuration, but it is the only simple
embedding preserving the spherical symmetry of the Lagrangian, and it is
much lighter than other constructions based on different choices of ansatz,
as for example the N = 3 case discussed below.
4.3.3 The skyrmion of unit winding number for N = 3
The solution of unit winding number in SU(3)/SO(3) was not computed so
far in the literature, and requires a more involved ansatz. The reason for
this is that the spherical symmetry cannot be preserved, as argued before.
In the original basis 〈Σ〉 = 13, the ansatz (4.20) nevertheless allows to
preserve an axial symmetry in the Lagrangian, and we expect therefore that
it yields the lowest-energy skyrmion solution. The most general form of
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Figure 4.15: The radial energy distributions dE = −4piL (right) as functions
of the radius r in dimensionful units of 1/fe.
Figure 4.16: The numerical solution in the case N = 3, B = 1 for F , in the
plane (x, y) = (r˜ sin θ, r˜ cos θ).
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Figure 4.17: The numerical solution in the case N = 3, B = 1 for the
difference G− θ (right), in the plane (x, y) = (r˜ sin θ, r˜ cos θ).
Figure 4.18: The energy density of the N = 3, B = 1 solution in a plane
containing the axis of symmetry of the skyrmion (located along x = 0).
191
CHAPTER 4. THE SKYRME MODEL AND ITS APPLICATIONS
Φ0 preserving this axial symmetry can then be written in analogy to the
construction of the deuteron solution [270] as
Φ0(x) = exp [i F (r, θ)ni(r, θ, ϕ)σi] , (4.144)
where n is a vector of unit length, given in spherical coordinates by
(n1, n2, n3) = (sinG(r, θ) sinϕ, cosG(r, θ), sinG(r, θ) cosϕ) . (4.145)
Instead of a single profile function F of the radial variable r as in the
hedgehog ansatz (4.17), we are now left with two functions F and G of
two variables r and θ. The boundary conditions are fixed to F (0, θ) = pi,
F (∞, θ) = 0, G(r, 0) = 0 and G(r, pi) = pi, so that the field Φ(x) is well
defined everywhere. With this ansatz, the winding number integral (4.4)
becomes
B(Φ) =
1
pi
∞∫
0
dr
pi∫
0
dθ sin2 F sinG (∂rF∂θG− ∂θF∂rG) (4.146)
and gives the expected value of one upon integration by parts. Similarly, a
solution of winding number B = −1 (or equivalently B = 3) is obtained by
inverting the boundary condition for F at the origin to F (0, θ) = −pi; the
energy of this solution is identical to the B = 1 case, and we will therefore
not discuss it further. Plugging the ansatz (4.144) into the energy functional
(4.12), one obtains
E[F,G] = 4pi
∞∫
0
dr
pi∫
0
dθ sin θ
{
sin2G
(
1 +
sin2 2F sin2G
r2 sin2 θ
)[
r2 (∂rF )
2 + (∂θF )
2
]
+sin2 F
(
1− cos2 F sin2G+ sin
2 F sin2 2G
r2 sin2 θ
)
·
[
r2 (∂rG)
2 + (∂θG)
2
]
+
1
2
sin 2F sin 2G
(
1 + 4
sin2 F sin2G
r2 sin2 θ
)
· [r2∂rF∂rG+ ∂θF∂θG]
+4 sin4 F sin2G [∂rF∂θG− ∂θF∂rG]2
+
sin2 F sin2G(1− sin2 F sin2G)
sin2 θ
}
. (4.147)
The corresponding Euler-Lagrange equations for F and G are too long to
be displayed here, but can be solved numerically using relaxation methods.
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N = 3 N = 3 N ≥ 4
B = ±1 B = 2 B = 1
Figure 4.19: Isosurfaces of energy density dE = 100 fe showing the relative
size of the three solutions.
The solution of these equations are shown in fig. 4.16 and 4.17, and the
corresponding energy density on fig. 4.18. As one can see, unlike the spher-
ical energy distribution of the previous two sections, the energy density is
in this case located along a torus.6 The mass of the skyrmion, obtained by
integrating this energy density, is found to be
MN=3,B=±1 = 273.5
f
e
. (4.148)
The relative size of the different skyrmion solutions is shown for comparison
in fig. 4.19.
4.3.4 The skyrmion of winding number two for N = 3
The general rule stating that solutions with the highest symmetries tend
to have the lowest mass also apply to the N = 3 case, where the spheri-
cally symmetric solution of winding number two found by Balachandran et
al. [301,302] is the lightest known skyrmion configuration. It is constructed
from the SO(3) generators Ti ∈ {λ2, λ5, λ7}, where the λi denote Gell-Mann
matrices. The ansatz is built as follows:
Φ(x) = exp [i α(r) xˆi Ti] exp
[
i χ(r)
(
2
3
1− (xˆiTi)2
)]
. (4.149)
6Note that our solution resembles the numerical skyrmion solution of the O(3) σ-model
of ref. [300].
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B = ±1 B = 2
N = 3 273.5 fe 228.7
f
e
N ≥ 4 145.8 fe
Table 4.3: Classical masses of the SU(N)/SO(N) skyrmions.
The two exponentials commute; the first of them belongs to SO(3) and
is therefore irrelevant in the coset space, as can be seen from the Cartan
embedding (4.134), yielding
Σ(x) = exp
[
2i χ(r)
(
2
3
1− (xˆi Ti)2
)]
. (4.150)
However, it is the first exponential which fixes the winding number (4.4):
B(Φ) =
2
pi
∞∫
0
dr
[
α′ (cosα cosχ− 1)− χ′ sinα sinχ]
=
2
pi
(sinα cosχ− α)
∣∣∣∣r→∞
r=0
, (4.151)
since the expected value B = 2 of the winding number is achieved by choos-
ing the boundary conditions α(∞) = 0 and α(0) = pi. Nevertheless, with
this choice the first exponential in (4.149) is ill-defined around the origin,
and the introduction of the second exponential with boundary conditions
χ(∞) = 0 and χ(0) = pi is required to cancel the angular dependence at the
boundary point r = 0. Plugging this ansatz into the energy density (4.12),
one obtains the following functional, also independent of the angular vari-
ables,
E[χ] = 8pi
f
e
∞∫
0
dr
[(
1
3
r2 + 2 sin2 χ
)
χ′2 +
(
2r2 + sin2 χ
) sin2 χ
r2
]
, (4.152)
which is minimised when χ satisfies the Euler-Lagrange equation(
1
3
r2 + 2 sin2 χ
)
χ′′ +
2
3
rχ′ + sin 2χ
(
χ′2 − 1− sin
2 χ
r2
)
= 0. (4.153)
The numerical solution for χ(r) is shown in fig 4.14, and the energy distribu-
tion along the radial direction in fig 4.15. The mass of the B = 2 skyrmion
is hence
MN=3,B=2 = 228.7
f
e
. (4.154)
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The masses of the three different SU(N)/SO(N) skyrmion solutions are
summarised in Table 4.3. For N = 3, the skyrmions of winding number
plus and minus one are heavier than the one of winding number two, so
that the mass hierarchy is inverted compared to SU(N) models. Although
this result can be surprising, it could be expected from the symmetry of the
solutions. Notice that the two masses are nevertheless close to each other
— only about 20% difference — whereas in the SU(N) case the Bogomolny
bound [258] implies that the mass of the second heaviest skyrmion — which
has a toroidal shape as in the SU(3)/SO(3) case — is nearly twice the mass
of the lightest, spherically symmetric skyrmion. The N ≥ 4 solution with
spherical symmetry is significantly lighter than both N = 3 skyrmions. It is
actually a rather surprising fact that for any values of N > 2, there always
exists a spherically symmetric solution, and that this solution is the lightest
even when its winding number is not unity.
The finiteness of the third homotopy groups for N = 3 and N ≥ 4 ensure
special annihilation properties for the skyrmions: in the latter case, the
skyrmion is its own antiskyrmion, so that any two skyrmions can annihilate
into a final state with trivial topology. For N = 3, the skyrmion of winding
number two has the same properties as the N ≥ 4 one; on the other hand,
two toroidal skyrmions can annihilate into a state containing a spherical
symmetric skyrmion or not, depending if they have the same or opposite
winding number. Notice also that although multiple skyrmion solutions
are not favoured by energy considerations, no important attractive force
between them is expected at large distances (see section 4.1.5), so that the
skyrmions appearing in theories described at intermediate energies by a
SU(N)/SO(N) σ-model can be long-lived. The N = 3 case is especially
interesting since the two different kinds of skyrmions are both stable and
have a mass hierarchy prohibiting the heaviest state to decay into a pair
of light ones. Note also that the masses computed here are only obtained
at the classical level. The quantisation of the model typically makes the
physical masses increase depending on the spin of the skyrmion, as shown in
sec. 4.1.4. Notice moreover that the inclusion of higher-dimensional terms
in the Lagrangian (4.131) would also modify the skyrmion masses, but not
their symmetry properties nor the way they are embedded in the coset.
4.4 Skyrmions in composite Higgs models
We are now ready to study the skyrmions appearing in the composite models
which were the main topic of chapter 3. The homotopy groups of the various
symmetry breaking patterns appearing in the numerous composite Higgs
and little Higgs models were all determined in section 4.2.5, and the results
were summarised in tables 4.1 and 4.2. For the cosets potentially leading
to the presence of skyrmions, the classical solutions were all constructed
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above. The quantum properties of the skyrmions in composite and little
Higgs models remain however to be determined, and this is the task of this
section. Note that skyrmions can appear as well in technicolor models, where
due to their stability, they can naturally be dark matter candidates [303].
The discussion presented here is however based on the assumption that an
electroweak doublet with the quantum numbers of a Higgs belongs to the
Goldstone sector of the model. Many of our conclusions rely on this crucial
point.
We consider a theory containing a new, strongly-interacting sector in
which a global symmetry G is broken down to a subgroup H of it, yielding
a certain number of Goldstone bosons, among which the Higgs doublet. At
energies below the symmetry breaking scale f , the Higgs sector is described
by a non-linear sigma-model in the form
L = f
2
4
Tr
(
DµΦDµΦ†
)
+ higher order terms, (4.155)
where Φ(x) is the Goldstone field and f parametrises the scale of new
physics, typically of the order of a few TeV. This description of the Higgs
field is common to both little Higgs and holographic Higgs models. The
global symmetry group G of the strong sector is furthermore explicitly bro-
ken by gauging at least a SU(2)W × U(1)Y subgroup of it; realistic models
often require to gauge a larger subgroup. The gauged electroweak subgroup
of G has to be chosen carefully so that the Goldstone field Φ contains an
SU(2)W doublet with hypercharge 12 to be identified with the Higgs boson.
The gauge bosons couple to the Goldstone sector through the covariant
derivative. In the absence of electroweak couplings g2, g1 and of Yukawa
couplings to the Standard Model fermions, the Higgs would be massless,
as an exact Goldstone boson. Only radiative corrections trigger the elec-
troweak symmetry breaking and give a mass to the W and Z bosons as well
as to the Higgs.
4.4.1 A minimal model
For simplicity, we will first restrict our discussion to a minimal model, then
show that the lessons we learn from it can be extended to more general
cases. The simplest realisation of the Higgs as a pseudo-Goldstone boson
consists in taking Φ ∈ SU(3). This can be achieved by adding a new
strongly interacting sector to the Standard Model, composed of 3 fami-
lies of fermions, each of them coming in Nc colours. The Standard Model
gauge group is therefore enlarged with a new SU(Nc), under which the
new fermions transform in the fundamental representation. In the absence
of fermion masses, there is a global SU(3)L × SU(3)R symmetry rotating
the left- and right-handed fermions of the 3 families. This symmetry is
spontaneously broken down to the diagonal subgroup SU(3)V by fermion
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condensates. Note that realistic models based on the symmetry breaking
pattern SU(3)L × SU(3)R → SU(3)V actually require the introduction of
several copies of the global symmetry group, as in the “minimal moose”
model [219].
To correctly describe the anomalies induced by loops of fermions of the
strongly interacting sector, the Wess-Zumino-Witten (WZW) term (3.54)
has to be added to the Lagrangian (4.155), and takes here the form
ΓWZW = − iNc240pi2
∫
M5
d5x εµνρστ Tr
(
Φ†∂µΦ ∂νΦ†∂ρΦ ∂σΦ†∂τΦ
)
+ local terms required by gauge invariance, (4.156)
where Nc is the number of colours of the underlying strongly-interacting the-
ory. The exact form of this term depends on the choice of the gauge group;
it was demonstrated in section 4.2.2 for a vector gauge group. The number
of colours Nc can in principle be taken to zero, in which case the underly-
ing theory is not anymore a theory of strongly-interacting fermions and the
scalars described by the sigma-model (4.155) are fundamental scalars. Note,
however, that such a weakly-coupled UV completion might reintroduce the
hierarchy problem.
In our minimal model the field Φ(x) transforms in the adjoint represen-
tation of SU(3)V . The covariant derivative used in the Lagrangian (4.155)
is given by
DµΦ = ∂µΦ− igW aµ [Qa,Φ]− ig′Bµ [Y,Φ] . (4.157)
The commutators ensure that the electroweak gauge group belongs to the
unbroken diagonal subgroup SU(3)V . This description in terms of the low-
energy effective theory does not fix the charge of the technifermions under
the electroweak gauge group: the diagonal SU(2)W ×U(1) subgroup of the
global SU(3)L × SU(3)R symmetry can be gauged as such, but can also
arise as the unbroken combination of a larger gauge group, for example in
the form SU(2)L × SU(2)R × U(1)L × U(1)R. A remarkable result of our
analysis is indeed that the skyrmion charge does not directly depend on
the technifermion content of the theory, as explained in the following. The
generators of the electroweak SU(2)W gauge subgroup can be taken without
loss of generality to live in the upper-left 2× 2 block of the 3× 3 matrix, as
Qa =
1
2
 σa  , (4.158)
where the σa are the usual Pauli matrices. The hypercharge generator has to
commute with the Qa and be traceless, it is therefore fixed up to an overall
factor to
Y =
1
6
1
−2
 . (4.159)
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The 16 factor is chosen to obtain among the Goldstone bosons a SU(2)W
doublet with the quantum numbers of the Higgs.7 The Goldstone field Π,
given in the nonlinear realisation of the sigma-model by
Φ = exp [2iΠ/f ] , (4.160)
can then be decomposed as
Π =
ω + 12√3 η h
h† − 1√
3
η
 , (4.161)
where ω is a real triplet, h a complex doublet and η a real singlet of SU(2)W ,
denoted by
ω =
 12 ω0 1√2 ω+
1√
2
ω− −12 ω0
 , h = 1√
2
 h+
h0
 , η = η0. (4.162)
Note that ω and η have automatically zero hypercharge, independently of
the choice of the normalisation of the generator Y , while this is not the case
for h. The generator of the electric charge is then given by
Qem = Q3 + Y =

2
3
−13
−13
 , (4.163)
and turns out to be the same as in the low-energy chiral description of QCD,
with the u, d and s quarks taken as massless. For this reason, this model
is also a plausible composite Higgs candidate, since the charges of the new
technifermions match the ones of the Standard Model quarks, and one could
choose not to couple the latter directly to the Higgs sector, but still obtain
a mass by mixing with the heavy fermions resonances.8
4.4.2 Skyrmions and the electroweak gauge group
The presence of skyrmions in this model is due to the fact that the third
homotopy group of the coset space SU(N) is non-trivial, pi3(SU(N)) =
7Note that unlike for the SU(2)W generators Qa, we do not require the hypercharge
generator Y to satisfy the normalisation condition TrY Y = 1
2
. This permits to write
the covariant derivative in the form of eq. (4.157), i.e. without an extra factor in front of
the term Bµ [Y,Φ]. In other words, the hypercharge of the Goldstone field Φ is directly
encoded into the generator Y .
8This would however require the strong sector to be the usual colour SU(3)c, hence
fixing Nc to be a multiple of three in the WZW term (4.156).
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Z. If only the unbroken SU(2)W × U(1)Y gauge group is present in the
model, then the topological charge (4.4) is a gauge-independent, conserved
quantity and the skyrmion is stable. If there are on the contrary additional
gauge fields in the model, which belong to the broken subgroup of SU(N),
then the skyrmion might decay. This is the case in all models of little
Higgs involving two copies of the electroweak gauge group, among others the
models including a T-parity. The tunnelling probability for the skyrmion to
decay is nevertheless exponentially suppressed, so that the skyrmions remain
stable anyway on cosmological timescales, as discussed in section 4.2.2
The different sectors of the space of field configurations are labelled by
the integer-valued winding number (4.4). The vacuum configuration Φ = 1
and any continuous transformation of it correspond to the topologically
trivial sector of the theory with B = 0. Field configuration of non-zero
winding number can be obtained from the hedgehog ansatz of section 4.1.3.
In order to stabilise the skyrmion size, at least one term of higher order
in powers of the derivative must be added to the Lagrangian (4.155). In
general, we can assume that these higher-order term are present in our
models, but one cannot know their precise form from the point of view of
the low-energy theory. The mass of the skyrmion may depend dramatically
on the coefficients of higher-order term and cannot be computed without
fixing them.
For now, the relevant properties of the skyrmion are its symmetries (both
global and local), but not its mass, size, or other static properties. We will
therefore get around the problem of higher-order operators by first discussing
a simpler model where only the Skyrme term of eq. (4.10) is present, and
then show that our conclusions are actually independent of the exact form of
the sigma-model Lagrangian. With this choice, all the skyrmion’s properties
will depend only on the two unknown parameters f and e.9 With this choice
of higher order terms, the mass of the skyrmions are bounded from below by
the Bogomolny bound (4.107). This bound cannot be saturated but gives
already a good estimation of the skyrmion mass. It shows also that the
presence of gauge fields allows to lower the mass of the skyrmion, as we will
see in the next section.
In the absence of gauge fields, the hedgehog ansatz (4.17) is known to
yield the lowest energy configuration of unit winding number in the Skyrme
model [263]. Any embedding of the hedgehog into the SU(3) field Φ is
equivalent, i.e. any choice of su(2) generators T a is allowed. Turning on the
SU(2)W × U(1)Y electroweak gauge group removes this degeneracy. The
crucial point is now to find the form of the lightest field configuration of unit
winding number. Non-vanishing gauge fields give a positive contribution to
the energy of a skyrmion configuration through their kinetic term, but they
9The other two parameters of the model, the gauge coupling g and g′, are here implicitly
fixed to the Standard Model values.
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can still lower the overall energy by their interplay with the scalar field Φ(x).
The effect of a U(1) gauge field on the skyrmion mass has been dis-
cussed in section 4.2.3. The field configuration in this case is not spherically
symmetric anymore, but still preserves an axial symmetry. Such a field
configuration can be achieved in our model by choosing the T a to be the
generators of a SU(2) subgroup living in the upper-left block of the SU(3)
matrix Φ and considering the gauge field of electromagnetism only. The
resulting decrease in the energy of the classical skyrmion configuration with
respect to the ungauged hedgehog is shown on figure 4.20 as a function of the
Skyrme parameter e. In general, any of the three components of the SU(2)W
gauge field can play the same role and lower the mass of the skyrmion while
spoiling its spherical symmetry. The lightest field configuration is however
obtained using all three components of W aµ , as the Skyrme-Wu-Yang ansatz
of section 4.2.4. It is realised when taking the hedgehog ansatz (4.17) to live
along the SU(2)W gauged subgroup, i.e. choose the hedgehog generators to
match the gauge ones
T a = Qa. (4.164)
With this choice, the spherical symmetry of the skyrmion can be preserved,
since SU(2)W gauge transformations acts then in a similar fashion as spatial
rotations on the hedgehog configuration. The so-constructed hedgehog lives
exclusively in the upper-left 2× 2 block of the matrix Φ(x), and commutes
with the hypercharge generator. Thus the U(1)Y gauge field cannot help
lowering the energy and is set to zero, Bµ = 0. The ansatz for the gauge
field is then given in eq. (4.119), and the corresponding mass of the skyrmion
is computed from the energy density (4.120), and shown in fig. 4.20 (corre-
sponding to ε = 0). The property of the Skyrme-Wu-Yang ansatz to yield
always the classical field configuration of lowest energy is expected to be
valid independently of the exact form of the higher order terms in the sigma-
model, and therefore to be universal.10 It is another example of the fact that
the lowest energy soliton configurations are generally the ones with the high-
est symmetry properties. The spherical symmetry of the Skyrme-Wu-Yang
ansatz is naturally preserved by all terms in the derivative expansion due
to the gauge invariance of the model, as long as the alignment of the gauge
and hedgehog generators is chosen, as in eq. (4.164). The two limiting cases
e → 0 and e → ∞ are somewhat special. In the former limit, the gauge
fields play a very important role, up to the point where the lightest energy
solution takes the asymptotic form of a magnetic monopole; the transition
to this regime is visible on figure 4.20 around e ≈ 0.75 where the energy
density shows a knee. Conversely, in the limit of large e (vanishing Skyrme
10In principle a U(1)-gauged skyrmion might be lighter than a SU(2)-gauged one, pro-
vided that the coupling constant associated with the U(1) gauge field is much larger that
the one associated with SU(2). This situation does not happen when considering the
electroweak gauge group of the Standard Model.
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term), the gauge field becomes very weak, and the various skyrmion configu-
rations are nearly degenerate in energy. We want to emphasise however that
both limits seem unphysical once all terms in the derivative expansion are
taken into account. The optimal value of e in the original chiral Lagrangian
of QCD is indeed precisely in the intermediate range, namely e ≈ 4, in order
to predict the correct baryon properties.
The discussion so far was based onto the assumption that the vacuum
expectation value of the field Φ(x) is strictly equal to the identity matrix,
〈Φ〉 = 1. In this case however the Goldstone bosons would be exactly
massless and the electroweak symmetry group would remain unbroken. In
realistic models a mass for the Higgs boson is actually obtained by radiative
corrections. The details of this mechanism depend on the exact realisation
of the composite Higgs model, and we do not want to discuss them here. In
our formalism, the breaking of the electroweak symmetry manifest itself as
a vacuum misalignment conveniently expressed in terms of the Goldstone
field (4.161) as
〈Π〉 =
 v
v
 , (4.165)
where v ≈ 246 GeV is the electroweak symmetry breaking scale. This vac-
uum expectation value yields through the kinetic term for the field Φ a mass
term for the W and Z bosons, of the form
mW = sin
(
v
2f
)
gf ≈ gv
2
, mZ =
1
2
sin
(
v
f
)
gf
cos θW
≈ gv
2 cos θW
,
(4.166)
where θW denotes the Weinberg angle. In the right-hand side equalities we
have taken the limit v ¿ f , recovering the Standard Model values. It is
evident that the breaking of the electroweak symmetry also automatically
breaks the spherical symmetry of the Skyrme-Wu-Yang ansatz. The correc-
tion to the energy of the skyrmion induced by the vacuum expectation value
v can be expressed as a correction to the energy density (4.120) in the form
E[F, a] = 2pi
f
e
∞∫
0
dr
[
. . .+
ε
2
a2 +O (ε2)] , (4.167)
where ε = v2/f2, and the dots denote the ε-independent terms of eq. (4.120).
Note that the leading order contribution in ε preserves the spherical sym-
metry of the skyrmion; higher order terms do not. The true gauge group of
the Standard Model being U(1)em, no spherically symmetric skyrmion con-
figuration including gauge fields can actually be constructed. However, the
very small size of the correction introduced in eq. (4.167) implies that the
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Figure 4.20: Energy of the skyrmion configuration given by eq. (4.120) and
(4.167) as a function of the Skyrme parameter e, for different values of
ε = v2/f2. The dotted black line corresponds to the ungauged case, the
solid grey one to the Bogomolny bound given in eq. (4.107). The crosses
show for comparison the mass of the U(1)em gauged solution of section 4.2.3.
lowest energy configuration is still provided by the Skyrme-Wu-Yang ansatz.
The contribution to the energy density coming from the zeroth order in v/f
are of order 10–100 f/e. Leading order corrections in v/f have already very
little effect, since the correction term is bounded by |a(r)| ≤ 1; the difference
is only significant in the regime of small e, but remains small even in the
unrealistic limit ε → 1, as shown in figure 4.20. The next-to-leading order
terms breaking the spherical symmetry have therefore a negligible effect on
the mass of the skyrmion. The ε-term plays nevertheless a important role in
the sense that it forbids monopole-like solutions, for which the asymptotic
value of the function a(r) is different from zero at spatial infinity; its effects
on the profile functions F and a are visible on figure 4.12 for e = 0.2 and
ε = 0.1.
The physical skyrmion states are obtained, following the discussion of
section 4.1.4, by performing a zero-mode quantisation around the clas-
sical solution. The zero-modes are transformations that leave invariant
the energy of the skyrmion solution found in the previous section. This
comprises the Lorentz transformations and the internal symmetries of the
skyrmion. The latter reduce after electroweak symmetry breaking to the
U(1)em global transformations. However, the correction to the spherical
symmetric skyrmion are in our case so negligible compared to the overall
skyrmion energy that all SU(2)W and U(1)Y global transformations are ap-
proximate symmetries of the classical skyrmion, and will be considered as
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Figure 4.21: Value of Λ given by equation (4.168) as a function of the
Skyrme parameter e, for different values of ε = v2/f2. The straight dotted
line corresponds to the ungauged case. The vertical bar at e ∼= 0.75 is the
value below which the integral diverges in the absence of the electroweak
symmetry breaking term (4.167).
exact in the following. Note that, as mentioned before, the total spin-isospin
equivalence found in section 4.1.4 is actually broken by the Higgs vacuum
expectation value.
Like the energy density, the moment of inertia of the skyrmion Λ gets
modified with respect to eq. (4.36) by the presence of the gauge fields, ex-
pressed here as the dependence on the function a(r) and on the electroweak
symmetry breaking parameter ε, as
Λ =
8pi
3
1
fe3
∞∫
0
dr
[
r2 sin2 F
((
F ′
)2 + 1 + (1 + a)2 sin2 F
r2
)
+ 2
e2
g2
a2
]
.
(4.168)
The numerical value of Λ is displayed in figure 4.21. Note that the depen-
dence on ε comes at the lowest order only implicitly through the functions F
and a. In the limit of large e, Λ tends to the value 53.4/
(
fe3
)
of eq. (4.37).
For SU(3) as for all relevant choices of cosets leading to a pseudo-Goldstone
Higgs boson (see tables 4.1 and 4.2), pi4(G/H) is trivial. This means that
the spin statistics of the skyrmion is unambiguously fixed by the coefficient
of the Wess-Zumino-Witten term: if Nc is even, the skyrmion is a boson;
if Nc is odd, it is a fermion. If the skyrmion is a boson, the mass of the
lowest state is given by E0, displayed on figure 4.20 for the simplest case
where only the Skyrme term is taken into account. On the contrary, if it is
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Figure 4.22: Mass of the lightest skyrmion state if it is a fermion as a
function of the Skyrme parameter e, for different values of ε = v2/f2. The
grey dotted line is the corresponding mass in the absence of gauge fields.
a fermion, its mass becomes
M 1
2
= E0 +
3
8Λ
, (4.169)
and is shown on figure 4.22. The different scalings of E0 and Λ−1 relative to
the Skyrme parameter e imply that a minimum occurs around emin ≈ 7.7,
with M 1
2
,min ≈ 12.7 f . The two lowest energy skyrmion states are then
part of an isospin doublet, like the proton and the neutron in the Standard
Model. Although the skyrmion mass is strongly dependent on the higher
order terms in the sigma-model, its quantum numbers do not depend on the
precise form of these terms, since the results rely only on the assumption
that the solution is approximately spherically symmetric, which is always
true when the skyrmion lives along the gauged SU(2)W subgroup of the
global symmetry group.
The hypercharge of the skyrmion can similarly be extracted from the
Noether current associated with U(1)Y transformations. There is neither a
contribution from the local Lagrangian given by the kinetic term and the
Skyrme term in eq. (4.10), nor from higher order operators, since the hy-
percharge generator commutes with the generators T a used to construct the
hedgehog configuration. A non-zero contribution comes nevertheless from
the non-local part of the Wess-Zumino-Witten term (4.156), as discussed
above. Regarding the skyrmion configuration living in the upper-left block
of the matrix Φ, the hypercharge generator appears as a multiple of the iden-
tity matrix, and therefore the contribution from the Wess-Zumino-Witten
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term is in the form of eq. (4.58), i.e. proportional to the number of coloursNc
of the underlying theory. In our toy model, the generator Y given in (4.159)
comes with a factor 16 , so that the hypercharge of the skyrmion is fixed to
be
Yskyrmion =
Nc
6
. (4.170)
The electric charge of the lightest skyrmion state, given by Y +Q3, is then
q =

1
6 Nc if Nc is even (boson),
1
6 (Nc ± 3) if Nc is odd (fermion).
(4.171)
There are subsequently only two cases in which the skyrmion can be elec-
trically neutral: Nc = 0, for which the underlying theory is not strongly-
coupled, and Nc = 3, as in QCD.
The skyrmion electric charge may also be understood in terms of the
technifermions of the strongly-coupled theory. The form of the generator
of electromagnetism (4.163) indicates that the technifermions have electric
charges 23 and −13 . The skyrmion appears then as a bound state of Nc
technifermions. Either left-handed, right-handed, or both left- and right-
handed technifermions form doublets of SU(2)W , and the lightest skyrmion
state is then made of Nc/2 “up-type” fermions and Nc/2 “down-type”
ones if Nc is even, yielding the overall electric charge q = Nc/6. If Nc is
odd, the two lightest states are made respectively of (Nc ± 1) /2 “up-type”
and (Nc ∓ 1) /2 “down-type” technifermions, hence the result obtained in
eq. (4.171).
4.4.3 A next-to-minimal model
There is of course a simple possibility to relax the strong constraint (4.171)
on the electric charge by enlarging the model to a global SU(N)L×SU(N)R
symmetry with N ≥ 4. Keeping the SU(2)W subgroup to live in the upper-
left corner, we can now take the hypercharge generator to be of the more
general form
Y =

µ
µ
µ− 12
. . .
 , (4.172)
where factors denoted by the dots have to be chosen so that Y remains
traceless. This is the most general choice that produces a doublet with
the correct hypercharge to play the role of a Higgs boson. A similar form
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can also be obtained within the simplest N = 3 model if one allows the
hypercharge generator not to be traceless. This happens quite generically
when the U(1)Y gauge group contains a part coming from the unbroken
U(1)V symmetry. In both cases, all the analysis made above remains valid,
up to the skyrmion hypercharge, which gets replaced by
Yskyrmion = µNc. (4.173)
In terms of the electric charge, this means
q =

µNc if Nc is even (boson),
µNc ± 12 if Nc is odd (fermion).
(4.174)
If Nc is even, the hypercharge of the skyrmion — or equivalently its electric
charge — can always be made zero by choosing µ = 0. The generator of
electromagnetism is then
Q =

1
2
−12
−12
. . .
 , (4.175)
which reflects the electric charge of the technifermions. If Nc is odd, a
neutral skyrmion is achieved by taking µ = ±1/ (2Nc). There must thus
be a weak doublet with charges (1 +Nc) / (2Nc) and (1−Nc) / (2Nc) (or
opposite) among the technifermions of the underlying theory. In both cases,
we see that the electric charges of the strongly-interacting technifermions
have to be fractional in order to account for a neutral state among the
lightest skyrmions.
4.4.4 Other realisations of a composite Higgs
There are many possible symmetry breaking patterns which enter the con-
struction of a composite Higgs model. Some of them were presented in
table 3.2 or consists in products of simple groups, and the most used ones
will be now discussed separately. The presence of skyrmions depends on the
third homotopy group of the vacuum manifold G/H. Note that in all exam-
ples presented here, the fourth homotopy group of the coset space is trivial,
implying that the spin statistics of the skyrmion is entirely determined by
the coefficient of the Wess-Zumino-Witten term, as for the model discussed
above.
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SU(N)×SU(N)/SU(N)
This is the symmetry breaking pattern of the chiral theory of mesons in
QCD, which was used to construct the original technicolor models [85, 86],
as well as the “minimal moose” class of little Higgs models [219]. In the
latter, many copies of the global symmetry need to be implemented, and
there might also be many independent skyrmions, living in different sectors
of the model. Their characteristic features follow directly from the toy model
presented in section 4.4.1.
SO(N)×SO(N)/SO(N)
The SO(N)× SO(N)/SO(N) symmetry breaking pattern is similar to the
precedent, with the field Φ(x) being represented by a real-valued matrix in
SO(N). The representation of the SU(2)W gauge group has to be real and
the Higgs field is not represented by a complex doublet, but rather by a real
quadruplet. Little Higgs models based on this symmetry breaking pattern
have the advantage of preserving a SO(4) symmetry in the Goldstone sector,
which acts as a custodial symmetry for the Higgs boson [231, 220]. Note
that the simplest real representation of SU(2) based on the generators of
SO(3) does not allow the existence of such a quadruplet. We can take
without loss of generality the gauge generators to be in the four-dimensional
representation
Q1 =
1
2

i
i
−i
−i
. . .

, Q2 =
1
2

−i
i
−i
i
. . .

,
Q3 =
1
2

i
−i
−i
i
. . .

. (4.176)
The construction of the lightest skyrmion follows similar principles as in
the previous section, with a hedgehog ansatz living within the SU(2)W sub-
group, i.e. choosing T a = Qa. The generators above obey the normalisation
Tr
(
QaQb
)
= δab, which is twice the value required in (4.18) to construct
a skyrmion of unit winding number, but on the other hand the topological
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index in SO(N) is defined as half the winding number integral (4.4), so
that the skyrmion can indeed be built out of gauge generators as in the toy
model. This peculiar normalisation is irrelevant to the computation of the
skyrmion’s quantum numbers. The fundamental difference with respect to
the toy model of section 4.4.1 is that the Wess-Zumino-Witten term vanishes
when the field Φ(x) takes its values in SO(N) as a consequence of the fact
that the underlying theory is free of anomalies. Since there is no term in the
action contributing a negative sign upon spatial rotation of the skyrmion,
it must necessarily be quantised as a boson. Its hypercharge also vanishes
independently of the implementation of the hypercharge generator and the
skyrmion is automatically neutral, i.e.
q = 0. (4.177)
SU(N)/SO(N)
The symmetry breaking pattern SU(N) → SO(N) is realised with N = 5
in the “littlest Higgs” model [216]. The field Φ has to be taken in the
two-indices symmetric representation of SU(N), i.e. transforming as
Φ→ UΦUT , U ∈ SU(5), (4.178)
and a vacuum expectation value proportional to the identity breaks the
global symmetry down to SO(N). In this representation the definition of
the covariant derivative must also be changed to
DµΦ = ∂µΦ− igAµ
(
QΦ+ ΦQT
)
, (4.179)
where Aµ denotes generically any gauge field. Such a symmetry breaking
pattern can be achieved by considering technifermions transforming in the
fundamental representation of SU(N). The mechanism guaranteeing the
quantum stability of the skyrmion in SU(N)/SO(N) cosets is also com-
pletely different from the previous two cases, since there is no equivalent of
a topological charge here [296,297,298,299].
The generators of the weak gauge group can be taken as in (4.176) as a
subgroup of SO(4), but there is a unique implementation of the hypercharge
— up to global transformations — yielding a quadruplet of SO(4) which can
be identified with the Higgs, namely
Y =
1
2

i
i
−i
−i
. . .

. (4.180)
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The Higgs appears then in the Goldstone field as
Π =

h
−i h
h† i h†
. . .
 , (4.181)
where h is the complex doublet defined in eq. (4.162).
The major difference with respect to our SU(3)-based example hides in
the way the classical skyrmion solution is constructed. The embedding of the
SU(2)W gauge generators in the unbroken SO(N) subgroup of SU(N) im-
plies already that the skyrmion cannot be aligned with the gauge subgroup:
due to the normalisation Tr
(
QaQb
)
= δab, the topological index of a hedge-
hog configuration built out of the generators Qa — now measured again in
SU(N) by the winding number integral (4.4) — is always a multiple of two,
and the configuration is therefore topologically trivial due to the Z2 homo-
topy structure of the vacuum manifold. As shown in section 4.3, a skyrmion
of unit winding number is actually obtained by the Cartan embedding of a
SU(N) hedgehog Φh,
Φ = ΦhΦTh , where Φh = exp
[
2i F (r) xˆi T i
]
, (4.182)
with a special choice of generators allowing to preserve the spherical sym-
metry
T a =
1
4

σa iσa
−iσa σa
. . .
 . (4.183)
Note that these generators have the property that they commute with their
transpose, i.e.
[
T a, (T b)T
]
= 0, and are related to the SU(2)W gauge gener-
ators through
Qa = T a − (T a)T . (4.184)
The skyrmion field Φ constructed using the Cartan embedding (4.182) lives
actually in the broken subgroup of SU(N). In the presence of the standard
electroweak gauge field, the skyrmion configuration minimising the energy
is obtained using the Skyrme-Wu-Yang ansatz (4.119) for the gauge field,
although the misalignment of the generators implies that the energy func-
tional takes a form different from our toy model (4.120). In the littlest
Higgs model, however, the presence of an extra SU(2) gauge group living
in the broken part of the global SU(N) symmetry affects the properties of
the classical skyrmion solution. We present in the next section an explicit
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construction of the lowest-energy skyrmion configuration within this partic-
ular model. The lightest skyrmion configuration is found to be a spherically
symmetric configuration in which the electroweak gauge field vanishes. In
general, the presence or absence of this extra spontaneously broken gauge
field does not modify the way the skyrmion is embedded into SU(N), so
that the charge under the electroweak gauge group can be derived indepen-
dently of the details of the model considered. The quantisation procedure
follows a path similar to the discussion above. The relevant zero-modes in
this case are spatial rotations only, which do not coincide with isospin trans-
formations. The Hamiltonian and energy levels of the theory appear as in
eq. (4.40) and (4.41) respectively, with the slight difference that both the
energy E0 and kinetic momentum Λ differ from the purely SU(N) skyrmion.
While j and m still correspond to the spin quantum numbers, taking (half-
)integer values when the skyrmion is a boson (fermion), the isospin gets
actually multiplied by a factor of two compared to eq. (4.43), so that the
relation between spin and isospin becomes
Ik = −2ΩklJl, hence I2 = 4J2. (4.185)
The third component of isospin of the skyrmion state is then given by 2m′,
where m′ takes integer steps from −j to +j. The lightest skyrmion state
has thus zero isospin as before if it is a boson. If it is quantised as a
fermion, the skyrmion has however an isospin number I3 = ±1 and its
electric charge is equal to its hypercharge plus or minus one unit. The
hypercharge itself is uniquely fixed: it is computed similarly as above using
the Noether currents associated with the U(1)Y transformation. Due to
the commutation relations [Y, T a] =
[
Y, (T a)T
]
= 0, the skyrmion is again
invariant under hypercharge transformations, and none of the local terms in
the Lagrangian contribute to the Noether current. Still, the five-dimensional
part of the Wess-Zumino-Witten term gives the usual non-zero contribution,
fixing
Yskyrmion = ±Nc. (4.186)
The plus or minus sign here refers to the fact that there are two distinct pos-
sibilities to construct the skyrmion field, namely using either the generators
T a as above or the transpose thereof, (T a)T , or equivalently choosing the
SU(N) hedgehog configuration Φh in eq. (4.182) to have plus or minus one
unit of winding number. Note that apart from their hypercharge, both field
configurations are absolutely identical at the classical level. The skyrmion
charge associated with the solution of hypercharge +Nc is then
q =

Nc if Nc is even (boson),
Nc ± 1 if Nc is odd (fermion).
(4.187)
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As a direct consequence, there are only two possibilities to have a neutral
skyrmion: the first consists in taking Nc = 0, i.e. considering a weakly-
coupled UV completion and quantising the skyrmion as a boson, and the
second to Nc = 1, which does not correspond to a satisfactory strongly-
coupled UV completion either. Note that a weakly-coupled UV completion
exists for the littlest Higgs [250], but the quantum nature of the skyrmion
with both Nc = 0, 1 is still not understood at all. On the other hand, any
strongly-coupled UV completion with Nc ≥ 2 possesses a charged skyrmion
in its spectrum.
The integer value of the charge can be found surprising at first. However,
it can be understood in terms of the (techni-)fermions of a strongly-coupled
underlying theory. To see this, it is convenient to rotate the vacuum ex-
pectation value 〈Φ〉 = 1 into a basis where the generators Q3 and Y are
diagonal. This can be done as in the original little Higgs model of ref. [216],
where we have
Q3 = diag
(
1
2 ,−12 , 12 ,−12 , 0, . . .
)
Y = diag
(−12 ,−12 , 12 , 12 , 0, . . .)
 =⇒ Qem = diag (0,−1, 1, 0, . . .) .
(4.188)
The (techni-)fermions have therefore all integer electric charge in this model,
which is consistent with the integer charge of the skyrmion. Note that in
contrary to the previous cases, the skyrmion in the SU(N)/SO(N) coset is
not made of an antisymmetric bound state ofNc technifermions, but appears
as a bound state of Nc (Nc + 1) /2 of them [296,297,298,299]. A skyrmion of
charge Nc can for example be constructed with Nc positively charged tech-
nifermions and Nc (Nc − 1) /2 neutral ones, although other combinations are
possible. The quantum nature of the skyrmion in this case remains to be
elucidated.
Cosets with trivial homotopy
The remaining symmetry patterns presented in table 4.2 all have a trivial
third homotopy group, and therefore do not contain skyrmions and are not
concerned by our study. The simplest little Higgs model [217] and its varia-
tions [218,221], based on the coset SU(N)/SU(N−1), are examples of mod-
els free of skyrmions. The field Φ is taken there to be a N -component vector
of unit length, transforming under SU(N) and spontaneously breaking the
symmetry by choosing any definite value in the vacuum. The same concept
applies when the field Φ is real-valued, hence providing a SO(N)/SO(N−1)
vacuum manifold, as in the minimal composite Higgs model [131] discussed
in section 3.3 and its extension [124], with N = 5 and 6 respectively. The
last coset mentioned in the table, namely SU(2N)/Sp(2N), is realised in
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the “antisymmetric condensate” little Higgs [224]. Note that the list given
by tables 4.1 and 4.2 is not exhaustive. Other cosets may be considered, in
particular when H is not a simple group.
Our findings about the skyrmions in composite Higgs models can finally
be summarised into three main points:
(i) Skyrmions can generally use gauge fields to reduce their mass. The
lightest field configuration of unit winding number is obtained at the
classical level by combining the Goldstone fields with a SU(2) gauge
field, independently of the coefficients of the higher-order terms in the
sigma-model. This configuration also preserves generically the spher-
ical symmetry of the ungauged skyrmion. Notice that this statement
is universal, and that it does not matter if the SU(2) subgroup is fun-
damental to the theory, or if it arises as the unbroken remnant of a
larger gauge group.
(ii) In the real world, there is no such exact SU(2) symmetry, since the
electroweak gauge group is broken down to U(1)em. However, at the
scale 10–100 TeV where the skyrmion lives, the SU(2)W×U(1)Y gauge
symmetry is approximately preserved, up to corrections of order v4/f4,
where f is the TeV-order symmetry breaking scale. As a consequence,
the skyrmion in composite Higgs models prefers to live in a subspace
of the global symmetry where it can use this SU(2)W symmetry.
(iii) The isospin of the skyrmion depends on its fermionic/bosonic nature,
which is fixed via the Wess-Zumino-Witten term by the number of
colours of the underlying strongly-coupled theory (if any). It is also
the non-local part of this Wess-Zumino-Witten term which contributes
to the hypercharge of the skyrmion, so that the electric charge of the
lightest state(s) is completely fixed by the embedding of the hyper-
charge generator relatively to the SU(2)W subgroup.
Of the various cosets obtained from product groups or simple groups listed in
table 4.2, we found that two of them contain in general electrically charged
skyrmions. Unfortunately, these two are also the most used symmetry
breaking patterns. In the various littlest Higgs models, where the vacuum
manifold is SU(5)/SO(5), the skyrmion takes an integer electric charge,
necessarily different from zero for Nc ≥ 2. For SU(N) × SU(N)/SU(N)
cosets which mimic the chiral theory of QCD, neutral skyrmions can be
obtained, provided certain rules are respected concerning the embedding
of the hypercharge in the global symmetry group. In terms of degrees of
freedom of the underlying theory, a neutral skyrmion requires that the tech-
nifermions have fractional electric charges. As a general result, weakly cou-
pled UV completions may always admit neutral skyrmions, since non-zero
charges are induced via the anomalous Wess-Zumino-Witten term present
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in strongly-coupled theories only; in that case however it is not clear what
the skyrmion really represents at the quantum level of the theory. Also if
the underlying theory is strongly-coupled but still anomaly free, as for the
SO(N) × SO(N)/SO(N) cosets realised in models with a custodial sym-
metry, the skyrmion has to be quantised as a boson and is automatically
neutral. Other models based on the remaining symmetry breaking patterns
don’t contain skyrmions at all.
An estimate of the relic density for a neutral skyrmion will be discussed
in the next section. The key point of this discussion is that skyrmion are
always expected to be thermally produced in the early universe, while their
pair-annihilation cross-section is naturally very low — scaling with the in-
verse of the symmetry breaking scale f — which ensure relatively large relic
densities. This relic density at present time can be of the order of the ob-
served dark matter density, although much smaller or larger densities can
also be obtained depending on the exact value of the skyrmion mass. The
latter cannot be computed without knowing the full underlying theory.
In the presence of an electrically charged skyrmion, the situation is
very different. Due to electromagnetic interactions, the skyrmion can form
bound states with ordinary matter. If the skyrmion charge is an integer,
neutral bound states are formed and can be very difficult to detect. The
strongest experimental bounds come from the concentration of such super-
heavy “atoms” on earth, as studied for example in ref. [304,305]. Although
the relevant properties of these skyrmions are simply their mass and electric
charge, it is not straightforward to extract experimental bounds on these
parameters, due to the fact that the whole early universe cosmology would
be affected by the presence of new stable charged objects (see for example
the effects of a stable particle of charge −2 in ref. [306]). Note also that the
skyrmions described in this work always come in pairs with an antiskyrmion
of opposite charge: in the scenario where the topological index takes any
integer value, the antiskyrmion is a field configuration with opposite wind-
ing number; for SU(N)/SO(N) with pi3 = Z2, the partner of the skyrmion
comes actually from a different embedding into the coset. In any case, if
no asymmetry is generated, the relic density of skyrmions might be largely
reduced compared to a naive estimate.
In contrast to little Higgs models, the minimal composite Higgs models
have a very simple group structure and do not admit skyrmions. One crucial
difference with respect to little Higgs models is that the technifermions have
to share the same quantum number as the Standard Model quarks and
leptons so that they can generate masses with the latter via the partial
compositeness mechanism. Neutral skyrmions could subsequently be easier
to obtain in composite Higgs models, and would appear as heavy objects
bounded by strong interactions in a similar fashion as the proton in QCD.
Our analysis also contains a few caveats, since the description of non-
perturbative objects such as skyrmions in quantum field theories is not well
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understood yet. The conclusions of this work might be relaxed under special
conditions. First of all, we actually only understand the quantum nature of
the skyrmion in the background of a strongly-coupled underlying theory. In
the cases Nc = 0 or Nc = 1 discussed above, the role of the skyrmion in the
spectrum of the quantum theory is not known: the skyrmion might actually
be unstable despite its topological nature, or might even not correspond to
a particle state. The second unknown concerns the regime in which the
level splitting between the various skyrmion states is very small. Quantum
corrections to the skyrmion masses could possibly reverse the hierarchy of
the states, making practically impossible any predictions in terms of the low-
energy effective theory. Loop corrections to the skyrmion mass in the chiral
theory of QCD happen indeed to be important [268], but one can expect
them to act in an universal way on all states so that such a hierarchy-
reversing phenomenon is rather unlikely to occur.
Note finally that for composite models based on the holographic princi-
ple, where an extra-dimensional description of the strongly-coupled underly-
ing theory exists, the properties of the skyrmion might be better understood
by directly computing them within the five-dimensional framework, as dis-
cussed in section 4.2.6. This subject remains open for future analysis.
4.5 The skyrmion in the littlest Higgs model
As a final part of this thesis, we present here the study of skyrmion in
a particular realisation of the little Higgs idea. The special form of the
topological index and the presence of additional gauge fields in the model
studied here make this study of particular interest.
4.5.1 The littlest Higgs
We consider the littlest Higgs model of ref. [216]. The model is based on
a global SU(5) symmetry, spontaneously broken down to SO(5) by a vac-
uum expectation value. The Goldstone bosons are therefore described by a
SU(5)/SO(5) non-linear sigma model
LΣ = f
2
4
Tr ∂µΣ∂µΣ†, (4.189)
where Σ(x) is a 5× 5 symmetric matrix. Under a global SU(5) transforma-
tion, Σ transforms as
Σ→ V ΣV T , V ∈ SU(5). (4.190)
The vacuum expectation value is taken to be the identity matrix, 〈Σ〉 = 15,
so that the 10 unbroken generators obey (T a)T = −T a, and the 14 broken
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ones (Xa)T = Xa. The Goldstone bosons pia can therefore be parametrised
as
Σ = (eipi
aXa/f )1 (eipi
aXa/f )T = e2ipi
aXa/f . (4.191)
The global SU(5) symmetry is then explicitly broken by gauging an
[SU(2)× U(1)]2 subgroup. The generators of this gauge group are chosen
as11
Q
(1)
i =
1
4

σi 0 iσi
0 0 0
−iσi 0 σi
 , Q(2)i = −Q(1)Ti , (4.192)
Y (1) =
1
20

12 0 5i12
0 −4 0
−5i12 0 12
 , Y (2) = −Y (1)T , (4.193)
and they obey
[Q(α)i , Q
(β)
j ] = iδ
αβεijkQ
(α)
k , [Q
(α)
i , Y
(β)] = [Y (α), Y (β)] = 0. (4.194)
The commutation relations of the SU(2) and U(1) subgroups is easier to see
in the original parametrisation of ref. [216], in which the vacuum expectation
value 〈Σ〉 is not diagonal. In our case however, it will be more convenient
to work in a basis where 〈Σ〉 = 15. The Lagrangian is made gauge invariant
by promoting the spacetime derivatives to covariant derivatives:
DµΣ = ∂µΣ− i
(
AµΣ+ ΣATµ
)
, (4.195)
where
Aµ =
∑
α=1,2
(
gαW
(α),a
µ Q
(α)
a + g
′
αB
(α)
µ Y
(α)
)
. (4.196)
Only the linear combinations Qa = Q
(1)
a + Q
(2)
a , Y = Y (1) + Y (2) of
the gauge generators are symmetric and thus preserve the vacuum. The
orthogonal combinations Qa = Q
(1)
a − Q(2)a , Y = Y (1) − Y (2) do not. The
11With respect to the generators as defined in ref. [216], our generators are rotated
according to the rule Q
(α)
i → ΩQ(α)i Ω† (and similarly for the Y (α), where our definition
differs by an additional overall minus sign). Here, Ω is a SU(5) matrix taking the vacuum
expectation value Σ0 of ref. [216] to the identity, Σ0 → ΩΣ0ΩT = 15, and is defined as
Ω =
1√
2
0BBB@
12 0 12
0 −√2 0
−i12 0 i12
1CCCA .
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[SU(2)× U(1)]2 gauge group is therefore spontaneously broken down to a
diagonal SU(2)×U(1) subgroup. The latter is identified with the Standard
Model electroweak gauge group.
To simplify the structure of the gauge sector of the model we work in the
T-parity symmetric limit [233] which is obtained by setting g1 = g2 =
√
2g
and g′1 = g′2 =
√
2g′. This also allows us to consider values of the breaking
scale f . 1 TeV. The Standard Model gauge bosons are identified with the
parity even linear combinations
W aµ =
1√
2
(
W (1),aµ +W
(2),a
µ
)
, Bµ =
1√
2
(
B(1)µ +B
(2)
µ
)
. (4.197)
The parity odd linear combinations
W
a
µ =
1√
2
(
W (1),aµ −W (2),aµ
)
, Bµ =
1√
2
(
B(1)µ −B(2)µ
)
. (4.198)
are responsible for cutting off the quadratically divergent contribution to
the Higgs mass in the gauge sector. They obtain tree-level masses
m2
W
= 2g2f2, m2
B
=
2
5
g′2f2. (4.199)
The 14 Goldstone bosons can be parametrised as Σ = e2iΠ/f . They decom-
pose under the electroweak gauge group as 10⊕30⊕2±1/2⊕3±1. Explicitly,
we have
Π =
1
2
√
2

−iφ− ω − 1
2
√
5
η −h −φ− iω
−hT 2√
5
η ihT
−φ+ iω ih iφ− ω − 1
2
√
5
η
+ c.c., (4.200)
h =
 h+
h0
 , φ =
 φ++ 1√2φ+
1√
2
φ+ φ0
 , ω =
 12ω0 1√2ω+
1√
2
ω− −12ω0
 .
The real triplet ω and the singlet η are eaten by the Higgsing of the broken
SU(2)×U(1). The complex doublet h is identified with the standard Higgs
boson, while the complex triplet φ is a new field of the model, which receives
a large O(gf) mass at the one loop level. The degeneracy between the
triplet states is lifted after electroweak symmetry breaking by a vacuum
expectation value for the Higgs doublet 〈h〉 = (0, v/√2)T , also giving the
Standard Model W± and Z bosons their mass. More details can be found
in ref. [239].
We are interested in finding skyrmions as solutions of the classical equa-
tions of motion for the field Σ with nontrivial topological charge. As men-
tioned above, there is no universal quantity describing the winding number
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of a field configuration in the coset SU(N)/SO(N) similar to the wind-
ing number integral (4.4) for the group SU(N). We can nevertheless con-
struct a field with non-trivial topology by using the Cartan embedding
Σ(x) = Φ(x)Φ(x)T , based on a field Φ(x) ∈ SU(5) with winding number
one. The winding number of the field Σ(x) is then assessed by the quantity
B(Σ) = B(Φ) mod 2. (4.201)
The stability of the skyrmion in the presence of gauge fields is however
not guaranteed, since the expression above is not invariant under the local
[SU(2)× U(1)]2 gauge symmetry of the littlest Higgs model. Compared to
our construction of a gauge-invariant topological charge of section 4.2.2, an
additional complication arises because the representation of Σ in terms of
Φ is not unique. In particular, the matrix ΦR where R belongs to SO(5)
yields the same Σ. So the topological charge B(Σ) in the coset has to be
an integral containing Φ, Aµ and derivatives thereof, and must satisfy the
following conditions:
(i) invariance under the global SU(5) symmetry Φ→ LΦ, such that Σ→
LΣLT transforms as required,
(ii) invariance under gauge transformations
Φ→ V (x)Φ , Aµ → V (x)AµV †(x) + i
g
V (x)∂µV †(x) ,
where V (x) belongs to the [SU(2)× U(1)]2 gauge group,
(iii) invariance under a local SO(5) symmetry Φ→ ΦR(x), with
R(x)RT (x) = 1,
(iv) in the limit of vanishing gauge fields, one recovers the winding number
(4.4),
(v) time-conservation ∂0B = 0.
With the exception of point (iii), all properties above are recovered by using
the gauge-invariant definition of the topological charge B(Φ) of eq. (4.87),
identifying the gauge fields of the littlest Higgs model as a subgroup of the
matrix Lµ used in eq. (4.87). Due to the additivity of the topological charge
and to the property that SO(N) fields have an even integer topological
index in SU(N), the condition (iii) is actually automatically satisfied by
the definition (4.201): under a local SO(5) transformation Φ→ ΦR(x), one
finds then
B(Σ)→ B(ΦR) mod 2 = [B(Φ) +B(R)] mod 2 = B(Σ) (4.202)
As in the discussion of section (4.2.2), this quantity is actually not conserved
in time but might be shifted by integer values corresponding to instantons.
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The two U(1) gauge fields do not have such instantons, but the SU(2) fields
do. One finds in particular
B(Φ) = B(Φ)− n(W (1)µ )− n(W (2)µ ). (4.203)
A consequence of this is that the skyrmion is not stable but may decay
through an electroweak instanton. However, as illustrated by its lifetime
(4.96), the skyrmion can be considered stable on cosmological timescales,
and thus if its mass and couplings are appropriated, it can serve as a poten-
tial dark matter candidate.
In order to stabilise the energy and size of the skyrmion obtained in this
way, one need to complete the Lagrangian with terms with higher number
of derivatives. We consider here only the simplest case, adding the Skyrme
term
L ⊃ 1
32e2
Tr
[
Σ†DµΣ,Σ†DνΣ
] [
Σ†DµΣ,Σ†DνΣ
]
. (4.204)
The Skyrme term does not modify the mass of the gauge bosons at tree-
level, but it induces new couplings between gauge and Goldstone bosons.
The gauge-boson four vertices are of particular interest since they might
contribute at one loop to the electroweak precision measurements. In prac-
tice, the contributions to the Peskin-Takeuchi S and T parameter [99, 103]
are suppressed by the loop factor and by powers of (v/f)2 and are thus neg-
ligible as long as (1/e2) . 32. The other important place where the Skyrme
term might play a role is in the potential for the scalars. Since the Skyrme
term involves four derivatives, these contributions only start at the two loop
level. The protection of the Higgs mass through the collective symmetry
breaking mechanism is therefore not affected by the addition of the Skyrme
term.
The spherically symmetric solution for a skyrmion in the coset
SU(5)/SO(5) was presented in section 4.3 in the absence of gauge fields.
It relies on the existence of a SU(2) subgroup of SU(5) whose generators
are satisfy the property that they commute with their transpose. This is
the case of the SU(2) gauge generators Q(1,2)i defined above in eq. (4.192):
they are related through Q(1)Ti = −Q(2)i , and satisfy [Q(1)i , Q(2)j ] = 0 and
TrQ(1)i Q
(2)
j = 0. The ansatz
Φ(x) = exp
[
2iF (r)xˆiQ
(1)
i
]
(4.205)
realises therefore the lightest skyrmion configuration. Note that taking Q(2)i
for the generators yields exactly the same results. The Lagrangian obtained
with this ansatz is exactly twice the Lagrangian one would obtain start-
ing from a sigma model with the SU(5)-valued field Φ(x) instead of Σ(x).
Therefore, the mass of the SU(5)/SO(5) coset skyrmion is twice the mass
of a corresponding SU(5) skyrmion of winding number one. In terms of the
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profile function F (r), the energy E = − ∫ d3x L of this static field configu-
ration becomes
E[F ] = 4pi
f
e
∞∫
0
dr˜
[(
r˜2 + 2 sin2 F
)
F ′2 +
(
2r˜2 + sin2 F
) sin2 F
r˜2
]
, (4.206)
where we have performed the rescaling r = r˜/(fe). The profile function F
solving the Euler-Lagrange equation (4.26) was shown on fig. 4.1, and the
corresponding energy density in fig. 4.2. The mass of the ungauged skyrmion
was found to be
M0 = 145.8
f
e
, (4.207)
The scaling of the skyrmion mass with the coefficient of the Skyrme term is
particularly interesting. There is actually no upper bound on the constant
e from phenomenological arguments, so the mass of the skyrmion is, in
principle, a free parameter of the theory. It would require knowledge of the
UV completion of the littlest Higgs model to obtain an estimate of its value.
Assuming a QCD like UV completion it might be reasonable to use e ∼ 5,
which is obtained from a fit to nucleon properties, as seen in section 4.1.4.
With a symmetry breaking scale f around 1 TeV, this gives a mass of the
order of 30 TeV for the skyrmion. Naive dimensional analysis (NDA) gives
a pre-factor of cS/(4pi)2 for the Skyrme term, where cS is a coefficient of
order one. This also seems to motivate 1 . e . 10. We will see in the next
section that the inclusion of gauge interactions modifies the dependence of
the skyrmion mass on the parameter e.
4.5.2 Skyrmion solution with gauge fields
Turning on the gauge fields can only reduce the mass of the skyrmion. We
are actually looking for field configurations which have B(Φ) = 1 and are
topologically equivalent to a configuration with zero gauge fields, so that
they satisfy n(W (1)µ ) = n(W
(2)
µ ) = 0. This choice will ensure a non-trivial
topological charge for the field Σ(x). Such a configuration can be gauge-
equivalent to another configuration with B(Φ) = 0 and n = 1, but it would
take a huge amount of time for the first configuration to evolve into the
second, so that we can consider the first case to be quasi-stable.
The ansatz (4.205) used for the ungauged solution above spans only a
4 × 4 block of the whole SU(5). While the embedding has no influence
when the gauge fields are set to zero, it does have an importance for non-
vanishing gauge fields. If the generators of the SU(2) subgroup used in
the ansatz (4.205) do not match the gauge generators (4.192), the spher-
ical symmetry would be broken by the gauge fields. We therefore assume
that the lowest energy configuration is indeed correctly described by the
ansatz (4.205) made above. Since the U(1) gauge generators Y (1,2) com-
mute with the SU(2) gauge generators, the contribution of the Bµ and Bµ
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fields to the field energy is simply given by their mass term. In order to
reach the lowest energy configuration, Bµ has then to be zero everywhere,
while Bµ being massless is free and does not contribute to the mass of the
skyrmion. An ansatz for the fields W aµ and W
a
µ preserving the spherical
symmetry can be made by writing the most general tensor decomposition
in terms of the angular variables xˆi:
W ai =
1
gr
[(δia − xˆixˆa) a1(r) + xˆixˆaa2(r) + εiakxˆka3(r)] ,
W
a
i =
1
gr
[(δia − xˆixˆa) b1(r) + xˆixˆab2(r) + εiakxˆkb3(r)] . (4.208)
Note that the factor 1/gr is purely conventional, and that we work in the
temporal gauge, soW a0 =W
a
0 = 0. Plugging this ansatz into the Lagrangian,
we obtain
LSkyrme = − 1
r2
[
f2 (2A+B)− 1
e2
A
r2
(A+ 2B)
]
, (4.209)
where we have defined
A = [(1 + a3) sinF − b1 cosF ]2 + [a1 sinF + b3 cosF ]2 , (4.210)
B =
[
rF ′ − b2
]2
. (4.211)
The spherical symmetry is here completely explicit, since the Lagrangian
density depends only on r. The Lagrangian also contains the usual kinetic
term for the gauge fields,
LYM = −14F
a
ijF
a
ij −
1
4
F
a
ijF
a
ij (4.212)
where
F aij = ∂iW
a
j − ∂jW ai + gεabc(W biW cj +W biW cj), (4.213)
F
a
ij = ∂iW
a
j − ∂jW ai + gεabc(W biW cj +W biW cj ). (4.214)
With our ansatz, this is
LYM = − 1
g2r4
[(
ra′1 − a2(1 + a3)− b2b3
)2 + (ra′3 + a1a2 + b1b2)2
+
(
rb′1 − b2(1 + a3)− a2b3
)2 + (rb′3 + a1b2 + b1a2)2
+
1
2
(
a21 + (1 + a3)
2 + b21 + b
2
3 − 1
)2
++ 2 (a1b1 + (1 + a3)b3)
2
]
. (4.215)
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The lowest energy configuration is then obtained by solving the correspond-
ing Euler-Lagrange equations. One should not forget however that the wind-
ing numbers n for the gauge fields as defined in eq. (4.90) have to remain
zero. This translates into the following constraints on the profile functions:
∞∫
0
dr
[
a1a
′
3 − a′1a3 +
a2
r
(
a21 + (1 + a3)
2 + b21 + b
2
3 − 1
)
(4.216)
+b1b′3 − b′1b3 + 2
b2
r
(a1b1 + (1 + a3)b3)
]
= 0,
∞∫
0
dr
[
a1b
′
3 − a′1b3 +
b2
r
(
a21 + (1 + a3)
2 + b21 + b
2
3 − 1
)
(4.217)
+b1a′3 − b′1a3 + 2
a2
r
(a1b1 + (1 + a3)b3)
]
= 0.
The profile functions ai(r), bi(r) are moreover constrained by the form of the
ansatz (4.208). To obtain a finite energy solution, ai(r), bi(r) must approach
a constant value as r → ∞. Definiteness at the origin furthermore implies
a3(0) = 0 and a1(0) = a2(0), and similarly for the bi(r).
The Euler-Lagrange equations for a1, a2 and b3 are satisfied by setting
these three fields to zero. With this choice, the constraint (4.216) is au-
tomatically fulfilled. There is then a non-trivial solution with zero-energy
corresponding to a3 = −(1 + cosF ), b1 = − sinF and b2 = rF ′, but this so-
lution does not satisfy eq. (4.217), the left-hand side being non-zero. There
are actually two obvious ways to satisfy the constraint (4.217):
(I) The first possibility it to set a3 = b1 = 0, and turn on only b2. In this
case the energy functional becomes
EI [F, b2] = 4pi
f
e
∞∫
0
dr˜
[
sin2 F
(
2 +
sin2 F
r˜2
+
2(r˜F ′ − b2)2
r˜2
)
+(r˜F ′ − b2)2 + e
2
g2
b22
r˜2
]
, (4.218)
where we have used again the rescaled variable r˜ = (fe)r. Since
the energy functional does not depend on the derivative of b2, the
Euler-Lagrange equation for b2 yields directly
b2(r) = r˜F ′
(
1− 1
1 + (g/e)2(r˜2 + 2 sin2 F )
)
. (4.219)
b2 automatically satisfies its boundary conditions. Substituting into
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Figure 4.23: The profile functions F (r), b2(r) and a(r) for different values
of the parameter e with the ansatz I.
eq. (4.218), we get
EI [F ] = 4pi
f
e
∞∫
0
dr˜
[
sin2 F
(
2 +
sin2 F
r˜2
)
+F ′2
(r˜2 + 2 sin2 F )
1 + (g/e)2(r˜2 + 2 sin2 F )
]
, (4.220)
and the Euler-Lagrange equation for F becomes(
1 + (g/e)2(r˜2 + 2 sin2 F )
) (
r˜2 + 2 sin2 F
)
F ′′ + 2r˜F ′ (4.221)
+ sin 2F
[
F ′2 − (1 + (g/e)2(r˜2 + 2 sin2 F ))2(1 + sin2 F
r˜2
)]
= 0.
As one can see, the mass of the skyrmion scales with f and 1/e, but
depends also in a non-trivial way on the ratio g/e. The gauge coupling
g is fixed by its Standard Model value. For the numerical studies we
use g = 0.653.12 The solution of the Euler-Lagrange equation for F (r)
with F (0) = pi and F (r →∞) = 0 is shown on Fig. 4.23 for different
values of e. Notice in this case that at large values of r, F is now
vanishing exponentially as F (r) ∝ exp(−√2fgr), in strong contrast
with the ungauged solution where F decreases as 1/r2.
12We use the value of g at the scale µ = mZ . Our results do not depend significantly
on this choice of scale, in particular in the region of interest corresponding to e & 1.
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(II) The alternative possibility to impose the constraint (4.217) consists
in setting b2 = 0 and fixing a3 and b1 to be proportional to each other:
a3(r) = a(r) cosω, b1(r) = a(r) sinω (4.222)
where ω is an arbitrary constant parameter. The energy functional is
then
EII [F, a] = 4pi
f
e
∞∫
0
dr˜
[(
r˜2 + 2C2
)
F ′2 + 2C2 +
C4
r˜2
(4.223)
+
e2
g2
(
a′2 +
a2(a+ 2 cosω)2
2r˜2
)]
,
where we denoted C = sinF +a sin(F −ω). The corresponding Euler-
Lagrange equations for F (r) and a(r) are(
r˜2 + 2C2
)
F ′′ + 2r˜F ′ + 4 sin(F − ω)CF ′a′ (4.224)
+2C(cosF + a cos(F − ω))
(
F ′2 − 1− C
2
r˜2
)
= 0,
a′′ − a(a+ cosω)(a+ 2 cosω)
r˜2
(4.225)
−
(g
e
)2
2C sin(F − ω)
(
F ′2 + 1 +
C2
r˜2
)
= 0.
The numerical solutions for F (r) and a(r) with F (0) = pi, F (r →
∞) = 0, a(0) = 0 and a′(r → ∞) = 0 are shown in fig. 4.24. In gen-
eral, the dependence on ω is completely non-trivial. Nevertheless, for
small e, the lowest mass is obtained for ω ∼= 0 and the profile function
a(r) goes to -1 as r goes to infinity. Note that if one chooses ω = 0,
only a3 is turned on and our ansatz resembles the so-called Skyrme-
Wu-Yang ansatz used for a SU(2) gauged skyrmion in ref. [286].
Although looking very different, the two ansa¨tze yield very similar masses,
as can be seen on Fig. 4.26. For e . 10, the lowest energy solution is obtained
using the type I ansatz, while for e & 10 the two choices give approximately
equal masses, both very close to the ungauged case. For e & 5, the mass
of the gauged solution is at least 97% of the mass of the ungauged one,
the profile function F is very close to the ungauged case value, and the
gauge field is extremely small. In this regime, the ungauged solution can be
considered a reasonable approximation. The mass of the gauged skyrmion
can however be significantly reduced compared to the ungauged solution at
small e. In particular, the mass of the skyrmion within the ansatz of type I
has a well defined limit at e→ 0. The latter is not easy to determine numer-
ically: the shooting method which can be used for e & 1, where the profile
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Figure 4.24: The profile functions F (r), b2(r) and a(r) for different values of
the parameter e with the ansatz II. On the right-hand side, the parameter
ω is chosen to yield the lowest possible mass, namely ω = 0 for e = 0.5,
ω = −0.27 for e = 1 and ω = −1.13 for e = 5.
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Figure 4.25: The mass of the type II solution as a function of e and ω (the
thick blue line corresponds to the lowest mass for each value of e).
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Figure 4.26: Comparison of the ungauged solution M0 = 145.8f/e (dotted
line), the type I ansatz (blue solid line) and the type II ansatz (orange band,
with ω free to vary) as functions of e.
function F has a finite negative slope at r = 0, cannot be used to solve the
Euler-Lagrange equation (4.222). At small e, the profile function F tends to
be very flat around the boundary r = 0, and our shooting implementation
becomes increasingly unstable. Instead, we resort to a relaxation algorithm,
which produces reliable results for the profile functions down to values of
e not much smaller than 0.4. For even smaller values of e it becomes in-
creasingly difficult to obtain precise results, also with the relaxation method.
Nevertheless, the limit in which e goes to zero can be taken analytically by
making the following observations:
(a) The fraction in the last term of eq. (4.220) tends towards e2/g2 as e→ 0.
The resulting term e2/g2(F ′)2 can however still be large, since F tends
to become a step function, and hence F ′ is large around the step.
(b) The term sin4 F/r2 becomes subdominant in comparison with 2 sin2 F ,
since the sine is small everywhere except around the step of F , and the
factor 1/r2 makes the contribution around the step small, due to the
large value of r there.
With those two observations, the energy functional (4.220) can be approxi-
mated as
EI,e→0[F ] = 4pi
f
e
∞∫
0
dr
[
2 sin2 F +
e2
g2
F ′2
]
, (4.226)
yielding the Euler-Lagrange equation for F
e2
g2
F ′′ = sin 2F. (4.227)
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Since this equation is independent of r, it can be integrated directly, giving
e2
g2
F ′2 = 2 sin2 F + C, (4.228)
where C is a constant. Requiring F ′(r → ∞) = 0 fixes the constant to
C = 0. This value of C also implies that at r = 0, where F (0) = pi,
the derivative of F vanishes, as observed numerically. Since F has to be
decreasing between pi and 0, the equation for F becomes
F ′ = −
√
2
g
e
sinF, (4.229)
which is solved by the function
F (r) = 2 arctan
[
exp
(
−
√
2
g
e
(r − r∗)
)]
. (4.230)
r∗ is a constant fixing the position of the step, which is supposedly going
to infinity at small values of e. However, the energy obtained with this F
is independent of r∗: using eq. (4.229), one can rewrite the energy func-
tional (4.226) as
EI,e→0[F ] = 8
√
2pi
f
g
∞∫
0
dr(− sinF )F ′ = 8
√
2pi
f
g
0∫
pi
dF cosF = 16
√
2pi
f
g
.
(4.231)
With our numerical value for the gauge coupling, this gives
Me→0 = 16
√
2pi
f
g
∼= 108.9 f, (4.232)
Both the step function (4.230) mass given by eq. (4.232) are in good agree-
ment with the full numerical solution for e ∼= 0.4 already, as shown on
fig. (4.27) and (4.28) respectively. Note that while the skyrmion mass is
bounded at large still large compared to the symmetry breaking scale f , so
that the small e limit can not provide a physically interesting dark matter
candidate.
The mass of the skyrmion so far is obtained following a classical proce-
dure. In order to compute other physical properties of the skyrmion, like its
coupling to the gauge fields, one should quantise the model. As shown in
section 4.4, the bosonic or fermionic nature of the skyrmion does not only
depend on the low-energy effective model described here, but also on the
UV completion of the littlest Higgs model. Its charge was also determined
in eq. (4.187). The skyrmion mass is affected by the quantisation proce-
dure. While the mass of the lowest skyrmion state should remain close to
the classical mass computed here — at least if the skyrmion is a scalar —
excited states of higher mass are also expected.
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Figure 4.27: The profile function F as computed numerically (black points)
in the type I ansatz for e = 0.4, compared with the analytical result of
eq. (4.230) with r∗ = 4.06 (green line).
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Figure 4.28: The skyrmion mass corresponding to the ansa¨tze of type I (blue
solid line) and II (orange band) compared to the ungauged mass (dotted line)
diverging as 1/e; for e . 0.5, the convergence of the numerical method is
poor, but it agrees with the analytical limit of eq. (4.232).
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4.5.3 Skyrmion interactions and constraints from cosmology
The skyrmion is a massive stable particle with at most weak couplings
to Standard Model particles, and thus a potential dark matter candidate.
Apart from its electric charge, which was discussed in section 4.4, most of
the constraints relevant for cosmology can be derived using the classical
properties of the skyrmion only. In the early universe the skyrmions in the
littlest Higgs model will be thermally produced just like any other state in
the particle spectrum. In contrast to protons, they may annihilate in pairs
due to their topological Z2 quantum number. Therefore, the relic abundance
of skyrmions is directly determined by their annihilation cross section.
Let us first not that long range forces between widely separated skyrmions
are negligible at the classical level. A computation of the strength of such
forces was performed in section 4.1.5. At distances much larger than the
skyrmion radius, the potential energy between the two skyrmions can be
computed employing the multiplicative ansatz (4.62), and its form is ac-
tually only determined by the large distance behaviour of the two single
skyrmion solutions. In the absence of gauge interactions, the asymptotic
behaviour of the profile function F (r) as 1/r2, so that the potential van-
ishes as 1/d3, where d is the distance between the two skyrmions. For the
gauged solutions, an analogous multiplicative ansatz for the two-skyrmion
state cannot be employed directly, since the gauge field also contributes to
the energy. However, we expect as for the ungauged solution that the po-
tential only depends on the asymptotic behaviour of the profile functions F ,
ai and bi. For the gauged type I solution, which is always lighter than the
ungauged and type II solutions, the profile functions vanish exponentially
at large r:
F (r) r→∞−−−→ c e−
√
2fgr,
b2(r)
r→∞−−−→ −√2 f g c r e−
√
2fgr,
(4.233)
where c is a numerical factor depending of the value of the Skyrme coupling
e. We can hence safely expect the strength of the interaction to be expo-
nentially suppressed with the distance, and therefore no large attractive or
repulsive force is present at large distances, despite the fact that any two
skyrmions can annihilate into light particles. Note finally that the skyrmion
might be charged under the electroweak gauge group, and that a potential
falling off as exp(−mWd) due to the exchange of gauge bosons can be present
and of equal importance.
In the early universe, at temperatures T &M0, it is safe to assume that
the skyrmions are in thermal equilibrium. The relic density then depends
crucially on the pair annihilation cross section. A reasonable first estimate
for this quantity is the geometric cross section
σA = pi〈r2〉 ∼= pi(fe)2 . (4.234)
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A comparison with proton anti-proton annihilation in the original Skyrme
model shows that the geometric cross section yields at least the correct order
of magnitude for this process at intermediate energies [44]. To parametrise
the remaining uncertainty, we let the cross section vary by an order of mag-
nitude, i.e. we take σ = 10±1σA for the numerical analyses.
In addition to the cross section also the dominant final states of the an-
nihilation process are unknown. To circumvent this problem, and to make a
numerical analysis feasible, we introduce effective couplings of the skyrmion,
which we assume to be a scalar, to the degrees of freedom of the littlest Higgs.
To estimate the uncertainty introduced by this procedure we consider two
distinct possibilities:
(a) The first possibility we consider is to couple the skyrmion directly to
the Goldstone sector using the gauge invariant effective operator
Lint = −18GΣ S
2Tr(DµΣDµΣ†) , (4.235)
where S describes the skyrmion. This terms yields an infinite number of
interactions with an arbitrary number of external legs. For simplicity we
only consider the four particle operators that mediate the annihilation
of skyrmion pairs into heavy and light gauge bosons, heavy triplets φ
and into little Higgses h. All of these annihilation channels give approx-
imately the same contribution to the cross-section, as long as the mass
of the final states is small compared to the skyrmion mass M0:
σSS→hh =
G2ΣM
2
0
128pif4
βh(1 + β2h)
2
βS(1− β2S)
∼= G
2
ΣM
2
0
32pif4
1
βS(1− β2S)
, (4.236)
and similarly for the other scalars and vector bosons. Here, βS and
βh are the relativistic velocities of the annihilating skyrmions and the
produced Higgses, respectively, in the centre-of-mass frame. The cross-
section diverges at small and large energies, in a similar fashion as the
proton-antiproton annihilation cross-section. To make connection with
the estimate (4.234) for the total cross section, we determine the parame-
terGΣ such that the annihilation cross section for momenta |p| ∼ 1√2M0,
i.e. βS = 1√3 , agrees with (4.234). This translates into
G2Σ =
64pi2〈r2〉
3
√
3Nb
f4
M20
, (4.237)
where Nb = 14 is the number of bosons entering eq. (4.235). GΣ is
independent of f and e, due to the scaling properties of M0 and 〈r2〉,
and hence takes the constant value GΣ ∼= 0.024. Figure 4.29 shows the
region in the f − e plane where the skyrmion relic density agrees with
the observed value. The correct dark matter abundance is obtained
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for relatively large values of e, due to the 1/e scaling of the geometric
cross section. For small values of f this corresponds to a skyrmion mass
in the low TeV range, which raises some hope that these particles can
be observed at the LHC. The freeze-out temperature and relic density
were obtained using the littlest Higgs implementation of ref. [307] in the
cosmology code micrOMEGAs [308].
(b) To reduce the uncertainty from the unknown final states of the annihi-
lation, we consider a second, purely phenomenological interaction of the
form
Lint = −12Gψ S
2ψψ , (4.238)
where again S denotes the skyrmion and ψ any of the Standard Model
quarks or leptons. The coupling Gψ is taken to be
G2ψ =
8pi2〈r2〉
Nf
, (4.239)
where Nf = 24 is the number of Standard Model fermions. The partial
cross-section into any quark or lepton pair decreases with increasing
energy as
σSS→ψψ =
G2ψ
8pi
β3ψ
βS
∼=
G2ψ
8pi
1
βS
, (4.240)
where βψ is the relativistic velocity of the produced fermions in the
centre-of-mass frame. The second equality holds when the mass M0
of the skyrmion is much larger than the mass mψ of the quarks and
leptons. With this choice, the sum over all Standard Model fermions
again yields the geometric cross section. The resulting constraints on f
and e are shown in fig. 4.30.
Both models lead to similar constraints on the parameter space, the main
difference being due to the different energy behaviour of the annihilation
cross sections. Another check can be performed using the famous formula
of ref. [52] that relates the relic density to the annihilation cross-section of
the dark matter particles,
Ωh2 ∼= 3 · 10
−27cm3/s
〈σv〉
∼= 0.1. (4.241)
Using the naive estimate σ ∼ σA, and taking the average velocity of the
skyrmions to be v ∼ 12c, this yields the constraint
fe ∼ 35 TeV, (4.242)
which is in complete agreement with the favoured regions of fig. 4.29 and 4.30.
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Figure 4.29: The value of the Skyrme coupling e (upper plots) and of the
corresponding skyrmion mass M0 (lower plots) matching the observed dark
matter relic density as a function of the symmetry breaking scale f . The
skyrmion is coupled to the Goldstone sector as in eq. (4.235). The coloured
band corresponds to fixing the coupling constant G so that the skyrmion
annihilation cross-section σ is in the range 110σA < σ < 10σA, with the thick
line corresponding to the middle value σ = σA. The dark grey regions are
excluded since they predict a too large dark matter relic density.
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Figure 4.30: Same as fig. 4.29, with the implementation (4.238) of interac-
tions between the skyrmion and Standard Model quarks and leptons.
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An important consequence of the preceding results is that the parameter
e is bounded from above, which implies a lower bound on the skyrmion
mass. For small values of the symmetry breaking scale f the bound is
rather weak, but it leads to the constraint M0 > f for f & 1 TeV. If the
skyrmions were lighter than these bounds, they would be massively produced
in the early universe and their annihilation cross-section would be small, so
that their relic abundance at present day would exceed the observed dark
matter density. Conversely, for moderate values of the Skyrme parameter,
10 . e . 100, the skyrmion can account for the observed dark matter relic
density.
There is however no lower bound on e to be read from cosmological
considerations. In other words, the skyrmion is allowed to be really heavy,
since in this case its large mass and important annihilation cross-section
makes it completely absent from our present universe. In this case, the dark
matter has to be of different origin.
233

5
Conclusions
This thesis has been devoted to the study of composite Higgs models, to
their phenomenology at collider experiments, and to their possible further
implications in domains as far as cosmology. It was emphasised that a
natural alternative to supersymmetry exists, and can similarly reproduce
to a certain level of accuracy the phenomenology of the Standard Model
with a Higgs boson at low energy. The discovery of the Higgs made by
ATLAS and CMS experiments at CERN does not yet provide insight about
its true nature. Although no significant deviations from the Standard Model
have been observed so far, the possibility that the electroweak symmetry
breaking arises from a strongly-interacting sector is well alive. As advocated
in chapter 3, the postulated existence of a strong sector together with the
precision electroweak data gathered at LEP were already pointing in the
direction of a light Higgs boson similar to the one discovered.
If by chance the model presented of section 3.3 turns out to be realised
in nature, new effects should soon be observed at the LHC. In general, the
first experimental signature of composite Higgs models would probably be
the presence of fermionic resonances, corresponding to the light top part-
ners required by the partial compositeness mechanism. Deviations from
the standard Higgs couplings should also appear once the luminosity of the
LHC machine is increased. Identifying the nature of electroweak symmetry
breaking as being of strong origin may however be more complicated. The
discovery of vector resonances would be an important step in this direction.
Alternatively, measuring the Higgs self-couplings and indirect effects of com-
posite fermions on the single- and pair-production of a Higgs boson could
provide an essential insight in the theory.
An alternative possibility, often described as the “nightmare scenario”
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by particle physicists, is that absolutely no significant deviations from the
Standard Model will be observed, even after the LHC upgrade to its de-
sign energy. The models described above, where the compositeness scale f
is located around the TeV scale, would then be indubitably excluded. In
this case, both supersymmetric and strong dynamics models would need a
considerable amount of fine-tuning to evade all experimental constraints.
Composite Higgs models provide naturally a decoupling limit when v ¿ f .
Explaining this highly-unnatural hierarchy requires however new mecha-
nisms, which could in principle arise from little-Higgs-like models. It was
nevertheless argued in this thesis that none of the existing models suitably
realises the mechanism of collective symmetry breaking, at least in the pres-
ence of a unique Higgs doublet.
The current situation of composite Higgs models regarding experimental
data is therefore suffering a certain tension. The theoretical effort to improve
the situation can follow two different ways. In a “top-down” approach, one
can try to get a better understanding of strongly-interacting theories. Many
concepts used to build the present composite and little Higgs models still
come from analogies with large-Nc considerations of QCD. The development
of new methods to study (nearly-)conformal field theories is of crucial impor-
tance, as is the further study of holographic descriptions of four-dimensional
theories. At the same time, numerical studies on the lattice can provide a
help towards a better theoretical understanding of strongly-coupled mod-
els. The second approach which can be envisaged is of the “bottom-up”
type. Effective models matching the (absence of) experimental observations
should be built and their validity range pushed to higher and higher en-
ergy, while still matching the successful results of the Standard Model at
low energy. The success of this approach relies on the theorists’ capability
to invent models in which the divergences in the Higgs potential vanish from
symmetry arguments. Both of the ways described here must certainly be
explored simultaneously. The hope is that the two approaches will overlap
at some point, and provide a fully consistent description of nature.
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A
Solving Differential Equations
with Boundary Value Problems
In this appendix, we describe how to solve numerically differential equa-
tions subject to boundary conditions imposed at different points in space.
This is the kind of problems we have to solve in order to determine the
lightest skyrmion solution in the different models appearing in this thesis.
The methods presented here are adapted from the textbook “Numerical
Recipes” [309].
A.1 Shooting method in one dimension
The first type of differential equation we were confronted to is eq. (4.26),
associated with the energy density (4.24). The unknown function F (r) de-
scribes the profile of the hedgehog ansatz,
(
r2 + 2 sin2 F
)
F ′′ + 2rF ′ + sin 2F
(
F ′2 − 1− sin
2 F
r2
)
= 0, (A.1)
with boundary conditions F (0) = pi and F (∞) = 0. This equation can
be solved locally using infinitesimal steps, starting from a given point r∗
in the interval [0,∞), provided that the value of F and F ′ at this point
are known. This is a priori not the case, since the boundary conditions
only specify the value of F , not of its first derivative. A simple solution to
this problem, called the shooting method, consists in solving the equation
starting at the boundary point r∗ = 0 for any value of F ′(r∗), and find
among the continuum of solution which of them also satisfy the boundary
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at F (∞) = 0. The subtle point in this case is to evaluate the value of F
at r → ∞, since the non-linear form of the equation (A.1) yields solutions
oscillating at large r, whose asymptotic value is not well defined.
Alternatively, we can use the shooting method starting from the other
boundary, at r → ∞ and run back to r = 0. In order to do so, we first
evaluate the asymptotic behaviour of the profile function F . At large r, F
and its first derivative have to be small in order to satisfy the boundary
condition, and therefore eq. (A.1) reduces to
r2F ′′∞ + 2rF
′
∞ − 2F∞ = 0, (A.2)
whose most general solution is
F∞(r) = c1r + c2
1
r2
. (A.3)
The boundary condition F∞(∞) = 0 can only be respected if the constant
c1 is adjusted to zero, while c2 is left unspecified. Therefore, the asymptotic
behaviour of F can be described as
F∞(r) =
α
r2
, (A.4)
where α is a constant to be determined. Similarly, at small values of r, the
solution to the differential equation (A.1) is simply linear:
F0(r) = pi + c r. (A.5)
The complete numerical solution can therefore be built, for an arbitrary
value of α, by gluing the solutions in the three region, namely
F (r) =

F∞(r) for r ∈ [rb,∞),
Fab(r) for r ∈ [ra, rb],
F0(r) for r ∈ [0, ra],
(A.6)
where ra and rb are limiting values to be taken sufficiently small, respectively
large, and Fab(r) is the numerical solution obtained by running from the
point rb with initial values F (rb) = F∞(rb) = α/r2b and F
′(rb) = F ′∞(rb) =
−2α/r3b . The radii ra and rb are chosen empirically to be
ra = 0.05, rb = 20. (A.7)
With this setup, the differential equation can be solved for any value of α.
The correct solution is then the one yielding the correct boundary condition
at F (0) = pi. The value of F which is obtained at r = 0 as a function of α
is shown on Figure A.1. The correct value for α is found to be
α = 2.160. (A.8)
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Figure A.1: Value of F at the boundary point r = 0 obtained by running
from the opposite boundary r → ∞ depending on the coefficient α of the
asymptotic form F∞(r) = α/r2.
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Figure A.2: Numerical solution for F (r) (solid blue line) compared to the
analytical power-law limits F0 and F∞ (dashed lines).
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For this value, the profile function F is displayed on Figure A.2, together
with the asymptotic cases F0 and F∞. As one can see, the agreement is very
good even for values of r much larger than ra and much smaller than rb.
The same method can be used to solve numerically eq. (4.152) and (4.222).
However, we will see in the next section that a alternative method yields
even faster results.
A.2 Relaxation method in one dimension
We will now present an alternative method to solve eq. (A.1). Although
the method presented in the previous section is fast and reliable, this alter-
native method was proved to be useful in certain special cases where the
convergence of the shooting algorithm is bad. This is the case in particu-
lar in the regime of small e in eq. (4.222), where the first derivative of the
function F tends to zero at both boundary points. Moreover, the relaxation
method presented here can then be extended to two dimensional differential
equations, as shall be seen in the next section.
The use of relaxation techniques imply a discretisation of the interval
between the two boundaries, which in turn requires this interval to be finite.
We will therefore first compactify the radial coordinate r ∈ [0,∞] to a finite
interval y ∈ [0, pi/2] by applying the following transformation,
r → tan(y), F (r)→ F (y), F ′(r)→ cos2 y F ′(y),
F ′′(r)→ cos2 y (cos2 y F ′′(y)− sin 2y F ′(y)) . (A.9)
The differential equation (A.1) takes then the compactified form(
sin y2 + 2 cos2 y sin2 F
)
F ′′ + sin 2y cos 2F F ′
+sin 2F
(
cos2 y F ′2 − 1
cos2 y
− sin
2 F
sin y2
)
= 0, (A.10)
The relaxation method consists in discretising the interval y ∈ [0, pi/2],
choose an initial shape for the profile function F , try to adjust locally the
value of F in order to minimise the left-hand size of eq. (A.10), and iterate
the last step until a given precision is reached. This is achieved at each point
yk on a N -site lattice by adding to Fk ≡ F (yk) a small quantity chosen to
reduce locally the left-hand side of eq. (A.10), in small steps, until this left-
hand side is considered close enough to zero. The convergence of the method
can be largely improved by splitting the second order equation (A.10) into
two first order equations, written as EF = 0 and EP = 0, where
EF = F ′ − P, (A.11)
EP = P ′ +
sin 2y cos 2F P + sin 2F
(
cos2 y P 2 − 1
cos2 y
− sin2 F
sin y2
)
sin y2 + 2 cos2 y sin2 F
. (A.12)
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Figure A.3: Discretisation of the interval y ∈ [0, pi/2], indicating the position
of the lattice points yk and of the variables Fk (and similarly of Pk).
The first of those two equation just forces P to be equal to the first derivative
of F , while the second is then equivalent to eq. (A.10). These quantities EF
and EP can be computed locally at each lattice site in terms of F , F ′, P
and P ′. For simplicity, we split the interval y ∈ [0, pi/2] into N segments of
same length d as in Figure A.3, and define
yk =
(
k − 1
2
)
d, d =
pi
2N
(A.13)
The value of F , G and of their derivatives at a given point yk are then
described by
F (yk) =
Fk + Fk−1
2
, F ′(yk) =
Fk − Fk−1
d
,
P (yk) =
Pk + Pk−1
2
, P ′(yk) =
Pk − Pk−1
d
. (A.14)
The boundary conditions impose F0 = pi, FN = 0, while P0 and PN remain
free. The values of EF and EP at the sites yk are then simply functions of
F and P at the two nearest-neighbour points:
EF (yk) = EF (Fk, Fk−1, Pk, Pk−1) ,
EP (yk) = EP (Fk, Fk−1, Pk, Pk−1) . (A.15)
The dependence of these functions on the lattice points yk is implicit, since
the lattice is fixed once for all at the beginning of the computation. Now at
each step of the iterative process, we modify the values Fk and Pk by adding
to them small corrections ∆Fk and ∆Pk respectively, so that
E
(t+1)
F (yk) = E
(t)
F (Fk +∆Fk, Fk−1 +∆Fk−1, Pk +∆Pk, Pk−1 +∆Pk−1)
∼= E(t)F (yk) +
(
∂E
(t)
F (yk)
∂Fk
)
∆Fk +
(
∂E
(t)
F (yk)
∂Pk
)
∆Pk (A.16)
+
(
∂E
(t)
F (yk−1)
∂Fk−1
)
∆Fk−1 +
(
∂E
(t)
F (yk−1)
∂Pk−1
)
∆Pk−1,
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where the index t denotes the iteration number. The same is valid for EP .
The second equality is a Taylor expansion of EF to the first order in the
corrections ∆Fk, ∆Pk. The challenge now is to find appropriate values for
∆Fk and ∆Pk in order to make the left-hand side of (A.16) as small as
possible. While it is not possible to invert the function EF and EP directly
since they are highly non-linear, one can use the first-order Taylor expansion
in (A.16) to estimate the value of ∆Fk and ∆Pk. There are actually 2(N+1)
unknowns ∆Fk and ∆Pk with k ∈ {0, . . . , N}, 2N linear equations in the
form of eq. (A.16), and two additional equations for ∆F0 and ∆FN imposed
by the boundary conditions for F0 and FN , so that the whole problem can
be expressed as a 2N + 2-dimensional linear system of equations
S ~x = ~b. (A.17)
Here ~x describes all the unknowns
~x = (∆F0,∆P0,∆F1,∆P1, . . . ,∆FN ,∆PN )
T , (A.18)
the right-hand side is given by
~b = (pi − F0,−EF (y1),−EP (y1), . . . ,−EF (yN ),−EP (yN ),−FN )T , (A.19)
and S is a (N+2)×(N+2) matrix with the peculiar quasi-diagonal structure
S =

S0
S1
S2
. . .
SN−1
SN
SN+1

, (A.20)
where the Sk for k ∈ {1, . . . , N} are 2× 4 blocks given by
Sk =
 ∂EF (yk)∂Fk−1 ∂EF (yk)∂Pk−1 ∂EF (yk)∂Fk ∂EF (yk)∂Pk
∂EP (yk)
∂Fk−1
∂EP (yk)
∂Pk−1
∂EP (yk)
∂Fk
∂EP (yk)
∂Pk
 , (A.21)
and the 1× 2 blocks S0 and SN+1 fix the boundary conditions, in our case
S0 = SN+1 =
(
1 0
)
. (A.22)
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Iteration Estimated error Energy [f/e]
0 177.653
1 6.88 · 10−1 77.764
2 3.05 · 10−1 73.020
3 5.65 · 10−2 72.924
4 5.56 · 10−3 72.924
5 1.82 · 10−6 72.924
6 2.13 · 10−12 72.924
Table A.1: The energy (4.26) of the field after a given number of iterations,
on a lattice with N = 1000 sites. The error estimate is computed from
eq. (A.23).
The special form of S permits the use of an improved version of the Gauss
algorithm to solve the linear system of equation. The authors of the text-
book “Numerical Recipes” [309] provide for this a very powerful C++ rou-
tine [310]. As input, this routine only needs the values of the matrix S and
of the vector ~b as functions of the Fk and Gk, and an initial guess for those
values. We choose here initially F (y) = pi − 2y and G(y) = −2 so that
the boundary conditions are satisfied.1 With this choice, the initial energy
is given by 18pi2 ∼= 177.7, and is expected to reach a minimum after a few
iterations. The error at each step of the process can be estimated by the size
of the quantities EF,P . A natural choice made in the routine [310] consists
in taking
ξ =
1
2N
∑
k
(|EF (yk)|+ |EP (yk)|) . (A.23)
The procedure is iterated until this error estimate is small enough. In our
analysis, we end the iterative process once ξ < 10−8.
Running the whole algorithm on a lattice of size N = 1000 takes only six
iterations until the error becomes negligible, and the total CPU time is only
about 15 ms. The energy (4.26) and estimated error after each iteration
is given in Table A.1. The result is perfectly in agreement with the one
obtained in the last section using the shooting method. Notice that the
convergence of the algorithm is remarkable, since after only three iterations,
the energy is already extremely close to its final value.
The main disadvantage of this method is that it is relatively complicated
1Note however that this implementation of the relaxation algorithm does not explicitly
require the initial guess to respect the boundary conditions: the iterative process enforces
them progressively anyway.
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to implement compared to the shooting method described above. However,
once the implementation is done, the solving procedure is extremely fast
and reliable. It is actually a huge advantage when one has to repeat the
computation a large number of times, for example when the differential
equation depends on an external parameter to be taken in a large range
of values. This is for example the case for the energy functional (4.220),
associated with the Euler-Lagrange equation (4.222):(
1 +
(g
e
)2
(r2 + 2 sin2 F )
)(
r2 + 2 sin2 F
)
F ′′ + 2rF ′ (A.24)
+ sin 2F
[
F ′2 −
(
1 +
(g
e
)2
(r2 + 2 sin2 F )
)2(
1 +
sin2 F
r2
)]
= 0.
Here e and g are parameters of the model, the latter being fixed to g = 0.653.
We want to solve this equation for any value of e. Again, we first need to
compactify the interval, using the substitution (A.2), split the second order
equation into a system of two first order equations (defining P ≡ F ′), and
apply the iterative algorithm as above. We use the same initial guess as
before for F . The results of the iterative process are shown in Table A.2 for
two typical values of e. It can be seen that the number of iterations required
is significantly larger than before. The reason for this is that our relaxation
method sometimes “overshoots”, i.e. provides too large corrections ∆Fk and
∆Pk, so that the field configuration obtained at the step (t+ 1) might have
a larger energy than the initial configuration at step (t). This kind of issues
results in oscillations around the true minimum, reducing the convergence
of the algorithm; in some cases, the convergence can even be lost. For
this reason, one introduces a “slowing factor” ζ ∈ [0, 1], and at each step
the values Fk and Pk are incremented by ζ∆Fk and ζ∆Pk respectively,
i.e. only a fraction of the correction is applied. Choosing a small factor ζ
ensures the convergence of the algorithm, but increases the required number
of iterations. The results shown in Table A.2 are obtained with a “slowing
factor” ζ = 0.9.
The whole relaxation procedure can be extended to larger systems of
differential equations. This is actually the method chosen to solve equa-
tions (4.224) and (4.225),(
r2 + 2C2
)
F ′′ + 2rF ′ + 4 sin(F − ω)CF ′a′
+2C(cosF + a cos(F − ω))
(
F ′2 − 1− C
2
r2
)
= 0, (A.25)
a′′ − a(a+ cosω)(a+ 2 cosω)
r2
−
(g
e
)2
2C sin(F − ω)
(
F ′2 + 1 +
C2
r2
)
= 0. (A.26)
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e = 0.5 e = 5
Iteration Est. error Energy [f/e] Est. error Energy [f/e]
1 1.63 126.922 1.70 89.738
2 7.32 · 10−1 113.554 2.41 103.704
3 3.03 · 10−1 109.239 6.26 · 10−1 87.890
4 3.74 · 10−1 108.026 4.25 77.237
5 1.78 · 10−1 107.376 10.74 57.536
6 2.37 · 10−1 107.137 7.75 39.065
7 1.03 · 10−1 107.014 1.19 29.097
8 1.37 · 10−1 106.975 1.67 · 10−1 28.181
9 4.74 · 10−2 106.961 3.12 · 10−3 28.181
10 4.25 · 10−2 106.959 1.03 · 10−5 28.181
11 7.11 · 10−3 106.959 9.07 · 10−11 28.181
12 8.38 · 10−4 106.959
13 3.48 · 10−6 106.959
14 1.67 · 10−10 106.959
Table A.2: The energy (4.220) of the field after a given number of iterations,
on a lattice with N = 1000 sites, for the cases e = 0.5 and e = 5.
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e = 0.5, ω = 0 e = 5, ω = −1.13
Iteration Est. error Energy [f/e] Est. error Energy [f/e]
1 4.82 317.909 1.45 181.531
5 2.11 221.847 1.88 159.066
10 8.85 · 10−1 144.886 1.38 36.136
15 4.11 · 10−1 120.519 8.09 · 10−13 28.316
20 1.38 · 10−1 120.234
25 2.37 · 10−2 120.130
30 7.71 · 10−2 120.126
35 1.19 · 10−1 120.046
40 4.50 · 10−6 120.055
41 2.97 · 10−9 120.055
Table A.3: The energy (4.224) of the field after a given number of iterations,
on a lattice with N = 1000 sites, for the cases e = 0.5 and e = 5, with ω
adjusted to minimise the energy.
where C = sinF + a sin(F − ω), and e, g and ω are parameters of the
model. Once again, these two second order equations for F (r) and a(r)
can be compactified using the substitution (A.2) and similarly for a(r), and
then split into four first order equations, defining P ≡ F ′ and q ≡ a′.
The iterative algorithm is not very different from the previous case: one
defines four quantities EF , EP , Ea and Eq which have to be equally zero
for the differential equation to be solved. Each of these four quantities can
be computed locally on a one-dimensional lattice in terms of F , P , a and
q evaluated at the nearest-neighbours sites only. The transformation rules
of EF , EP , Ea and Eq under small corrections ∆Fk, ∆Pk, ∆ak and ∆qk
determines a linear system of 4N + 4 equations, which can be written in
a similar form as before. The main difference is that the blocks Sk of the
matrix S as defined in (A.20) are now 4× 8 dimensional. The initial guess
for F is taken as above, while for a we choose the constant value a = 0. A
slowing factor ζ = 0.3 is found empirically to improve the convergence of the
method. The result of the algorithm after every fifth iteration in given in
Table A.3. Although the required number of iterations might be larger than
for a single differential equation, the whole process is still very efficient: the
two cases e = 0.5, ω = 0 and e = 5, ω = −1.13 require respectively around
250 ms and 100 ms of CPU time and yield very precise results.
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A.3 Relaxation method in two dimensions
The last numerical issue that we have to face is to solve system of differential
equations of two variables, as required to minimise eq. (4.147). In principle,
the relaxation method defined above could be use: the only difference is
that the lattice has to be two dimensional, since the functions depends now
on two variables. The compactification to a finite interval does not require
a different treatment than above. They are however two issues associated
with the relaxation method in two dimensions: first, the second-order equa-
tions contain both second order derivatives with respect to one variable and
partial derivatives with respect to two different variables, so they cannot
be simply split into a certain number of first-order equations; second, the
local definition of partial derivatives requires using nearest-neighbours sites
in two directions on the lattice, so that if a linearised version of the differ-
ential equation can be written as in eq. (A.17), the matrix S would not be
quasi-diagonal, but would include “fringes”, i.e. be of the form
S ∼

• • •
• • • •
• • • •
• • • •
• • . . .
• • •
• • • •
• • • •
• • • . . .
. . . . . . . . .

, (A.27)
where the dots represent non-zero entries. Efficient algorithms to solve linear
systems of this kind exist, so the relaxation method described in the previous
section could in principle be applied to solve two-dimensional systems of
differential equations. However, in practice this would be very complicated,
due to the very high complexity of the entries of this matrix S. Already the
Euler-Lagrange equations derived from (4.147) are difficult to treat: they
can be written
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where ∇ = (∂r, 1r∂θ) denotes the gradient in cylindrical coordinates, i.e.
∇2F = ∂2rF +
1
r2
∂2θF, (A.30)
∇F · ∇G = ∂rF∂rG+ 1
r2
∂θF∂θG, (A.31)
and the cross-product is defined so that
∇F ×∇G = 1
r
(∂rF∂θG− ∂θF∂rG) . (A.32)
Due to the complexity of the two equations to solve, we choose to use a
much simpler version of the relaxation algorithm, for which we do not need
to compute the coefficient of the S matrix: at each iteration, the values of Fk
and Gk at each lattice point are corrected proportionally to the quantities
EF,G(yk, θk) defined as the left-hand side of equations (A.28) and (A.29), as
F
(t+1)
k = F
(t)
k + εE
(t)
F (yl, θl)k, (A.33)
G
(t+1)
k = G
(t)
k + εE
(t)
F (yl, θl)k, (A.34)
where ε is a tiny quantity fixing the size of the step. The profile functions F
and G are expected to reach a stable point after a large number of iterations,
which means in turn that the corrections EF,G(yk, θk) are zero, i.e. the
equation is solved. The difficulty of this method is to choose the coefficient
ε appropriately: if it is too large, the method does not converge; conversely,
if it is taken too small, the convergence is very slow. In a similar fashion
to the one-dimensional relaxation method, we can expand the value of EF,G
after (t+1) iterations as a Taylor series in ε, as long as this ε is small enough:
E
(t+1)
F (yl, θl) ∼= E(t)F (yl, θl) + ε bF (yl, θl), (A.35)
E
(t+1)
G (yl, θl) ∼= E(t)G (yl, θl) + ε bG(yl, θl), (A.36)
where
bF,k =
∑
l
[
∂EF,k
∂Fl
EF,l +
∂EF,k
∂Gl
EG,l
]
, (A.37)
bG,k =
∑
l
[
∂EG,k
∂Fl
EF,l +
∂EG,k
∂Gl
EG,l
]
. (A.38)
The sum over all lattice sites can be avoided, since only nearest-neighbours
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give a non-zero contribution. Writing it explicitly, we obtain
bF,k =
(
∂EF
∂F
)
k
EF,k +
(
∂EF
∂(∂rF )
)
k
∂rEF,k +
(
∂EF
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)
k
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+
(
∂EF
∂(∂2rF )
)
k
∂2rEF,k +
(
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)
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∂2θEG,k
+
(
∂EF
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)
k
∂r∂θEG,k, (A.39)
and similarly for bG, with the partial derivatives of EF being replaced by
partial derivatives of EG. For simplicity, we use an different error estimate
than the one of eq. (A.23), namely at step t,
ξ(t) =
1
NrNθ
[∑
k
(
E
(t)
F (yk, θk)
2 + E(t)G (yk, θk)
2
)]1/2
. (A.40)
Given a certain configuration at the step t, the error at step t + 1 is then
minimised when ε satisfies the condition
ε(t) = −
[∑
k
(EF,kbF,k +EG,kbG,k)
]
/
[∑
l
(
b2F,l + b
2
G,l
)]
. (A.41)
The evaluation of EF,G and specially of bF,G at each step requires a large
number of operations, but is however much easier to implement than the
method of the last section, which required solving a linear system of equa-
tions. The solving process requires here a very large number of iterations,
and the convergence is really slow and not guaranteed. We therefore pro-
ceed with the following strategy. First, an initial guess is made, namely
F (y, θ) = pi − 2y and G(y, θ) = θ, and the solving algorithm is then applied
on a small lattice of size 20 × 20, until the error estimate (A.40) is suffi-
ciently small and does not significantly decrease after more iterations. In
our case, this required about 3 million of iterations, performed in about 15
minutes on a single CPU, until the error estimate was about ξ ∼= 8 · 10−6.
As a second step, the approximate solution obtained with this 20× 20 was
used to generate an initial guess on a larger lattice of size 50 × 50, where
the solving procedure was then applied. The run took 28 hours of CPU
time until a good precision is achieved. We then increased the lattice size
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Figure A.4: The energy defined by eq. (4.147) as a function of the error
estimate (A.40) for different lattice sizes.
recursively to 100 × 100, 200 × 200 and finally 400 × 400. The results are
shown on Figure A.4. As one can see, the numerical solutions converge to a
point located around 273.55± 0.1 with increasing lattice size.
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